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Abstract— In this letter, we consider the trans-modulation
design for the decode-and-forward relay networks. We propose to
reassign the constellation points at the relay nodes to minimize the
symbol error rate (SER) at the destination node. The proposed
trans-modulation scheme can significantly improve the system
SER performance without increasing the complexity of the
system, especially when the relays are close to the source. For
this case, improvements of about 2 dB for 16-QAM constellation
and about 3 dB for 64-QAM constellation are achieved for the
single-relay case.

Index Terms— Constellation design, decode-and-forward pro-
tocol, wireless relay networks.

I. I NTRODUCTION

RECENTLY, the use of cooperative diversity techniques
has gained a lot of interest [1], [2]. In cooperative diver-

sity, the cooperation of several single-antenna nodes is allowed
to emulate a multiple antenna transmitter. Several protocols
have been proposed to achieve the gains promised by the use of
node cooperation. In [1], several protocols were proposed for
the single-relay case to achieve cooperative diversity; outage
analyses were provided for these protocols. Among these
protocols is the decode-and-forward (DAF) protocol. In the
DAF protocol, the relay node decodes the received source
signal before retransmission to the destination node. If the
relay node always forwards the source signal then, there will
be error propagation and consequently a diversity of order one
is achieved, limited by errors at the relay node.

In order to achieve a diversity of order two for the single-
relay DAF protocol, the relay should be able to decide whether
or not it has decoded correctly. This can be achieved through
the use of error detecting codes or the use of appropriate SNR
threshold at the relay node [3]. The works in [1], [3] consider
the use of repetition coding, where the relay nodes just repeat
the source symbols. In this letter, we consider the design
of trans-modulation, e.g., the re-mapping of the constellation
points at the relay nodes to minimize the destination SER. Our
proposed constellation reassignment scheme can be considered
as some form of complex field coding by trying to increase the
Euclidean distance between the different transmitted symbols.

Constellation reassignment was considered in [4] for multi-
ple packets transmissions over additive white Gaussian noise
(AWGN) channels. The destination uses automatic repeat
request (ARQ) to request retransmission of packets that were
decoded erroneously. The idea is to rearrange the constellation
points for the retransmitted data packets. The aim is to
minimize the destination bit error rate (BER). In [5], the
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Fig. 1. Simplified system model for the single-relay channel.

idea of constellation rearrangement was implemented by us-
ing different constellation arrangements for the transmissions
over different diversity branches. The authors considered the
case of 16-QAM constellation and showed that constellation
rearrangement can significantly improve the destination block
error rate performance.

In this letter, the design of trans-modulation at the re-
lay node to minimize the destination SER is proposed. We
consider the cases of 16-QAM and 64-QAM constellations.
The proposed scheme can be easily extended to higher order
constellations.

II. SINGLE-RELAY DAF PROTOCOLSYSTEM MODEL

In this section, the system model for the DAF protocol is
presented. For simplicity of presentation, the single-relay DAF
protocol is considered, but the scheme can be easily extended
to the multi-node DAF protocol. A simplified block diagram
of the system is depicted in Fig. 1. The transmission protocol
has two phases as follows. In phase 1, the source broadcasts
its information xs to the destination and relay nodes. The
source symbol is assumed to be carved from M-QAM or M-
PSK constellations. The source symbol is normalized such that
E{|xs|2} = 1, whereE{·} denotes the expectation operator.
The received signalsys,d andys,r at the destination and relay
nodes are given, respectively, by

ys,d =
√

Pshs,dxs + ηs,d (1)

ys,r =
√

Pshs,rxs + ηs,r, (2)

wherePs is the transmitted source power,ηs,d andηs,r denote
the additive white Gaussian noise at the destination and the
relay nodes, respectively, andhs,d and hs,r are the channel
coefficients from the source to the destination node and the
relay node, respectively.

If the relay node was able to decode correctly, it will help
the source in phase 2; otherwise, it will remain idle [3]. The
received signal at the destination in phase 2, due to the relay
node transmission, is given by

yr,d =
√

Prhr,dxr + ηr,d, (3)
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where Pr is the transmitted relay power,ηr,d denotes the
additive white Gaussian noise at the destination, andhr,d is
the channel coefficient from the relay node to the destination.
Herexr denotes the new constellation point transmitted from
the relay node and is normalized such thatE{|xr|2} = 1.
For the repetition based approach [1], [3], [6], the symbol
xr is the same asxs. The channel coefficientshs,d, hs,r,
andhr,d are modeled as zero-mean complex Gaussian random
variables with variancesδ2

s,d, δ2
s,r, andδ2

r,d, respectively, i.e. a
Rayleigh flat fading channel model is considered. The channel
coefficients are assumed to be available at the receiving nodes
but not at the source node. The noise terms are modeled as
zero-mean complex Gaussian random variables with variance
N0/2 per dimension.

III. T RANS-MODULATION DESIGN

In this section, an expression for the pairwise symbol error
probability (PSEP) between two possible transmitted source
symbols is derived. This analysis gives a guideline on how to
design the constellation points at the relay node(s) to improve
the system SER performance. The PSEP at the destination
node is defined as

Pr {x1 → x2}
=Pr {x1 → x2|x1, relay decodes erroneously}
× Pr {relay decodes erroneously}

+Pr {x1 → x2|x1, relay decodes correctly}
× Pr {relay decodes correctly} ,

(4)

wherex1 andx2 are two possible transmitted source symbols.
The vectorx1 = [

√
Psxs1

√
Prxr1 ]

T , wherexs1 is the source
transmitted constellation point andxr1 is the relay transmitted
constellation point, similarly,x2 = [

√
Psxs2

√
Prxr2 ]

T .
The PSEP expression in (4) has two terms depending on

the state of the relay node (whether or not it has decoded
correctly). The first term corresponds to the case when the
relay decodes erroneously. This term only depends on the
constellation used at the source node while the second term
clearly depends on the constellations used at the source and
relay nodes. We consider the design of the constellation points
at the relay node in order to minimize that term.

The use of maximum likelihood (ML) detector at the
receiver is assumed. We consider minimizing the term
PSEPr = Pr {x1 → x2|x1, relay decodes correctly}, which
corresponds to the case when the relay correctly decodes the
source symbol. Under our system model assumptions, the
PSEPr of the ML detector can be expressed as

PSEPr = E {Pr {q < 0|x1, relay decodes correctly}} ,
(5)

where

q =
[
zH1 zH2

] [
I2 0
0 −I2

] [
z1

z2

]

in which z1 = (diag(x1)− diag(x2))h + n, z2 = n, h =
[hs,d hr,d]T , n = [ηs,d ηr,d]T , and I2 is the 2 × 2 identity
matrix.

It can be proved that the conditional probability density
function of q in (5), given the channel coefficients and

given thatx1 was transmitted and relay decoded correctly,
is Gaussian. ThePSEPr can be proved to be given by

PSEPr = E

{

Q

(√
1

2N0
(Ps|hs,d|2|xs1 − xs2 |2 + Pr|hr,d|2|xr1 − xr2 |2)

) }
,

(6)

where Q(u) = 1√
2π

∫∞
u

exp(− t2

2 )dt is the Gaussian Q-
function. The expectation in (6) is with respect to the channel
state information (CSI). Using the special property of the
Gaussian Q-function asQ(u) = 1

π

∫ π/2

0
exp(− u2

2 sin2 θ
)dθ and

averaging over the exponential distribution of the squared
magnitude of the channel gains, it can proved that thePSEPr

is given by

PSEPr =

1
π

∫ π/2

0

1(
1 +

Psδ2
s,d|xs1−xs2 |2
4N0 sin2 θ

) · 1(
1 +

Prδ2
r,d|xr1−xr2 |2
4N0 sin2 θ

)dθ.

(7)

An upper bound onPSEPr can be obtained by neglecting the
one term in the denominator of the terms inside the integration
of (7). ThePSEPr can now be upper bounded as

PSEPr ≤ 3N2
0

δ2
s,dδ

2
r,dPsPr|xs1 − xs2 |2|xr1 − xr2 |2

. (8)

In order to minimize the PSEP, symbols that have adjacent
constellation points in the source constellation are assigned
nonadjacent constellation points in the relay constellation
assignment and vice versa. So instead of using repetition
at the relay node (i.e., using the same constellation as the
source node) we can do constellation reassignment at the relay
node to better separate the symbols to maximize the prod-
uct |xs1 − xs2 |2|xr1 − xr2 |2. The constellation reassignment
scheme can improve the system PSEP performance, and hence
the SER performance, without increasing the complexity of the
system. The proposed constellation reassignment scheme can
be thought of as some form of complex field coding.

The most common constellations used in communication
systems are BPSK, QPSK, 16-QAM, and 64-QAM. For BPSK,
constellation reassignment at the relay nodes is meaningless
since the BPSK constellation has only two points. For QPSK,
the performance gains of using constellation reassignment are
not significant and we do not show the results for that case.

For 16-QAM and 64-QAM constellations, one possible way
to do the constellation reassignment at the relay nodes is to
use exhaustive search over all the possible relay constellation
assignments and select the one that maximizes the minimum
value of the product|xs1 − xs2 |2|xr1 − xr2 |2 over all the
possible pairs of transmitted symbols. However, the exhaustive
search is extremely complex, for example, for the single-relay
case, the number of possible constellation assignments at the
relay node is16! = 2.0923× 1013 for 16-QAM constellation
and 64! = 1.2689 × 1089 for 64-QAM constellation. This
renders the exhaustive search impractical for constellation
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Fig. 2. Trans-modulation for 16-QAM constellation.
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Fig. 3. Trans-modulation for 64-QAM constellation.

reassignment at the relay node. Therefore, we resort to the
use of heuristic approaches for constellation reassignment at
the relay nodes. For example, for the 16-QAM constellations
in Fig. 2, if we look at the source constellation as a4 × 4
matrix, we first rearrange the rows and then the columns of that
matrix to ensure that any two adjacent rows (columns) in the
source constellation matrix are non-adjacent in the resulting
matrix, which will be used as the relay constellation. This
approach ensures that adjacent source constellation points are
non-adjacent in the relay constellation assignment and hence,
improves the system SER performance as will be shown in
the simulation section1.

IV. SIMULATION RESULTS

In this section, we present some simulation results to indi-
cate the performance gains of using constellation reassignment
at the relay nodes. Figs. 2 and 3 show the constellations used
at the source and relay nodes for 16-QAM and 64-QAM
constellations, respectively. The constellation assignment for
the 64-QAM constellation is shown only along one (real) axis
and the same reassignment is done along the other (complex)
axis. Fig. 4 shows the SER versus SNR, defined asSNR =
(Ps+Pr)/N0, for the 16-QAM and 64-QAM single-relay DAF
system, where we assume equal power allocation between the
source node and the relay node. The channel variance between
the source and the destination is taken to be 1 in all cases.
We simulated two cases: relay close to source (δ2

s,r = 10,
δ2
r,d = 1) and relay close to destination (δ2

s,r = 1, δ2
r,d = 10).

From Fig. 4, it is clear that for 16-QAM constellation a gain
of about 2 dB is achieved for the case where the relay is
close to the source. For 64-QAM constellation, we can get
a gain of about 3 dB for the case where the relay is close
to the source. For the case of relay close to the source, the
relay will decode correctly with a high probability. Hence, the
use of constellation reassignment at the relay node can highly

1The proposed constellation for 16-QAM in Fig. 2 can be proved to be
optimal along one axis (real or imaginary), i.e., it is the optimal if we do the
optimization (exhaustive search) along the real axis and then the imaginary
axis. But, it is not guaranteed to be the global optimum if we consider
optimization along both axes simultaneously.
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Fig. 4. SER for single-relay DAF system using 16-QAM and 64-QAM
constellations.

improve the system performance in this case compared to the
repetition based approach.

For the case of relay close to destination we can observe
that, for both 16-QAM and 64-QAM constellations, there is
no significant performance gain of using the constellation reas-
signment scheme as compared to the repetition based scheme.
In this case, and under relay transmission, the distance between
two possible transmitted symbols will be dominated by the
distance resulting from the relay constellation. Transmitted
symbols are most likely to be mistaken with their adjacent
symbols in the relay node constellation.

V. CONCLUSIONS

In this letter, we consider the use of constellation reas-
signment at the relay nodes to improve the system SER
performance. The constellation reassignment is based on sepa-
rating symbols with adjacent constellation points in the source
constellation. This constellation reassignment increases the
Euclidean distance between the closest possible transmitted
symbols and hence, improves the system SER performance.
Also, the proposed constellation reassignment scheme does not
increase the complexity of the system. For the case of relays
close to source, we can achieve an improvement of about 2
dB for 16-QAM constellation and about 3 dB for 64-QAM
constellation.
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