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Recently, there has been much interest in modulation techniques to achieve
transmit diversity motivated by the increased capacity of multiple-input multiple-
output (MIMO) channels. To achieve transmit diversity the transmitter needs to
be equipped with more than one antenna. The antennas should be well separated
to have uncorrelated fading among the different antennas; hence, higher diversity
orders and higher coding gains are achievable. It is affordable to equip base sta-
tions with more than one antenna, but it is difficult to equip the small mobile
units with more than one antenna with uncorrelated fading. In such a case, trans-
mit diversity can only be achieved through user cooperation leading to what is
known as cooperative diversity. Cooperative diversity provides a new dimension
over which higher diversity orders can be achieved. In this thesis, we consider

the design of protocols that allow several terminals to cooperate via forwarding



each others’ data, which can increase the system reliability by achieving spatial
cooperative diversity. We consider the problem of “how to achieve and where to
exploit diversity in cooperative networks?”

We first propose a cooperation protocol for the multi-node amplify-and-forward
protocol. We derive symbol error rate (SER) and outage probability bounds for
the proposed protocol. We derive an upper-bound for the SER of any multi-node
amplify-and-forward protocol. We prove that the proposed protocol, where each
rely only forwards the source signal, will achieve the SER upper-bound if the relays
are close to the source node. Then, we consider the problem of power allocation
among the source and relay nodes based on the derived SER and outage probability
bounds to further enhance the system performance.

We consider the design of distributed space-time and distributed space-frequency
codes in wireless relay networks is considered for different schemes, which vary in
the processing performed at the relay nodes. We consider the problem of whether a
space-time code that achieves full diversity and maximum coding gain over MIMO
channels will achieve the same if used in a distributed fashion. Then, we consider
the design of diagonal distributed space-time code (DDSTC) which relaxes the
stringent synchronization requirement by allowing only one relay to transmit at
any time slot. Then, we consider designing distributed space-frequency codes for
the case of multipath fading relay channels that can exploit the multipath as well
as the cooperative diversity of the channel.

Then, we consider studying systems that exhibit diversity of three forms: source
coding diversity (when using a dual description encoder), channel coding diversity,
and user-cooperation diversity. We derive expressions for the distortion exponent

of several source-channel diversity achieving schemes. We analyze the tradeoff



between the diversity gain (number of relays) to the quality of the source encoder
and find the optimum number of relays to help the source. Then, we consider
comparing source coding diversity versus channel coding diversity.

Finally, we will consider the use of relay nodes in sensor networks. We will
consider the use of relay nodes instead of some of the sensor nodes that are
less-informative to the fusion center to relay the information for the other more-
informative sensor nodes. Allowing some relay nodes to forward the measurements
of the more-informative sensors will increase the reliability of these measurements
at the expense of sending fewer measurements to the fusion center. This will create
a tradeoff between the number of measurements sent to the fusion center and the

reliability of the more-informative measurements.
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Chapter 1

Introduction

The advent of future wireless multimedia services, requiring high signal quality and
high data rate, has increased the attention toward the study of wireless channels.
The wireless resources such as bandwidth and energy are scarce and it is difficult to
meet the high data rate requirement unless some efficient techniques are employed.
Also, the wireless channels have a lot of impairments such as fading, shadowing,
and multiuser interference which can highly degrade the system performance. This
has increased the thrill toward the study of wireless channels to overcome their

impairments.

1.1 Wireless Fading Channels

One of the major challenges for communicating over wireless channels is the fading
nature of that channels. Fading means the random fluctuations in the amplitude
and phase of the received signal and is due to the effect of the reflections of the
transmitted signal [1,2]. As shown in Fig. 1.1, the received signal will be a

superposition of reflected versions of the transmitted signal. If the transmitted
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Figure 1.1: The wireless fading channel.

signal is z(t) then the received signal y(t) can be given by

L

y(t) =Y hu(t)z(t —m) +n(t), (1.1)

=1
where hy(t) is the channel coefficient for the I-th path at time ¢, L is the number of
paths, 7; is the delay of the [-th path and n(t) is the receiver additive noise. The
delay spread of the channel is defined as the time difference between the maximum
and minimum delays of the channel paths, i.e., A7 = max; 7 — min; 7; where A7 is
the channel delay spread. According to the value of the delay spread of the channel
as compared to the transmitted symbol duration the channel can be either flat
(frequency nonselective) fading channel or multipath (frequency selective) fading

channel.

1.1.1 Flat-Fading Wireless Channels

If the delay spread of the channel is small compared to the symbol duration of the

transmitted signal the channel is known to be flat (frequency nonselective) fading



channel. In this case the channel can be represented by a single parameter that

multiplies the transmitted signal. In this case, the received signal can be given by
y(t) = h(t)z(t — ) +n(t), (1.2)

where h(t) is the channel coefficient.

1.1.2 Multipath Fading Wireless Channels

If the channel delay spread is larger than the symbol duration the channel can be
represented by a linear filter with more than one non-zero tap. This will result
in inter-symbol interference (ISI). In this case, the different frequency components
of the transmitted signal will experience different fading values; therefore, the
channel in this case is known as frequency selective fading channel. In this case, an
equalizer is needed at the receiver side to remove the effect of ISI. Also, there exists
some transmission schemes, such as orthogonal frequency-division multiplexing
(OFDM), that can simplify the equalization at the receiver side.

Although the multipath fading channel causes ISI, which is undesirable phe-
nomenon, however the multipath nature of the channel can be used to enhance the
system performance. If we are able to resolve the different paths of the received
signal we will have more than one copy of the transmitted signal and this can be

considered as some form of achieving Diversity.

1.2 Diversity Schemes

One solution to the fading nature of the wireless channels is the use of diversity
achieving schemes. Diversity means to provide the destination node with more

than one copy of the transmitted data so if one or more copy is highly degraded



due to severe fading then the destination will be still able to decode the source
signal using the other received copies. Diversity in the wireless system can be
achieved through time diversity, frequency diversity, spatial diversity, etc. Time
diversity can be achieved through the transmission of the same signal at different
time slots; these time slots should be well separated to ensure that the channel
coefficients at these slots are uncorrelated. This will cause a loss in the system data
rate as well as an increase in the transmission delay. Frequency diversity can be
achieved through the transmission of the same data on different frequency bands.
In this case, there will a bandwidth loss due to the transmission of the same data
on different frequency bands. Spatial diversity can be achieved through the use of
multiple transmit and/or multiple receive antennas. Spatial diversity has proved
to be an eminent candidate for achieving the signal quality and high data rate
promised by the future multimedia services since it does not increase the overhead
in the system in terms of the bandwidth or delay.

The diversity of any scheme is measured through the diversity order D of the
system and is defined as

log SER

D= _0gonlt
SN Hsoo log SNR’

(1.3)

where SER is the scheme symbol error rate (SER) and SN R is the system signal-
to-noise ratio (SNR). The diversity order D measures the rate of decay of the

system SER as a function of the SN R as the SNR tends to infinity.

1.2.1 Multiple-Input Multiple-Output (MIMO) Channels

The seminal works [3] and [4] revealed the increased capacity of the wireless chan-
nels by employing Multiple-Input Multiple-Output (MIMO) channels. The MIMO

channels are constructed through the use of multiple transmit and/or multiple re-
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Figure 1.2: Multiple-Input Multiple-Output Channels.

ceive antennas as shown in Fig. 1.2. For the case of having M transmit antennas
and N receive antennas, and assuming that the fading coefficients between the dif-
ferent antennas are Rayleigh distributed and uncorrelated, space-time codes can
be designed such that the SER behaves as ¢ - SNR™¥ at high SNRs for some
constant ¢ [5,6]. In this case the maximum diversity order of the system is given

by the product M x N.

1.2.2 Cooperative Diversity

In wireless applications, it is affordable to have multiple antennas at the base
station but it is difficult to equip the small mobile units with more than one antenna
due to space constraints of the mobile units!. Hence, the use of multiple antennas
at the mobile units is limited. This gave rise to what is known as cooperative
diversity in which several nodes try to form a virtual multiple element transmit
antenna. Cooperative diversity can be achieved through relay nodes helping the
source by forwarding its information.

The classical relay channel model based on additive white Gaussian noise

(AWGN) channels was presented in [7]. In this paper, the authors considered

ITf the antennas are located close to each other, the channel fades may have some correlation

which reduces the achievable diversity and/or coding gain.
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Figure 1.3: The single-relay channel.

calculation of the capacity of the single-relay channels. In this work, an upper-
bound on the capacity based the cut-set upper bound has been provided. Also,
achievable rates based on some schemes, which under certain conditions achieve
the cut-set bound, have been provided. Recent results regarding the capacity of
the multi-node relay channels can be found in [8].

Lately, the study of cooperative diversity achieving techniques has gained a
lot of interest. The techniques of cooperative diversity have been introduced, for
example, by Sendonaris in the context of Code-Division Multiple Access (CDMA)
systems [9], [10]. In [11], different protocols were proposed to achieve spatial
diversity through node cooperation and outage analyses for these protocols have
been provided. Among those protocols are the decode-and-forward (DAF) and
amplify-and-forward (AAF) protocols.

In the decode-and-forward protocol with one relay node shown in Fig. 1.3 the
relay node decodes the source symbol before re-transmitting to the destination.
In order to achieve a diversity of order two for the single-relay DAF protocol, the
relay should be able to decide whether or not it has decoded correctly. This can be
achieved through the use of error detecting codes or the use of appropriate SNR
threshold at the relay node [12]. If the relay always forwards the source signal the
system will achieve a diversity of order limited by errors at the relay node(s) and

this is known as error propagation [13]. Symbol error rate performance analyses



for the single-node and multi-node decode-and-forward cooperation protocols were
provided in [12,14].

In the amplify-and-forward protocol with one relay node, the relay amplifies the
received signal before retransmission to the destination. The amplify-and-forward
protocol does not suffer from the error propagation problem because the relays do
not perform any hard-decision operation on the received signal; however, in the
AAF protocol noise accumulates with the desired signal along the transmission
path.

The problem with the multi-node decode-and-forward protocol and the multi-
node amplify-and-forward protocol is the loss in the data rate as the number of
relay nodes increases. The use of orthogonal subchannels for the relay nodes trans-
missions, either through Time-Division Multiple Access (TDMA) or Frequency-
Division Multiple Access (FDMA), results in a high loss of the system spectral
efficiency. This leads to the use of what is known as distributed space-time coding,
where relay nodes are allowed to simultaneously transmit over the same channel
by emulating a space-time code. The term distributed comes from the fact that the
virtual multi-antenna transmitter is distributed between randomly located relay
nodes. It was proposed in [15] to use relay nodes to form a virtual multi-antenna
transmitter to achieve diversity through the use of distributed space-time codes.
In addition, an outage analysis was presented for the system. Several works have
considered the application of the existing space-time codes in a distributed fashion

for the wireless relay network [16-19].
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Figure 1.4: The interaction between the different blocks of a general cooperative

system.

1.3 Dissertation Outline

In this thesis, we propose to develop and analyze efficient cooperation protocols
over the wireless relay channels. Figure 1.4 shows the blocks of a general coopera-
tive communication system. We try to answer the questions of how to achieve and
where to exploit diversity in cooperative networks.

For the case of multimedia communication, where the most important perfor-
mance measure is the end-to-end distortion, we study whether the source encoder
resolution or the channel encoder redundancy is more important. We develop a
general framework for the tradeoff between the source and channel encoders over
relay channels. This framework will be used for optimal rate allocation between
the source and channel encoders to minimize the end-to-end distortion as well as
for selecting the optimal number of relay nodes for cooperation.

For data communication, where SER is the performance measure, we no more
have the notion of source encoder. We consider achieving diversity through node
cooperation. We develop and analyze efficient cooperation protocols based on the

use of distributed space-time and space-frequency codes.



1.3.1 Multi-Node Amplify-and-Forward Cooperative Com-

munications (Chapter 2)

In Chapter 2, we investigate the performance of the multi-node amplify-and-
forward relay network protocol. We provide a symbol error rate (SER) bound
for the multi-node amplify-and-forward protocol in Rayleigh fading channels in
which each relay node only amplifies the source signal. The obtained SER bound is
shown to be tight at high SNR. We prove that the multi-node amplify-and-forward
protocol achieves a diversity of order N + 1 for N relay nodes helping the source.
We then provide an analysis for a hypothetical system that represents an SER
upper-bound for any multi-node amplify-and-forward protocol SER performance.
We also prove that multi-node amplify-and-forward protocol, with each relay only
amplifying the source signal, approximately achieves this SER upper-bound if the
relay nodes are close to the source. Then, we provide outage probability analy-
sis for the multi-node amplify-and-forward protocol. Based on the derived SER
and outage probability bounds for the multi-node amplify-and-forward protocol,

optimal power allocation is provided.

1.3.2 Distributed Space-Time and Space-Frequency Cod-
ings (Chapter 3)

In Chapter 3, the design of distributed space-time codes for wireless relay networks
is considered. Distributed space-time coding (DSTC) can be achieved through
node cooperation to emulate multiple antennas transmitter. First, the decode-
and-forward protocol, in which each relay node decodes the symbols received from

the source node before retransmission, is considered. A space-time code designed



to achieve full diversity and maximum coding gain over multiple-input multiple-
output (MIMO) channels is proved to achieve full diversity but not necessarily
maximizing the coding gain if used with the decode-and-forward protocol. Next,
the amplify-and-forward protocol is considered; each relay node can only perform
simple operations such as linear transformation of the received signal and then
amplify the signal before retransmission. A space-time code designed to achieve full
diversity and maximum coding gain over MIMO channels is proved to achieve full
diversity and maximum coding gain if used with the amplify-and-forward protocol.

Next, the design of DSTC that can mitigate the relay nodes synchronization er-
rors is considered. Most of the previous works on cooperative transmission assume
perfect synchronization between the relay nodes, which means that the relays’
timings, carrier frequencies, and propagation delays are identical. Perfect synchro-
nization is difficult to achieve among randomly located relay nodes. To simplify the
synchronization in the network, a diagonal structure is imposed on the space-time
code used. The diagonal structure of the code bypasses the perfect synchronization
problem by allowing only one relay node to transmit at any time slot. Hence, it is
not necessary to synchronize simultaneous “in-phase” transmissions of randomly
located relay nodes, which greatly simplifies the synchronization among the relay
nodes. The code design criterion for distributed space-time codes based on the
diagonal structure is derived. The work shows that the code design criterion is to
maximize the minimum product distance.

Next, we consider the problem of the design of distributed space-frequency
codes. Designing diversity achieving schemes over the wireless broadband fading
relay channels is crucial to achieve higher diversity gains. These gains are achieved

by exploiting the multipath (frequency) and cooperative diversities to combat the
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fading nature of wireless channels. The challenge is how to design space-frequency
codes, distributed among randomly located nodes that can exploit the frequency
diversity of the wireless broadband channels. In this Chapter, the design of dis-
tributed space-frequency codes (DSFCs) for wireless relay networks is considered.
The proposed DSFCs are designed to achieve the frequency and cooperative diver-
sities of the wireless relay channels. The use of DSFCs with the decode-and-forward
(DAF) and amplify-and-forward (AAF) protocols is considered. The code design
criteria to achieve full diversity, based on the pairwise error probability (PEP) anal-
ysis, are derived. For DSFC with the DAF protocol, a two-stage coding scheme,
with source node coding and relay nodes coding, is proposed. We derive suffi-
cient conditions for the proposed code structures at the source and relay nodes to
achieve full diversity of order N L, where N is the number of relay nodes and L is
the number of paths per channel. For the case of DSFC with the AAF protocol, a

structure for distributed space-frequency coding is proposed.

1.3.3 Source-Channel Diversity for Multi-Hop and Relay

Channels (Chapter 4)

A key challenge in the design of real-time wireless multimedia systems is the pres-
ence of fading coupled with strict delay constraints. A very effective answer to this
problem is the use of diversity achieving techniques. Chapter 4 focuses on study-
ing systems that exhibit diversity of three forms: source coding diversity, chan-
nel coding diversity, and user-cooperation diversity (implemented through either
relay channels or multi-hop channels, each with amplify-and-forward or decode-
and-forward user cooperation). Consistent with the focus on real-time multimedia

communications, performance is measured through the distortion exponent, which
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measures the rate of decay of the end-to-end distortion at high signal-to-noise ratio
(SNR). The results show that for both relay and multi-hop channels, channel cod-
ing diversity provides the best performance, followed by source coding diversity.
The results also show a tradeoff between the quality (resolution) of the source en-
coder and the amount of cooperation, in that, as the bandwidth expansion factor
increases (higher bandwidth) user cooperation diversity is the main limiting factor,
not the source encoding distortion. Thus, the distortion exponent is improved by
increasing the number of relays (increasing the diversity order). At low bandwidth
expansion factor the source average end-to-end distortion is limited by the source
encoder distortion and, in this case, using higher resolution source encoder will im-
prove the performance, in terms of the distortion exponent, more than increasing

the number of relay nodes.

1.3.4 Distributed Detection in Wireless Networks: A Sen-

sor or a Relay? (Chapter 5)

In this Chapter, the problem of deploying relay nodes in sensor networks will
be considered. A system consisting of a set of sensor nodes communicating to a
fusion center, where decisions are made, is considered. As some sensor nodes pro-
vide “less-informative” measurements to the fusion center, assigning the system
resources allocated for these sensors to relay nodes to forward the measurements
of the other “more-informative” sensor nodes is considered. This introduces a new
tradeoff in the system design between the number of measurements sent to the
fusion center and the reliability of the more-informative measurements, which is
enhanced by deploying more relay nodes in the network. We will analyze the per-

formance of two protocols. In Protocol I, each sensor node directly transmits its
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measurement to the fusion center. In Protocol II, instead of having each sensor di-
rectly transmitting its measurement, relay nodes will be used instead of some of the
less-informative sensor nodes to forward the measurements of the more-informative
sensor nodes. Hence, in Protocol II, the reliability of the more-informative mea-
surements is enhanced at the expense of having fewer measurements sent to the
fusion center and this creates the tradeoff between the number of measurements
available at the fusion center and the reliability of the measurements. We an-
alyze the performance of the two protocols over additive white Gaussian noise
(AWGN) and Rayleigh flat-fading channels. Based on the analysis, the regions
where the performance of one protocol is superior to the other are characterized.
Also, asymptotic comparison results when the communication noise variance or the
measurement noise variance tends to zero are provided. The results show that in
some cases it is better to allocate some of the system resources to relay nodes, not
to sensor nodes, to increase the reliability of the more-informative measurements

and this leads to a better overall detection performance at the fusion center.
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Chapter 2

Multi-Node Amplify-and-Forward

Cooperative Communications

In the amplify-and-forward protocol with one relay node, the relay normalizes
the received signal and then amplifies it before re-transmission. The amplify-and-
forward protocol does not suffer from the error propagation problem because the
relays do not perform any hard-decision operation to the received signal but noise
accumulates with the desired signal along the transmission.

In this Chapter, the symbol error rate (SER) expressions for the multi-node
amplify-and-forward protocol are derived. The SER analyses for the single-relay
amplify-and-forward and decode-and-forward protocols can be found in [14] and for
the multi-node decode-and-forward protocol can be found in [12]. The approach we
adopt in this Chapter is based on deriving the exact moment generating function
(MGF) of the scaled harmonic mean of two exponential random variables'. These

exact MGF expressions can be used to get exact expressions for the SER.

2X1Xo

'The harmonic mean of two numbers X; and X5 is e
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Also, an outage probability analysis of the multi-node amplify-and-forward
protocol with N relay nodes helping the source is presented. In [11], the outage
probability of the single relay amplify-and-forward network was obtained based
on the limiting behavior of the cumulative distribution function (CDF) of certain
combinations of exponential random variables. The case of a single relay amplify-
and-forward protocol in [11] can be considered as a special case of our analysis

with N = 1.

2.1 System Models

In this section, we introduce the multi-node source-only and the maximum ratio

combiner (MRC) based amplify-and-forward system models.

2.1.1 Source-Only Amplify-and-Forward System Model

The multi-node source-only amplify-and-forward system model is shown in Fig.
2.1. A cooperative strategy with two phases is considered. In phase 1, the source
transmits its information to the destination, and due to the broadcast nature of the
wireless channels the neighbor nodes receive the information. In phase 2, N users
help the source by amplifying the source signal. In both phases the users transmit
their information through orthogonal channels (through TDMA or FDMA). Perfect
synchronization is assumed among the cooperating nodes.

In phase 1, the source broadcasts its information to the destination and N relay
nodes. The received signals y; 4 and y;,, at the destination and the i-th relay can

be written, respectively, as

ys,d =V Psh‘s,dx + 773,(1, (21)
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Figure 2.1: Multi-node amplify-and-forward system model.

Ysr; = V Pshfs,rix + Ns,rss 1= ]-7 27 ceey N7 (22)

where P; is the transmitted source power, x is the transmitted source symbol
with E{||z||*} = 1 where E{-} denotes the expectation operator, 74 and 7,
denote the additive white Gaussian noise (AWGN) at the destination and the i-th
relay, respectively, and hy 4 and hs,, are the channel coefficients from the source to
destination and the i-th relay node, respectively. Each relay amplifies the received
signal from the source and re-transmits it to the destination. The received signal

at the destination node in phase 2 due to the i-th relay transmission is given by

R
\/Ps|hs,ri|2 + NO

Yr; d

hTi,dyS,Ti + Mrid> (23)

where P; is the i-th relay node power, h,, 4 is the channel coefficient from the i-th
relay node to the destination, and 7,, 4 is the destination AWGN. The channel
coefficients hs g4, hs,,, and h,, 4 are modeled as zero-mean circularly symmetric
complex Gaussian random variables with variances 02 4, 07,.., and 67, ;, respectively,
i.e., a Rayleigh flat-fading channel model is considered. The channel coefficients are
assumed to be available at the receiving nodes but not at the transmitting nodes.

The noise terms are modeled as zero-mean complex Gaussian random variables

with variance Ny/2 per dimension. Jointly combining the signals received from
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the source in phase 1 and that from the relays in phase 2, the destination detects

the transmitted symbols by the use of MRC detector [20].

2.1.2 MRC-Based Amplify-and-Forward System Model

In this subsection, we introduce the multi-node MRC-based amplify-and-forward
system model. For simplicity of presentation, we will consider a system with two
relay nodes which can be easily extended to the N relay nodes case. This system
has three phases as follows. In phase 1, the source transmits its information to the
destination and the two relay nodes. In phase 2, the first relay helps the source
by amplifying and forwarding the received source signal in phase 1. In phase 3,
the second relay applies an MRC to the two received signals from the previous
two phases and sends to the destination an amplified version of the MRC output.
Therefore, for the case of having N relay nodes helping the source we will have
N + 1 phases. Each relay applies an MRC to the received signals from the source
and all of the previous relays. MRC has the advantage of maximizing the signal-
to-noise ratio (SNR) at the output of the detector under the condition that the
noise terms at the input of the MRC are uncorrelated [20].

The system model for the MRC-based AAF protocol can be formulated as
follows. In phase 1, the source broadcasts its information to the destination and
all of the relay nodes. The received signals y; 4 and y,,, for i = 1,2 are as given in
(2.1) and (2.2), respectively. In phase 2, the received data at the destination due
to the first relay node transmission is given as in (2.3). The received data at the

second relay node due to the first relay node transmission is given by

VP
Yrirg = hr rolsr + Ny 29 24
1,72 \/P5|h5’r1|2+N0 1,72 1 1,72 ( )

where the inter-relay channel coefficient h,, ,, is modeled as zero-mean circularly
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symmetric complex Gaussian random variable with variance o7 . . The receiver
noise 7, ,, is modeled as zero-mean complex Gaussian random variables with vari-
ance Ny/2 per dimension.

In phase 3, the second relay node applies MRC to the received signals from
phases 1 and 2. With the assumption of channel knowledge at the second relay

node, the output of the MRC can be written as

g = asysmz + alymﬂ"zv (25)

where a, = /P;h},, /Ny and
Ps Py * *
. \/ Pg|hs ry |2+ No hsﬂ“lth,T?
a1 = .
1 P1|h7“1,'r2‘2 + 1 N
Ps|hs,'r1|2+N0 0

Then, the received signal at the destination in phase 3 is given by

)
B V2 Y I e————— B 2.6
Yrad = V Bolrsa e 1l (2.6)
where op
A 2 2
K — Ps\hs7rl|§+N0|h8,T1| |h7’177’2| n Ps’h377«2|2‘ (27)

P1|hr1,'r2|2 NO
(Ps|hs,7‘1|2+N0 + 1 NO

Then the destination node applies an MRC-detector to the received signals from

the different phases.

2.2 SER Performance Analysis

In this section, we derive a closed-form symbol error rate (SER) bound for the
source-only amplify-and-forward cooperation protocol with M-PSK and square
M-QAM signals. We also consider two scenarios for the MRC-based protocol to

gain some insights into the performance of the MRC-based protocol.
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2.2.1 Source-Only Amplify-and-Forward Protocol

With the knowledge of the channel state information, the output of the MRC

detector can be written as

N
Y = 0sYsd + Z Yy, ds (28)

i=1
where oy = v/Psh} 4/Ny and

Ps P; h* *
Pqlhs,r;|[24+No ' 8,73 Tiyd

Pilhri,d‘Q ’
(Ps\hs,ri|2+zvo +1) No

With our assumption of having source symbol x with unit average energy then the

o =

SNR at the MRC-detector output is

N
Y=+ % (2.9)
i—1
where v, = Py|hsq|>/No, and
1 P,P; hsr-2hr- 2
- | )i | id (2‘10)

- FOPS|hS,T‘i|2 + Pi|h7‘i,d|2 + NO‘
It has been shown in [21] that the instantaneous SNR ~; can be tightly upper-

bounded as

~ ]' PSPi|hS,Ti 2|hn,d 2
fY’L' = A7 2 27 (211>
NO Pslhs,ri’ +‘Pi|h7"i7d

which is a scaled harmonic mean of Ps|hs,,|*/Ny and P,|h,., 4*/No.

If M-PSK modulation is used in the system with the instantaneous SNR v in
(2.9) then the conditional SER given the channel state information (CSI) can be

given as [22]

PESk = Upsk (7)

1 (M-1)r/M b
= —/ exp (_Lé(/y) d@)
T Jo sin“ 0
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where bpgr = sin? (7/M).
If M-QAM (M = 2% with k even) constellation is used in the system, the

conditional SER is given by

ng& =Younm (7)), (2.13)

where
\DQAM (’y) = 4RQ <\/ bQAM"Y) — 4R2Q2 (\/ bQAM'Y) y (2.14)
in which R = 1 — - bgan = 3/ (M — 1), and Q (u) = \/%fuoo exp <—§> dt is
the Gaussian Q-function.
Averaging over the Rayleigh fading channel coefficients, the SER of the M-PSK
signals and M-QAM signals can be given, respectively, by
1 =M bpsi \ T9 bpsk
P A — M, | —— M | —— | db, 2.15
PSK 7r/0 v (sin20> H v <sin29) (2.15)
and
4R /2 bQAM il bQAM
P, ~N— M, | 4= M;, | —=— | db
eAM = ), e (2sin29) 11 " (2511129)
= (2.16)
AR ((boay ﬂ A, (e ) g
™ Jo 7 \2sin?6) 11 \2sin®0)
where My (s) denotes the moment generating function (MGF)? of the random
variable Z.
We used the SNR approximation of 7; in (2.11) to get the expressions in (2.15)

and (2.16). To get the expression in (2.16), two special properties of the Gaussian

2The moment generating function (MGF) of a random variable Z is given by

Mz (s) = /fo exp (—sz)pz (2) dz, (2.17)

where pyz (2) is the probability density function (pdf) of the random variable Z.
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Q-function as @ (u) = £ fOW/Q exp (— 25?52 9> df and Q* (u) = = fDW/Zl exp (— 25;‘52 9) do
for u > 0 were used [22].
The MGF of ~4, which is an exponential random variable, can be simply given

by

1
M, =—— (2.18)

1+ % ‘
The problem is how to get the MGF of 7;. It has been investigated in [21] by apply-
ing Laplace transform, in which a solution was given by using the hypergeometric
functions. These expressions are hard to be used for analysis and for optimal power
allocation. An alternative approach was proposed in [14] from which a closed-form

expression for the MGF of 7; can be obtained as follows.

Let X7 and X, be two independent exponential random variables with param-

X1Xo
X1+Xo

eters (3 and [, respectively, and Z = is a scaled harmonic mean of X; and

X5. Then, the MGF of Z is

My (s) = (B — 52)2 + (B + Pa) s n 2031558 In (Br+ B2+ s+ A)2

Az A3 4613 ’

(2.19)

where

A= /(B - B) +2(61 + Ba) s + 52
With 8; = No/Po2,, and (B, = No/Pid?, 4, the MGF of 7; is given by (2.19). At

high enough SNR, the MGF can be further simplified to [14]

My (s) ~ b 1‘52. (2.20)

Substituting in (2.15) and (2.16), we can get the following result.
At high enough SNR, the SER of the source-only multi-node amplify-and-

forward cooperative protocol with N relay nodes employing M-PSK or M-QAM
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signals can be approximated as

C(N)NY* 1 {7 P2, + Py
Pspr ~ 53 s, (2.21)
pN+1 Po3 Pl PyPi02,.67. 4
where in case of M-PSK signals, b = bpgx and
1 M=Dm/M
C(N)= = / sin? ™M+ gdp, (2.22)
T™Jo
while in case of M-QAM signals, b = bgan /2 and
AR w/2 4R? w/4
C(N)=— / sin? ™M+ gap — — sin? ™+ gag. (2.23)
T Jo ™ Jo

Theorem 1 The diversity order of source-only amplify-and-forward scheme with

N relay nodes helping the source is N + 1.

Proof To calculate the diversity order of the scheme, let P denote the total
power and let P, = a,P and P, = a;P, i = 1,..., N where a, + Zf\;l a; =1, a; >
0, a; >0, i =1,..., N. Define the SNR as SNR = P/Ny. The diversity order of

log PsEr
log SNR

the protocol is defined as dar = limgyp—oo — = N + 1 in our source-only

multi-node amplify-and-forward protocol with N relay nodes helping the source.

2.2.2 MRC-based Amplify-and-Forward Protocol

In this subsection, we try to gain some insights into the performance of the MRC-
based amplify-and-forward protocol. For the simple example of two relay nodes
network and with the knowledge of the channel state information, the output of

the MRC-detector at the destination node can be written as

y = asys,d + alyT‘1,d + 052yr2,d7 (224)

where oy, oy are the same as the source-only amplify-and-forward protocol and as
is given by

N K

PQh:de\/m

B PQ‘hT‘Q,d‘2K2L_;’_[( + Ny’

Qg

22



where K is as defined in (2.7).

The SER analysis of this protocol is very complicated and intractable. Al-
though this protocol is thought of to give better performance than the source-only
amplify-and-forward protocol, it does not. The reason behind this is that the
system suffers from the noise propagation problem [13]. For the simple example
of two relays network, the noise terms at the destination in phases 2 and 3 con-
tain a contribution from the noise generated at the first relay, 7;,,, in phase 1.
So the noise components in the received signals during the several phases are no
more uncorrelated and the MRC-detector is no more optimal. This noise propaga-
tion problem causes a degradation in the SER performance of the protocol. The
problem is more severe for increased number of relays because we will have more
correlated noise components that will propagate to the destination. The optimum
receiver in this case is to apply a pre-whitening filtering to the received signals
and then apply the MRC-detector. Of course the analysis of the system will be-
come more complicated if we consider the noise propagation problem. Although
the source-only amplify-and-forward protocol is less complex than the MRC-based
amplify-and-forward protocol, we will show that it can give approximately the
same, if not better, SER performance. This is because the benefit that we get
from applying MRC at each relay node in the MRC-based protocol is diminished
by the correlated noise propagation problem as will be described later. To see
the effect of the noise propagation on the MRC-based protocol, we consider two
extreme scenarios for the two relays network and compare the performances of the

two protocols under these two scenarios.

1. |hy a4l = 0: In this case, we do not have the noise propagation problem

because the noise term 7;,, will be received only once in phase 3. In this
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case the SNR at the destination of the MRC-based protocol can be written

as
P2|h7‘ d|2
Py|hs q]? K—x
SNRMRC >~ : + P - (225)
2|hr ) |2 ’
Ny K+ —Ni d

Similarly, the SNR at the destination of the source-only based protocol can

be written as

}DS‘h/S,’I‘Q |2 PQ‘h'rz,d|2

2
SNR by ™ LU No (2.26)
source—only NO Ps|hs,r2|2 + P2|hr2,d|2
No No
Pslhs,'r2|2

Clearly, SN Ryre > SN Rsource—oniy because K > N Intuitively, be-
cause we do not have noise propagation in this case, it is better for relay 2 to
combine the signals it received from both the source and relay 1 using MRC
to maximize the SNR at its output instead of using only the source signal.
Under this scenario the MRC-based protocol is better than the source-only

protocol because it results in a higher SNR at the destination.

Nl al >>, |ryal >>, |Rey | >> and |hg,,| = 0: In this case, the relay-
destination links can be approximated to be noise free. The output of the

destination detector in the MRC-based protocol can be written as

(2.27)

P. 2 P, 2 \/Psh: VPSh:r
s’hs,d| 492 s’hsm‘ >:L‘+ ~ d g¥ s

YMRC = ( NO NO s,d + NO Ns,rys

because the signal at the first relay in phase 1 is transmitted twice in phases
2 and 3. The output of the destination detector in the source-only based

protocol can be written as

(Pslhs,d|2 Ps|hs,r1|2) \% P , V Psh:,rl
~ - T+ " ——

N
ysourcefonly — N() N() N() Ns,d + N(] Nsrq-

(2.28)
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Clearly, we have

2
Ps‘hs,d|2 + 2Ps‘hs,r1 |2)

Ps|hsd|2 Ps|hsr |2 No No
N _ ~ ’ A1 N ~
S Rsource only NO + NO > S RMRC Ps‘]}:fs,dP N 4PS|];\ST’T1|2
0 0
(2.29)

In this case, the source-only based protocol achieves better performance than
the MRC-based protocol. This is because the MRC-based protocol combines
the same signal twice (signals received in phases 2 and 3). Thus in this case,
the noise propagation problem is highly severe and causes a high degradation

in the system SER performance.

The above two scenarios give some insights about how the system performance
is affected by the different channel coefficients. From the above two scenarios,
intuition suggests that the source-only based protocol will give better performance
than the MRC-based protocol if the relays become closer to the destination, be-
cause scenarios similar to the second scenario will dominate (occurs with higher
probability). In the simulation section, we will simulate a system in which the re-
lays are close to the destination and we will see that the source-only based protocol

is always better than the MRC-based protocol, which proves our claim here.

2.2.3 SER Upper-Bound

In this section, we derive an SER upper-bound for any amplify-and-forward strat-
egy. We will prove that this bound is achieved by the source-only amplify-and-
forward protocol if the relays are close to the source. That is the source-only
amplify-and-forward protocol will achieve the best performance that any amplify-
and-forward protocol can achieve if the relay nodes are very close to the source.

The best system that one can think of is a system in which the relay nodes from
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2 to N, after power normalization, send the source symbol x. So the relay nodes
from 2 to N will appear as source nodes. This does not apply to the first relay
because it has only one copy of the transmitted data that is received from the
source node so for any protocol it can not do better than what it does in the
source-only amplify-and-forward protocol. But the relays from 2 to N may have
more than one received signal that they could combine or do some processing to
reduce the noise in the amplified transmitted signal. Of course this system is hy-
pothetical and no system can achieve this noise suppression at the output of the
relay nodes. But the SER performance of this system can be thought of as an SER
upper-bound. In what follows we perform an SER performance analysis of this
hypothetical system and prove that the source-only amplify-and-forward protocol
will achieve this bound if the relays are close to the source. We assume that the
relays from 2 to N transmit the source symbol x. With the knowledge of the

channel state information, the of the MRC-detector can be written as

N

Y = QsYsd + a1 Yry,d + Z i Yr; d; (230)
=2

where ag = v/ P;h% /Ny,
Ps Py * *
\/ Pslhsr [?+No hs,nhh,d
P1|hr1,d‘2 ’
(Ps|hs,7‘1|2+NO + 1 NO

and a; = \/Bh /N fori=2,--- | N.

a1 =

The SNR at the MRC-detector output is

N
Y=Y+n+ D> % (2.31)

i—2
where 75 = Py|hsq|*/No,

o 1 P8P1|h571“1|2‘h7”1,d’2
B NO Ps|hs,r1|2 + P1|hr1,d|2 + NO’

M (2.32)
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and v; = Bi|h, 4|*/No, i = 2,---, N. Following the analysis in Section 2.2.1, we

can write the SER bound at high enough SNR of that system as

P NOUV)NéV—H 1 P63T1+P1 de
SERT N PG PPy P52 !

S,T1 7"1d i= ri,d

(2.33)

where in case of M-PSK signals, b = bpgx and C'(N) is the same as in (2.22).
While in case of M-QAM signals, b = bgan /2 and C (N) is the same as in (2.23).
In the expression of (2.33), it is clear that the relays from 2 to NV appear as sources

with the term #. For the source-only amplify-and-forward protocol, each relay
YWr,,d

P62, + P07
PsP;62 . 62

$,Ty 'rd

has a contribution in the SER by the term . If the relays are close to

the source then
P02, + Py 4 2,1 1

’L

P.B5? ey — P2,

Intuitively, in the source-only amplify-and-forward protocol, the SNR of each
source-relay-destination link is a scaled harmonic mean of the source-relay and
relay-destination links SNR. If the relays are close to the source, the performance
will be limited by the relay-destination link and the source-relay-destination link
SNR is approximately that of the relay-destination link. So, in this case the relay
nodes appear to be sources and they tend to transmit, after power normalization,

the source symbols.

2.3 Source-Only Amplify-and-Forward Outage Prob-
ability Analysis

In this section, we provide the outage probability analysis of the source-only multi-

node amplify-and-forward protocol.
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2.4 Multi-node Amplify-and-Forward Relay Net-
work Mutual Information

In this section, the source-only multi-node amplify-and-forward system model will
be presented again but in a slightly different way to enable the calculation of
the mutual information. In phase 1, the source broadcasts its information to the
destination and N relay nodes. The received signals are the same as in (2.1) and
(2.2). Each relay amplifies the received signal from the source and re-transmits to
the destination. The received signal at the destination in phase 2 due to the i-th

relay transmission is given by

y?“i,d = hT’i7dﬂin,7”i + 777’i7d7 (234)

and [; satisfies the power constraint, that is [11]

P
< , 2.35
e \/Ps|h5,”|2+N0 (235)

where all the channel coefficients and noise components are modeled as in Section
2.1.

Define the (N 4 1) x 1 received data vector y = [Ys.d; Yry.d ...,er,d]T. To cal-
culate the mutual information expression, a simple trick is applied. We start by
applying MRC to y. The output of the MRC is given by

N
= QsYsd + Z QiYr;.ds (2.36)
i=1
where now o, = /PR 4 /Ny and

o = \ Psﬁz :i,dh’:,’l’i
' (ﬂg‘hri,dQ"i_l) NO‘
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We can write r in terms of x as

Polhoal? & PPl al?|hon 2
T = — ’ 7d| + Z 251 | ’“;l ’ 3 T
No — (37 |hr,al* + 1) No
4 V Psh;d 4 i Vv Psgih:i,dh:,m
Ny (87|, al® + 1) No

(2.37)

(777“i7d + hn,dﬁms,m) .

i=1
The SNR at the MRC output is
N

i=1
where 75 = Ps|hsq|?/No, and

o Psﬁi2|hri,d 2|hs,ri 2

T (Bl hya? + 1) No

The probability density function (pdf) of y given x and the channel coefficients

(2.39)

represents an exponential family of distributions [23]. Then, it can be easily shown

that r, given the channel coefficients, is a sufficient statistics for x, that is

Py /z,r <Y/x’ ’I“) = DPy/r (Y/r) ) (240)

where py /. (y/x,r) is the pdf of y given z and r, and py,, (y/r) is the pdf of y
given r. Since r is a sufficient statistics for x, then the mutual information between

x and y equals the mutual information between z and r [24], that is
I(z;r)=1(xyy). (2.41)

Then, the average mutual information satisfies

N

Pbosl S5 Pl b
Inp <I(z:7)<log |1+ 2% 4 i |lbri, i ’
AF > ( ) g( NO ;(ﬂ?’h”’dQ_'_l)No

with equality for x zero-mean, circularly symmetric complex Gaussian random

(2.42)

variable [3]. It is clear that (2.42) is increasing in f3;’s, so to maximize the mutual

information the constraint in (2.35) should be satisfied with equality yielding

N
Iup = log (1 +|heal>SN Ry + Y f (Ihar,PSN Ry,

i=1

hri,dPSNRmd)) (2.43)
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where SNR, 4 = SNR,,, = P;/Ny, i = 1,--- N and SNR,, 4 = P;/Ny, 1 =
1,---,N and

uv

flow=rmTT

2.5 Owutage Analysis of the Source-Only Multi-
node Amplify-and-Forward Relay Network

In this subsection, the outage probability analysis of the source-only multi-node
amplify-and-forward relay network of NV relay nodes helping the source is provided.

The outage probability for spectral efficiency R is defined as

P (R) = Pr{ Lr < R} , (2.44)

N +1
and the 1/ (N + 1) factor comes from the fact that the relays help the source

through N uses of orthogonal channels. Defining the vector p = [Py, Py, Ps, ..., PN]T,

) <on )

(2.45)

equation (2.44) can be rewritten as

N

Py I b

Pir (p, R) =Pr { (E’hs,dp +Y) O f (FOVLS,” ’
i=1

bl Fo|h’7‘z,d

At high SNR we can neglect the 1 term in the denominator of the f (.,.) function

[21]. We can now write the outage probability as

P N b 2P p 12
Pi% (p, R) = Prq | ~|hsal® + Mo ~0 Moo - < (2NFDE _ 1) X2 46)
F Ny — % g |? + % e ( )
: P 2 %;Ihs,ri 2%|h'ri,d‘2
Define the random variables wy = 3&[hsq4|* and wip = e
No 5,75 Ng Ti,dl
1,---, N. The outage probability can now be given as
N+1
Piy (p, R) ~ Pr {Z w; < (2D — 1)} : (2.47)
j=1
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The random variable w; is an exponential r.v. with rate Ay = PSNT%@. To
calculate the outage probability in (2.47), it is quite challenging to follow the
approach in [11]. We consider an alternative approach based on approximating
the scaled harmonic mean of two exponential random variables to be exponential
random variable.

Each of the w;’s for j = 2,--- N + 1 is a scaled harmonic mean of two ex-

ponential random variables. The cumulative density function (CDF) for w;, j =

2,...,N + 1 is given by [21]
Pw]- (w) =Pr {U)j < w} =1-2w CJIC 9 31+C32)K1 <2w CjICjQ> , (248)

where (j1 = & 52 ng = + and K (.) is the first order modified Bessel
s J* S,Tj_1

function of the second kind defined in [25]. The function K; (.) can be approxi-

mated as K, (z) ~ L for small z [25], from which we can approximate the CDF of

w; at high SNR as
Py, (w) = Pr{w; <w} ~1— e~ WG t62) (2.49)

which is the CDF of an exponential random variable of rate \; = Pség— +

Tj—1

—N___ Defining the random variable W = ZN_JT w;, the CDF of W, assuming

Pj_16?
Jj—1 ijlvd

the A;’s to be distinct, can be proved to be given by

Pr{W <w}~>)" ( 11 AA—L”A]C) (1 —e M), (2.50)

k=1 \m=1,m#£k "
The outage probability can be expressed in terms of the CDF of W as

P (p, R) =~ Pr{w < (2W R 1)1, (2.51)

The CDF of W can now be written as

Pr{WSw}22+< f[ A_m> (i( 1)"+1A"n)+HOT (2.52)

Am — A
k=1 \m=1,mz#k ™ k n=1
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where H.O.T. stands for the higher order terms. Rearranging the terms in (2.52)

we get
N+1 /N+1 N+1 A, W
Pr{Wgw}:Z<Z< 11 m) A")( )”“ +HOT. (2.53)
n=1 k=1 \m=1m#k m

To prove that the system achieves a diversity of order N + 1 we need to have
the coefficients of w™’s to be zeros for n = 1,--- , N. This requirement can be

reformulated in a matrix form as

M Avn [TnLs 525 0
N+1 m
AL A | ,\:}AQ B 0 (2.54)
AN+ AN+ HN _Am c
1 e ANy | L m=1 An—-Ant1 L ~1 ]
v q
To prove (2.54) consider the following system of equations
Va =[0,0,---,1]7, (2.55)

where ¢y is some non-zero constant, and prove that q = c;a. Noting that the
columns of the V matrix are scaled versions of the columns of a Vandermonde

matrix, i.e., it is a nonsingular matrix, the solution for the system of equations in

(2.55) can be found as

a=V c= Tt (V)adj (V)c. (2.56)

The determinant of a Vandermonde matrix is given by [26]

T
Mo A o Avn N+1N+1
det =T I] O =20, (2.57)
P k=L m>k
AN Y AN
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from which we can express the determinant of the V matrix as

det (V) = (f[ Aj) f[ f[ S (2.58)

k=1 m>k

Due to the structure of the ¢ vector, we are only interested in the last column of
the adj (V) matrix. The i-th element of the a vector can be obtained as

(—1)N+Fl (va:tlﬁsz )‘j> HkN:llk;éz vav@;lcm;m ()‘m - Ak) (—1)N ]ﬁ 1
(HN“ Aj) TINE = M) Ao (A=)

j=1 k=1 m>k J=1,j#i

(2.59)

From (2.59), it is clear that q = ¢;a where

N+1

¢ = (—1)N H A (2.60)

The outage probability can now be expressed as

P3i (p, R) ~Pr {W < (2WFVE 1)}

N+1 N1
N+1 (HA) R ) L HOT.

Substituting for the \;’s we get

(2.61)

N 2 2

1 1 P 5 + P5 - d N+1

P (b R) ~ ) ) ue (o(N+1R _ q Nyt (262
AF (p7 ) (N 4 1)] Pscsz,d Pl P. Pégr 57% d ( ) 0 ( )

For the special case of single relay node (N = 1) and let SNR = P;/Ny = Py/Ny,

we get

11 82, 462, (228 —1\?
PO (SNR,R) ~ = —— 20T 2.63
i B 2702, 5§r15r21d ( SNR ) ’ (263)

which is consistent with the result obtained in [11] for that simple case of single-
relay amplify-and-forward protocol.

From the expression in (2.62), let P be the total power and let Py = asP and
P, = a;P where a, + Zfil a;=1, as >0, a; >0, i=1,..., N. Define the SNR as
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SNR = P/Ny, the diversity order of the system, based on the outage probability,

log P4 (SNR,R)

. out __ 13
is defined as d%% = limgyp—oo — log SNR

= N + 1. So the system achieves a
diversity of order N + 1, in terms of outage probability, for N relay nodes helping

the source [27].

2.6 Optimal Power Allocation

The optimal power allocation is based on minimizing the outage probability bound
in (2.62) under a total power constraint. Removing the fixed terms from the outage

probability bound, our optimization problem can be written as

N
Popt = Min 5 H 2 =, (2.64)

=1

subject to P, + Y P, <P, P >0 Vi,

where p is as defined in the previous section and P is the maximum allowable total
power for one symbol transmission.

It can be easily shown that the cost function in (2.64) is convex in p over the
convex feasible set defined by the linear power constraints. The Lagrangian of this

optimization problem can be written as

N 2 2 N N
1 P2, + P02, ~
L:PSNHH B +A<PS+ZB~—P>+ZM(0—P¢), (2.65)

i=1

where the pu;’s serve as the slack variables. To minimize the outage probability
bound, it is clear that we must have P, > 0 Vi. The complementary slackness
imply that since P; > 0 then p; = 0 Vi. Knowing that the log function is a
monotone function and defining the (N + 1) x 1 vector a = [as, ay, ..., ay], where

as = Py/P and a; = P;/P i = 1,--- N, the Lagrangian of the optimization
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problem in (2.64) can now be given as

N
f=—logas+ Z log ( (53,41 —631,’(1) +A(a"lyp — 1), (2.66)
i=1 @s

where 1,1 is an all 1 (N + 1) x 1 vector. Applying first order optimality condi-

tions, a,, must satisfy

of _of _,
8as_8ai_ ’

i=1-- N, (2.67)

from which we get

_1 rj7 s Ti,d

62 4 1
1+Z d+J“* ]:a_i

62,
W . (2.68)

Since a, > 0 and a; > 0, then we can easily show that a, > a; i.e., P; > P; Vi. This
is due to the fact that the source power appears in all the SNR terms in (2.62)
either through the source-destination direct link or through the scaled harmonic
mean of the source-relay and relay-destination links.

Using (2.67) we have

1 02, 1
02 a‘J 52
ST’] 'I‘J,

Define ¢; = & = %, i=1,---,N and using (2.68), we get

as

2

63 T ..
W] N VZ, - (269)

8,75 T4i,d

52
c+cz—c:O,i:1,~--,N, (2.70)

for some constant c¢. From (2.69), the constant ¢ should satisfy the following

equation

flc)=c— ! 5 = 0. (2.71)

a'rj d

N ;
1+ Zj:l 52 ot 1§52
’I'j,

cj (c) 5Svrj

62
Since P; < P, Vi, then ¢; < 1, Vi. Hence, using (2.70), we have ¢ € (0 1 + min; 5=

8,7y

So we have reduced the (N + 1)-dimensional problem to a single-dimension search
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over the parameter ¢ which can be done using a simple numerical search or any
other standard method such as the Newton’s method.

Convexity of both the cost function and the feasible set in (2.64) imply global
optimality of the solution of (2.71) over the desired feasible set. It is worth noting
that minimizing the outage probability bound derived in this Chapter will also
result in minimizing the SER bound in (2.21).

Table 2.1 gives numerical results for the optimal power allocation for one and
two relays helping the source. From the results in Table 2.1, it is clear that equal
power allocation is not optimal. As the relays get closer to the source the equal
power allocation scheme tends to be optimal. If the relays are close to the destina-
tion optimal power allocation can result in a significant performance improvement,
in terms of SER, compared to the conventional equal power allocation scheme as

will be seen in the simulation section.

Table 2.1: Optimal power allocation for one and two relays (582 4 = 1 in all cases).

02, = 10,82 ;=1 02, =162, =10

relays close to the source | relays close to the destination

one relay P,/P =0.5393 P,/P =0.8333
P /P =0.4607 P /P =0.1667
two relays P,/P =0.3830 P,/P =0.75
Pi/P = P,/P = 0.3085 Pi/P = P,/P = 0.125

2.7 Simulation Results

In this section, we present extensive simulations to prove the theoretical analysis

presented in the previous sections. We will compare the performance of the differ-
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Figure 2.2: SER performance for BPSK signals, 5§7d =1,6, =1, 531,76! =1,02 =

7S, 7 UTT

1, and equal power allocation.

ent amplify-and-forward strategies. In all simulations, unless otherwise stated, we
assume equal power assignment between the source and the relay nodes. Fig. 2.2
shows the performance for binary phase shift keying (BPSK) signals (M = 2) for
the case of having two relay nodes and three relay nodes helping the source. In Fig.
2.2 all the channels variances are equal to 1 (including the inter-relay channels).
From that figure it is clear that the MRC based protocol, although more complex,
does not give any performance improvement over the source-only amplify-and-
forward protocol even if we used pre-whitening before applying the destination
MRC detector. This is due to the correlated noise propagation problem discussed
before which causes a degradation in the system performance.

Next, we simulate BPSK for relay nodes that are close to the source. Relay

node close to the source means that the source-relay channel variance is high.

37



QPSK modulation
10 ; T

10k

10 “F

107k

SER

10k

10°}| —e— 1relay
— © — SER bound
—v— 2relays
10 k| — ¥ — SER bound
—#&— 3 relays
— % — SER bound

10

0 5 10 on, @) 15 20 25
Figure 2.3: SER performance for BPSK signals with relays close to the source,
02,=1,02, =10,07 ;=1,67 . =10, and equal power allocation.
Fig. 2.3 shows that case of relay nodes close to the source. The channel variance
between the source and any relay is taken to be 53’” = 10 V7 and each inter-relay
channel has a variance of 10. From that figure it is clear that the bound in (2.21)
is tight at high SNR. Again there is no improvement in the performance by using
the MRC-based protocol. Furthermore, in the case of relays close to the source,
the system achieves the SER upper-bound given in (2.33). So in this case the
source-only amplify-and-forward protocol achieves the best you can get from any
amplify-and-forward protocol and there is approximately no gain in going to a
more complex combining techniques.

Fig. 2.4 shows the performance for quadrature phase shift keying (QPSK)
signals (M = 4) for the case of having two relay nodes and three relay nodes

helping the source. In Fig. 2.4, all the channels variances are equal to 1 (including
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the inter-relay channels). Again we have the same observations clarified before of
no gain in using MRC-based amplify-and-forward protocol.

Then, we simulate QPSK for relay nodes that are close to the source. Fig. 2.5
shows that case of relay nodes close to the source. The channel variance between
the source and any relay is taken to be 67, = 10 Vi and each inter-relay channel
has a variance of 10. From that figure it is clear that the bound in (2.21) is tight at
high SNR. Again there is no performance gain by using the MRC-based protocol.
Furthermore, in this case of relays close to the source, the protocol achieves the
SER upper-bound given in (2.33).

Fig. 2.6 shows the performance for 16-QAM signals (M = 16) for the case of
having two relay nodes and three relay nodes helping the source. In Fig. 2.6, all

the channels variances are equal to 1 (including the inter-relay channels). Again we
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Figure 2.5: SER performance for QPSK signals with relays close to the source,
02,=1,02, =10,07 ;=1,67 . =10, and equal power allocation.

have the same observations of having approximately no gain in using MRC-based
amplify-and-forward protocol.

Then, we simulate 16-QAM for relay nodes that are close to the source. Fig.
2.7 shows the case of having relay nodes close to the source. The channel variance
between the source and any relay is taken to be 53’” = 10 V7 and each inter-relay
channel has a variance of 10. From that figure it is clear that the bound in (2.21)
is tight at high SNR. Again there is no significant performance gains by using
the MRC-based protocol. Similarly, in this case of relays close to the source the
protocol achieves the SER upper-bound given in (2.33).

Next, to illustrate the severity of the correlated noise propagation problem when
the relays become close to the destination, we simulate QPSK for two and three

relay nodes. Fig. 2.8 shows that case of relay nodes close to the destination. The
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Figure 2.8: SER performance for QPSK signals with relays close to the destination,
02,=1,02, =102 ;,=10,87 . =10, and equal power allocation.
channel variance between any relay and the destination is taken to be §7, ; = 10 Vi
and each inter-relay channel has a variance of 10. From this figure it is clear that the
source-only based protocol gives a better SER performance than the MRC-based
protocol. This is because of the correlated noise propagation problem becomes
more severe as claimed in Section 2.2.2.

Fig. 2.9 shows the outage probability for one, two and three relay nodes helping
the source versus SN R,y defined as [28]

SNR
2R — 1’

SN Ryorm = (2.72)

which is the SNR normalized by the minimum SNR required to achieve spectral
efficiency R for complex additive white Gaussian noise (AWGN) channel. In the
simulations, we used R = 1 (small R regime). For the single relay case all the

channel variances are taken to be 1. For the case of two relay nodes all the channel
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Figure 2.9: Outage probability for one, two and three nodes source-only amplify-

and-forward relay network.

variances are taken to be 1 except for the channel between the source and the
second relay for which the channel variance is taken to be 7, = 10, which means
that the second relay is close to the source. For the case of three relay nodes all
the channel variances are taken to be 1 except for the channel between the source
and the second relay for which the channel variance is taken to be 02,, = 10 and
the channel between the source and the third relay for which the channel variance
is taken to be d7,. = 5. From Fig. 2.9 it is clear that the bound in (2.62) is tight
at high SNR and that the source-only amplify-and-forward protocol achieves full
diversity of order N + 1 in terms of outage probability.

Next we illustrate the gains of using our optimal power allocation scheme as

compared to the equal power allocation scheme. Fig. 2.10 shows a comparison

between the equal power and optimal power allocation schemes for relays close to
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Figure 2.10: Comparison of the SER for QPSK modulation using equal power
allocation and the optimal power allocation for relays close to the destination.

the destination (97, =03, = 1,92 ;=067 ;=10 and 67, = 1). From Fig. 2.10
we can see that, using the optimal power allocation scheme, we can get about 1
dB improvement for the single relay case and about 2 dB improvement for the two

relays case over the equal power assignment scheme.
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Chapter 3

Distributed Space-Time and

Space-Frequency Codings

The main problem with the multi-node decode-and-forward (DAF) protocol and
the multi-node amplify-and-forward (AAF) protocol, presented in Chapter 2, is the
loss in the data rate as the number of relay nodes increases. The use of orthogonal
subchannels for the relay node transmissions, either through TDMA or FDMA re-
sults in a high loss of the system spectral efficiency. This leads to the use of what is
known as distributed space-time coding (DSTC) and distributed space-frequency
coding (DSFC), where relay nodes are allowed to simultaneously transmit over
the same channel by emulating a space-time or a space-frequency code. The term
distributed comes from the fact that the virtual multi-antenna transmitter is dis-
tributed between randomly located relay nodes. Employing DSTCs or DSFCs
reduces the data rate loss due to relay nodes transmissions without sacrificing the

system diversity order as will be seen in this Chapter [29-34].
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3.1 Distributed Space-Time Coding (DSTC)

Several works have considered the application of the existing space-time codes in a
distributed fashion for the wireless relay network [16-19]. All of these works have
considered a two-hop relay network where a direct link between the source and
the destination nodes does not exist. In [16], space-time block codes were used in
a completely distributed fashion. Each relay node transmits a randomly selected
column from the space-time code matrix. This system achieves a diversity of order
one, as the signal-to-noise (SNR) tends to infinity, limited by the probability of
having all of the relay nodes selecting to transmit the same column of the space-
time code matrix. In [17], distributed space-time coding based on the Alamouti
scheme and amplify-and-forward cooperation protocol was analyzed. An expres-
sion for the average symbol error rate (SER) was derived. In [18], a performance
analysis of the gain of using cooperation among nodes was considered assuming
that the number of relays available for cooperation is a Poisson random variable.
The authors compared the performance of different distributed space-time codes
designed for the MIMO channels under this assumption. In [19], the performance
the linear dispersion (LD) space-time codes of [35] was analyzed when used for
distributed space-time coding in wireless relay networks. These works did not
account, for the code design criteria for the space-time codes when employed in
a distributed fashion. In this section, we answer the question of whether or not
a space-time code, which achieves full diversity and maximum coding gain over
MIMO channels, can also achieve full diversity and maximum coding gain if used
in a distributed fashion.

In this section, the design of distributed space-time codes for wireless relay

networks is considered. A two-hop relay network model depicted in Fig. 3.1,
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Figure 3.1: Simplified system model for the two-hop distributed space-time codes.

where the system lacks a direct link from the source to destination node, is con-
sidered. Distributed space-time (space-frequency) coding can be achieved through
node cooperation to emulate multiple antennas transmitter. First, the decode-
and-forward protocol, in which each relay node decodes the symbols received from
the source node before retransmission, is considered. A space-time code designed
to achieve full diversity and maximum coding gain over multiple-input multiple-
output (MIMO) channels is shown to achieve full diversity but not necessarily
maximizing the coding gain if used with the decode-and-forward protocol. Next,
the amplify-and-forward protocol is considered; each relay node can only perform
simple operations such as linear transformation of the received signal and then am-
plify the signal before retransmission. A space-time code designed to achieve full
diversity and maximum coding gain over MIMO channels is shown to achieve full
diversity and maximum coding gain if used with the amplify-and-forward protocol.

Next, the design of DSTC that can mitigate the relay nodes synchronization er-

rors is considered. Most of the works on cooperative transmission assume perfect
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synchronization between the relay nodes, which means that the relays’ timings,
carrier frequencies, and propagation delays are identical. Perfect synchronization
is difficult to achieve among randomly located relay nodes. To simplify the syn-
chronization in the network, a diagonal structure is imposed on the space-time
code used. The diagonal structure of the code bypasses the perfect synchroniza-
tion problem by allowing only one relay to transmit at any time slot (assuming
TDMA). Hence, it is not necessary to synchronize simultaneous in-phase transmis-
sions of randomly located relay nodes, which greatly simplifies the synchronization

among the relay nodes.

3.1.1 DSTC with the Decode-and-Forward Protocol

In this section, the system model for DSTC with decode-and-forward cooperation
protocol is presented, and a system performance analysis is provided. The notation
x ~ CN(m, C) is used to denote that the random vector x is a circularly symmetric

complex Gaussian random vector with mean m and covariance matrix C.

DSTC with the Decode-and-Forward Protocol System Model

The source node is assumed to have n relay nodes assigned for cooperation. The
system has two phases given as follows. In phase 1, the source transmits data to

the relay nodes with power P;. The received signal at the k-th relay is modeled as

Ysrp, = V Plhs,rk.s + Visreo k= 1727 N, (31)

where s is an L x 1 transmitted data vector with a power constraint ||s||% < L,

where || - [|7 denotes the Frobenius norm' and hg,, ~ CN(0,62, ) denotes the

'The Frobenius norm of the m x n matrix A is defined as |[A[[% = 2212, 220, |A(4,5)]* =

TR(AAM™) = TR(A™A), where TR(-) is the trace of a matrix and A™ is the Hermitian transpose
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channel gain between the source node and the k-th relay node. The channel gains
from the source node to the relay nodes are assumed to be independent. All
channel gains are fixed during the transmission of one data packet and can vary
from one packet to another, i.e., a block flat-fading channel model is assumed. In
(3.1), vs,; ~ CN(0,N,L,) denotes additive white Gaussian noise (AWGN), where
I, denotes the n X n identity matrix.

The n relay nodes try to decode the received signals from the source node. Each
relay node is assumed to be capable of deciding whether or not it has decoded
correctly. If a relay node decodes correctly, it will forward the source data in
the second phase of the cooperation protocol; otherwise, it remains idle. This
can be achieved through the use of cyclic redundancy check (CRC) codes [36].
Alternatively, this performance can be approached by setting a SNR threshold at
the relay nodes, and the relay will only forward the source data if the received SNR
is larger than that threshold [12]. For the analysis in this section, the relay nodes
are assumed to be synchronized either by a centralized or a distributed algorithm.

In phase 2, the relay nodes that have decoded correctly re-encode the data
vector s with a pre-assigned code structure. In the subsequent development no
specific code design will be assumed, instead a generic space-time (ST) code struc-
ture is considered. The ST code is distributed among the relays such that each
relay will emulate a single antenna in a multiple-antenna transmitter. Hence, each
relay will generate a column in the corresponding ST code matrix. Let X, denote
the K x n space-time code matrix with K > n. Column k of X, represents the

code transmitted from the k-th relay node. The signal received at the destination

of A.
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is given by
ya = v X, Dihg + vy, (3.2)

where

hd - [h’r‘l,d7 h’r’g,d7 ) h’r‘n,d]T

is an n x 1 channel gains vector from the n relays to the destination, h,, 4 ~
CN (0, 53}6@), and P, is the relay node power where equal power allocation among
the relay nodes is assumed. The channel gains from the relay nodes to the desti-
nation node are assumed to be statistically independent as the relays are spatially
separated. The K x 1 vector vy ~ CN (0, N,Ix) denotes AWGN at the destination
node. The matrix Dy is the state matrix, which will be defined later.

The state of the k-th relay, i.e., whether it has decoded correctly or not, is
denoted by the random variable I}, (1 < k < n), which takes values 1 or 0 if the

relay decodes correctly or erroneously, respectively. Let
I= [[17[27 e 7]n]T

denote the state vector of the relay nodes and ny denote the number of relay nodes
that have decoded correctly corresponding to a certain realization I. The random
variables [’s are statistically independent as the state of each relay depends only
on its channel conditions to the source node, which are independent from other

relays. The matrix

Dy =diag(() L1, Iz, - , I,,)

in (3.2) is defined as the state matrix of the relay nodes. An energy constraint is
imposed on the generated ST code such that ||X,||% < L, and this guarantees that

the transmitted power per source symbol is less than or equal to P, + Ps.

20



DSTC with the Decode-and-Forward Protocol Performance Analysis

In this section, the pairwise error probability (PEP) performance analysis for the
cooperation scheme described in Section 3.1.1 is provided. The diversity and coding
gain achieved by the protocol are then analyzed.

The random variable I}, can be easily seen to be a Bernoulli random variable.

Therefore, the probability distribution of I is given by

0 with probability = 1 — (1 — SER)"
I = (3.3)

1 with probability = (1 — SER)*,
where SE Ry is the un-coded SER at the k-th relay node and is modulation de-
pendent. For M-ary quadrature amplitude modulation (M-QAM, M = 2P with p

even), the exact expression can be shown to be upper-bounded by [37]

2Nog
SER, < ———— 3.4
"= P, (34)
where b = 3/(M — 1) and g = & Oﬂ/Q sin? 0df — % OF/4 sin?#df, in which R =
1
1 - \/_M.

The destination is assumed to have perfect channel state information (CSI) as
well as the relay nodes state vector. The destination applies a maximum likelihood
(ML) receiver, which will be a minimum distance rule. The conditional pairwise
error probability (PEP) is given by

Pr(X; — Xy|I, hy) =

Pr (Hyd — /P X Dihy|% > |lya — v/ PaXoDrhy|[2|1, hy, X, was transmitted) ,
(3.5)

where X; and X, are two possible transmitted codewords. The conditional PEP

can be expressed as quadratic form of a complex Gaussian random vector as

Pr(X; — X,|I, hy) = Pr(q < 0|I, hy), (3.6)
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where

H

q:{“ﬁ i

Wy

I, O W1
} 0o -1, Wa
w1 = VP, (X — X5) Dihy+ vy, wo = v4. The random vectors hy and T are mutu-
ally independent as they arise from independent processes. First, the conditional

PEP was averaged over the channel realizations h,;. By defining the signal matrix

Cr = (X; — X,) Dydiag (() 62

r1,d)

0%, 400,62 D1 (X — X,)™ (3.7)

ro,d?
the conditional PEP in (3.6) can be tightly upper-bounded by [38§]

2A(T) — 1
NAD
A(T) -1
Pr(X; — X,|I) <

; (3.8)
T A

where A(I) is the number of nonzero eigenvalues of the signal matrix and Al’s
are the nonzero eigenvalues of the signal matrix corresponding to the state vector
I. The non-zero eigenvalues of the signal matrix are the same as the nonzero

eigenvalues of the matrix [26]

I' (X1, Xs) = diag (dpy d; Org.ds -+ 5 Oppa) D1® (Xy, Xo) Dy diag (0.4, 0rpds -+ 5 O d)

where

d (X1, X,) = (X1 — Xo)" (X; — X,).

The employed space-time code is assumed to achieve full diversity and maximum
coding gain over MIMO channels, which means that the matrix ® (X, Xs) is full
rank of order n for any pair of distinct codewords X; and X,. Achieving maximum
coding gain means that the minimum of the products [[;_, A;, where the );’s are
the eigenvalues of the matrix ® (X, Xy), is maximized over all the pairs of distinct

codewords [5].
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Clearly, if the matrix ® (X, X2) has a rank of order n then the matrix I" (X, X3)
will have a rank of order ny, which is the number of relays that have decoded cor-

rectly. Equation (3.8) can now be rewritten as

271,1 -1
N*
ny — 1

Second, the conditional PEP was averaged over the relays’ state vector I. The

dependence of the expression in (3.9) on I appears through the set of nonzero

ni

eigenvalues { Al }izl ;

which depends on the number of relays that have decoded
correctly and their realizations. The state vector I of the relay nodes determines
which columns from the ST code matrix are replaced with zeros and thus affect

the resulting eigenvalues.

The probability of having a certain realization of I is given by

PrI)= | [] (1—-SERy" I[] @-@-38ERY") |, (3.10)

keCR(T) ke ER(T)
where C'R(I) is the set of relays that have decoded correctly and ER(I) is the
set of relays that have decoded erroneously corresponding to the I realization.
For simplicity of presentation symmetry is assumed between all relays, that is
02, =02, and 07 ;= 07, for all k. Averaging over all realizations of the states of

5Tk

the relays, gives the PEP at high SNR as

PEP = PI‘(X1 — Xg)

2% — 1
Né’“ (3.11)

n k-1
<> (1-SERH (1-(1-SERH)" Y

k=0 I: TlI:k

PETTE AL

i=1""
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where SER is now the symbol error rate at any relay node due to the symmetry
assumption.

The diversity order of a system determines the average rate with which the
error probability decays at high enough SNR. In order to compute the diversity
order of the system, the PEP in (3.11) is rewritten in terms of the SNR defined as
SNR = P/N,, where P = P, + P, is the transmitted power per source symbol. Let
P, =aP and P, = (1—a)P, where a € (0,1). Substituting these definitions along
with the SER expressions at the relay nodes from (3.4) into (3.11) and considering
high SNR, the PEP can be upper-bounded as

2k —1

" ang \h o1 (3.12)
Pr(X1 — X2) S SNR_n ( ) ,
k=0 bad, I:;:k (1 —a)* Hf:l Al

where at high SNR 1—(1—-SER)* ~ L-SER and upper-bounding 1 — L- SER by

. . .. . . __ log(PEP)
1. The diversity gain is defined as d = 51\}}2{2 T TosSNR)”

Applying this definition

to the PEP in (3.12), when the number of cooperating nodes is n, gives

L log(PEP)

Hence, any code that is designed to achieve full diversity over MIMO channels will
achieve full diversity in the distributed relay network if it is used in conjunction

with the decode-and-forward protocol. Some of these codes can be found in [5,6,

35,39, 40].
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If full diversity is achieved, the coding gain is

_1
2k —1
Cpr = ( ) > . , (3.14)
k=0 badg, L ni=k (1—a)* [, A

which is a term that does not depend on the SNR. To minimize the PEP bound
the coding gain of the distributed space-time code needs to be maximized. This is
different from the determinant criterion in the case of MIMO channels [5]. Hence,
a space-time code designed to achieve full diversity and maximum coding gain
over MIMO channels will achieve full diversity but not necessarily maximizing the
coding gain if used in a distributed fashion with the decode-and-forward protocol.
Intuitively, the difference is due to the fact that in the case of distributed space-time
codes with decode-and-forward protocol, not all of the relays will always transmit
their corresponding code matrix columns. The design criterion used in the case of
distributed space-time codes makes sure that the coding gain is significant over all
sets of possible relays that have decoded correctly. Although it is difficult to design
codes to maximize the coding gain as given by (3.14), this expression gives insight
on how to design good codes. The code design should take into consideration the

fact that not all of the relays will always transmit in the second phase.

3.1.2 DSTC with the Amplify-and-Forward Protocol

In this section, the distributed space-time coding based on the amplify-and-forward
protocol is introduced. In this case, the relay nodes do not perform any hard-
decision operation on the received data vectors. The system model is presented

and a performance analysis is provided.
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DSTC with the Amplify-and-Forward Protocol System Model

The system has two phases as follows. In phase 1, if n relays are assigned for
cooperation, the source transmits data to the relays with power P; and the signal
received at the k-th relay is as modeled in (3.1) with L = n. For simplicity of
presentation, symmetry of the relay nodes is assumed, i.e., hs,, ~ CN (0, (5@), Vk
and h,, 4 ~ CN(0, 53,11)7 VEk. In the amplify-and-forward protocol, relay nodes do
not decode the received signals. Instead, the relays can only amplify the received
signal and perform simple operations such as permutations of the received symbols
or other forms of unitary linear transformations. Let Aj; denote the n x n uni-
tary transformation matrix at the k-th relay node. Each relay will normalize the
received signal by the factor ,/ %ﬁ% to satisfy a long term-power constraint.
It can be easily shown that this normalization will give a transmitted power per
symbol of P = P, + P.

The n x 1 received data vector from the relay nodes at the destination node

Pg/n oy
= 1/—th , 3.15
yd Pl(sg,r + Ny 4V ( )

T . .
where hy = [hyy a4, Prgdy -+ s Pyl 18 an n x 1 vector channel gains from the n

can be modeled as

relays to the destination where h, 4 ~ CN(0,07,), X, is the n x n code matrix
given by
XT = [hs,ﬁAlSa hs,r2A2S> T 7hs,rnAnS] 5

and vy denotes additive white Gaussian noise. Each element of v, given the channel

coefficients has the distribution of CA/ (0, Ny (1 + % S, |hri,d|2)> ,and vy
accounts for both the noise propagated from the relay nodes as well as the noise
generated at the destination. It can be easily shown that restricting the linear

transformations at the relay nodes to be unitary causes the elements of the vector
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vy, given the channel coefficients, to be mutually independent.

Now, the received vector in (3.15) can be rewritten as

PQPl/’I’L
— 22V X htvy, 1
S T PR (310

T
h = [ hs,n hrl,d7 hs,rzhrg,d, ) hs,rn hrn,d]

where

and

XT - [A1S7 A2S7 e 7ATLS}

plays the role of the space-time codeword.

DSTC with the Amplify-and-Forward Protocol Performance Analysis

In this section, a pairwise error probability analysis is made to derive the code
design criteria. With the ML decoder, the PEP of mistaking X; by Xy can be

upper-bounded by the following Chernoff bound

PI‘(Xl — XQ) S

P Py/n y y
’ . WXy = X)Xy = Xo)h | 5,
{exp ( 4N, (P15§7T + N, + % Z?:l M, 2) (X4 2) (X 2)

(3.17)
where the expectation is over the channel coefficients. Taking the expectation in
(3.17) over the source-to-relay channel coefficients, which are complex Gaussian

random variables, gives

Pr(X; — X,) < EX det ™[I, + o PP/
— € n : n
A 2/ = 4Ny (P15§77« + N, + % Dic1 |hri,d|2)

(3.18)

(Xy = Xo)" (X — Xo)diag () [hryal”, [Araal®s s [h,al®) |
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where 1, is the n x n identity matrix.

To evaluate the expectation in (3.18), define the matrix

. 537TP1P2/H
AN (P02, + N+ 22370 |y,

al?)

X (I)(X17X2)diag (() |hr1,d’2v |h7“27d‘27 T ‘th,d‘2)>

where

d(Xy, Xy) = (X; — Xo)H(X; — Xy).

The bound in (3.18) can be written in terms of the eigenvalues of M as

Pr(X; — X,) < E { H?1(11+ S } , (3.19)

where Ay, is the i-th eigenvalue of the matrix M. If P, = aP and P, = (1 — ) P,
where P is the power per symbol for some a € (0,1) and define SNR = P/N, the
eigenvalues of M increase with the increase of the SNR. Now assuming that the

matrix M has full rank of order n the following approximations hold at high SNR

n n

[T+ ~ + )\.

i=1 =

52 P1P2/n H)\H|h
P1(52 +N +P2ZZ 1|hnd| i

" (52 P1P2/n 9
H P )‘ilhm,dl )
4N0 (P162, + No+ 22570 |hy, al?)

=1

12

(3.20)

where \;’s are the eigenvalues of the matrix ®(X;,X5). The determinant of a
matrix equals the product of the matrix eigenvalues and that the determinant of
the multiplication of two matrices equals the product of the individual matrices’

determinants.
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The PEP in (3.19) can now be approximated at high SNR as

1

[T, (1 + b PP/ Ail By al?)

ANo(P102,+No+-2 Y7y |hr, al?)
Consider now the term h = Y7 | |h,, 4|* in (3.21), which can be reasonably approx-

imated as )" | |hy,.al* & 107 4, especially for large n [19] (by the strong law of large
numbers). Averaging the expression in (3.21) over the exponential distribution of

by, al? gives

-1
- (537“57' dP1P2/n))\i
Pr(X; — X,) <
1"( 1 2) — :J;[ (4N0 (P15§,T+N0+P2537d)

i 4Ny P(52 N, + P62 4N, P52 N, + P62
xH[—exp<— (1 o 27"’d)>Ei<— 0< s & Do 2T’d>>],

((52 (5 P1P2/n))\z ((52 5 P1P2/n))\l

i=1 s,rr.d s,rVr.d
(3.22)
where Ei(.) is the exponential integral function defined as [41]
" t
Ei()) :/ exlj Jat, <o, (3.23)

The exponential integral function can be approximated as p tends to 0 as —Ei(u) ~

. . 4No(P162 .+ No+P252
In <—i), p < 0 [41]. At high SNR (high P) exp <— O(gz 15 Ple/n)Q,\i’d)) ~ 1, and

S, 7 r,d

using the approximation for the Ei(.) function provides the bound in (3.22) as

PrX; — X2) f[ (62,82 ,P1 Py /n)\, _lﬁln (62,62 ,P1 Py /)
! 2) ANy (P32, + P22,) | L AN, (P62, + P202,) )

=1

(3.24)
Let P, = aP and P, = (1 — )P, where P is the power per symbol, for some
€ (0,1). With the definition of the SNR as SNR = P/Ny, the bound in (3.24)

can be given as

1
Pr(X, — X,) < aup=r—SNR" H In(SNR) +1n (C}))
Hz 1)\
1 (3.25)
= NR™(In(SNR))"
U 1AS R (In(SNR))",
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where

2,200 -y
102, + (1—a)2,) '

are constant terms that do not depend on the SNR and a,p is a constant that

Ci:

7n7

depends on the power allocation parameter o and the variances of the channels.
The In (C;) terms are neglected at high SNRs resulting in the last bound in (3.25).

. . . . log(PEP) __
The diversity order of the system can be calculated as d4r = S]\}}%IE T Tos(SNR) —

The system will achieve a full diversity of order n if the matrix M is full rank, that
is the code matrix ®(X;, Xz) must be full rank of order n over all distinct pairs of
codewords X; and X,. It can be easily shown, following the same approach, that
if the code matrix ®(X;, Xy) is rank deficient, then the system will not achieve
full diversity. So any code that is designed to achieve full diversity over MIMO
channels will achieve full diversity in the case of amplify-and-forward distributed
space-time coding scheme.

If full diversity is achieved, the coding gain is given as

Lo\
Car = (aAF H?:l )‘i) '

To maximize the coding gain of the amplify-and-forward distributed space-time
codes the product [, \; needs to be maximized, which is the same as the deter-
minant criterion used over MIMO channels [5]. So if a space-time code is designed
to maximize the coding gain over MIMO channels, it will also maximize the cod-
ing gain if it can be used in a distributed fashion with the amplify-and-forward

protocol.

3.1.3 Synchronization-Aware Distributed Space-Time Codes

In this section, the design of distributed space-time codes that relax the stringent

synchronization requirement is considered. Most of the work on cooperative trans-
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mission assumed perfect synchronization between the relay nodes, which means
that the relays’ timings, carrier frequencies, and propagation delays are identical.
To simplify the synchronization in the network a diagonal structure is imposed on
the space-time code used (refer to the diagonal space-time codes presented in Sec-
tion 2.1.2). Fig. 3.2 shows the time frame structure for the conventional decode
-and-forward (amplify-and-forward) distributed space-time codes and the diago-
nal distributed space-time codes (DDSTCs). The diagonal structure of the code
bypasses the perfect synchronization problem by allowing only one relay to trans-
mit at any time slot. Hence, synchronizing simultaneous in-phase transmissions of
randomly distributed relay nodes is not necessary.

This greatly simplifies the synchronization since nodes can maintain slot syn-
chronization, which means that coarse slot synchronization is available?. However,
fine synchronization is more difficult to be achieved. Guard intervals are intro-
duced to ensure that the transmissions from different relays are not overlapped.
One relay is allowed to consecutively transmit its part of the space-time code from
different data packets. This allows the overhead introduced by the guard intervals
to be neglected. Fig 3.3 shows the effect of propagation delay on the received signal
from two relays. The sampling time in Fig 3.3 is the optimum sampling time for

the first relay signal, but clearly it is not optimal for the second relay signal.

DDSTC System Model

In this subsection, the system model with n relay nodes, which helps the source

by emulating a diagonal STC, is introduced. The system has two phases with the

2For example, any synchronization scheme that is used for TDMA systems can be employed

to achieve synchronization in the network.
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Source Node Transmission In-phase Transmissions of Relay Nodes

Phase 1 Transmission Phase 2 Transmission
(a)
Source Node Transmission Relay 1|Relay 2| ====- Relay n
Phase 1 Transmission Phase 2 Transmission
(b)

Figure 3.2: Time frame structure for (a) decode-and-forward (amplify-and-

forward) based system (b) DDSTC based system.

Signal from first relay

Sampling point

Figure 3.3: Baseband signals (each is raised cosine pulse-shaped) from two relays

at the receiver.
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time frame structure shown in Fig. 3.2(b). In phase 1, the received signals at the
relay nodes are modeled as in (3.1) with L = n.
In phase 2, the k-th relay applies a linear transformation t; to the received

data vector, where t; is an 1 X n row vector, as

y’f’k - tkys,’l‘k
=/ Pihg, tys +tpvg,, (3.26)
=V Plhs,rkxk + U

where z;, = tys and v,, = t;v,,,. If the linear transformations are restricted to

have unit norm, i.e., ||ty]|* = 1 for all k, then v,, is CN'(0, N,). The relay then

| B
O < AT (3.27)

to satisfy a power constraint of P = P, + P, transmitted power per source symbol

multiplies y,, by the factor

[11]. The received signal at the destination due to the k-th relay transmission is
given by
Yk = hrk,dﬁk V Plhs,rkwk + hrk,dﬁkvrk + /’l\}/k

= hrk,dﬂk’ V Plhsmkxk + 2k, k = 1’ ceem,

(3.28)

where v}, is modeled as CN'(0, Ny) and hence, 2, given the channel coefficients is

CN(O’ (ﬁl%lhrk,dp + 1)N0), k=1,---,n.

3.1.4 DDSTC Performance Analysis

In this subsection, the code design criterion of the DDSTC based on the PEP
analysis is derived. In the following, the power constraint in (3.27) is set to be

satisfied with equality.
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Now, we start deriving a PEP upper-bound to derive the code design criterion.

Let o7 denote the variance of z; in (3.28) and is given as

2 21y, d
k (P1|hs,rk|2 ) 0> ) ) ( )

Then, define the codeword vector x from (3.26) as

x=[t],t5, ,tZ]TJs =Ts, (3.30)

.

T
where T is an n X n linear transformation matrix. From x define the n x n
code matrix X = diag(()x), which is a diagonal matrix with the elements of x
on its diagonal. Let y = [y1,%2, -+ ,yn]T denote the received data vector at the
destination node as given from (3.28).
Using our system model assumptions, the pdf of y given the source data vector

s and the channel state information (CSI) is given by

| PP
T —hS T'hT' A
4 P1|hs,n-|2 o Z7d$

From which, the maximum likelihood (ML) decoder can be expressed as

| PP
1 —hs 'r-h'r- 2
4 Pllhs,’r‘i|2 h hdx

where § is the set of all possible transmitted source data vectors.

2

. (3.31)

=1 1
p(Yls,051)=<Hm> exp —Z;

i=1 ¢ =1 !

(3.32)

Y

- L
arg rgleegxp(y|s, CSI) = arg Igggzl >

The PEP of mistaking X; by X, can be upper-bounded as [23]

Pr(Xy — X3) < E{exp (A[lnp(ylsz) — Inp(ylsi)])}, (3.33)

where X; and X, are the code matrices corresponding to the source data vectors

s; and sy, respectively. Equation (3.33) applies for any A\ which is a parameter
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that can be adjusted to get the tightest bound. Now, the PEP can be written as

1 PP )
P—1P2 P by 2 2 2
e B (@1 — i) 2 A e B [P P |0 — i |
+ P1|hs,n-|2 8,7 ri,d(ffl .172) Z; + P1|hs7»,,i|2| , z| | 17d| |JZ1 X9 |

(3.34)

where the expectation is over the noise and channel coefficients statistics and x;;
is the j-th element of the i-th code vector.

To average the expression in (3.34) over the noise statistics, define the receiver

noise vector z = [z1, 29, -+ , 2,]7, where z;’s are as defined in (3.28). The pdf of z

given the channel state information is given by

p(z|CSI) = (H #) exp <— Z %zwf) : (3.35)

i=1 ¢ =1 !

Taking the expectation in (3.34) over z given the channel coefficients yields

n

1 PP
Pr(X, — X,) < EX exp (—)\(1 — N> S (e P al* i — :U%P))

i=1 0—_12 Pl ’h57ri ’

S| "1 | PP ,
/Z (H 71_—0_12> exp <_ ; 0—3’21 + A mhsmhri’d(l'u — x21>| ) dz

"1 PP
=F {exp <—/\(1 —A) Z ﬁm (|hs,n 2|$1i - x2i|2)> } :

i=1
Choose A = 1/2 that maximizes the term A(1— A), i.e., minimizes the PEP upper-

2 | hri,d

(3.36)
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bound. Substituting for 0?’s from (3.29), the PEP can be upper-bounded as

]_ P1|hs7ri|2p2’h7‘i,d|2 2
Pr(X; — X,) < FE {eXp (_Z Z (P |y, )2 + Palhr, 4 2>N0|x1i — Iy .

=1

(3.37)
To get the expression in (3.37), let us define the variable

P1|hs,ri 2P2|hri,d 2 .
Vi = 5 5 ,1=1,...,n,
(Pl [* + Pol|hy, al?)No

which is the scaled harmonic mean® of the two exponential random variables
Pl‘hN;[;”P and MhN;OdP Averaging the expression in (3.37) over the channel coef-
ficients, the upper-bound on the PEP can be expressed as

Pr(X; — X3) < H M., (i’l’u - 11721“2) ) (3.38)

i=1,21, 722

where M., (.) is the moment generating function (MGF) of the random variable
7. The problem now is to get an expression for M., (.). To get M,,(.), let y; and
12 be two independent exponential random variables with parameters a; and s,
respectively. Let y = Y2 be the scaled harmonic mean of y; and ;. Then the

y1+y2
MGF of y is [14]
(a1 —a9)? + (a1 + an)s  2a1005 . (a1 + ag + s+ A)?

My(S) = A2 + A3 In 4a1a2 ;

(3.39)

where

A= /(a1 — a)? +2(ay + az)s + s2.

Using the expression in (3.39), the MGF for v; can be approximated at high enough
SNR to be [14]
My, (5) = &, (3.40)

3The scaling factor is 1/2 since the harmonic mean of two numbers, g; and gs, is ;ﬂ_ﬁ;.
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where
N, N,
_ Mo Mo
Plég,r PQ(ST,d

Gi

The PEP can now be upper-bounded as

-1
z 1 1 L |
Pr(X; — Xy) < Ny ( H <P152 + Py62 )) ( H Z|$1z - x2i|2) .
s,T r.d

i=1,m1;7#T2; i=1,11;#T2;

(3.41)

Let P, = aP and P, = (1 — «)P, where P is the power per symbol, for some

a € (0,1) and define SNR = P/Ny. The diversity order dppsrc of the system is

s log(PEP)
dppsrc = _ lim “Tog(SNE) min rank(X,, — X;), (3.42)

where X,,, and X are two possible code matrices. To achieve a diversity order
of n, the matrix X,, — X, should be of full rank for any m # j (that is x,,; #
xj; VYm # j, Vi = 1,--- ,n). Intuitively, if two code matrices exist for which the
rank of the matrix X,,, — X, is not n this means that they have at least one diagonal
element that is the same in both matrices. Clearly, this element can not be used
to decide between these two possible transmitted code matrices and hence, the
diversity order of the system is reduced. This criterion implies that each element
in the code matrix is unique to that matrix and any other matrix will have a
different element at that same location and this is really the source of diversity.
Furthermore, to minimize the PEP bound in (3.41) we need to maximize

n 1/n
. 2
min Tomi — Lis , 3.43
nip (l [l — i ) (3.43)

=1

which is called the minimum product distance of the set of symbols s = [sy, s, ..., 8,]T

[42], [43]. A linear mapping is used to form the transmitted codeword, that is

x = Ts. (3.44)
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Several works have considered the design of the n x n transformation matrix T to
maximize the minimum product distance. It was proposed in [44] and [45] to use
both Hadamard transforms and Vandermonde matrices to design the T matrix.
The transforms based on the Vandermonde matrices were shown to give larger
minimum product distance than the Hadamard-based transforms. Some of the
best known transforms based on the Vandermonde matrices [46] are summarized.

Two classes of optimum transforms were proposed in [44]
1. If n = 2% (k > 1), the optimum transform is given by

1
Tt = —=vander(y, 60s, ..., 0,),

NG

where 01, 0,, ..., 0, are the roots of the polynomial 8" — j over the field Q[]

A

{c+dj : both ¢ and d are rational numbers} and they are determined as

-41—3 .
0,=¢e"2n", 1=1,2 .., n.

2. If n=3.2% (k > 0), the optimum transform is given by

1
Topt = ﬁvander(&7 O, .., On),

where 0y, 65, ..., 0,, are the roots of the polynomial 6" +w over the field Q[w]

A

{c+ dw : both ¢ and d are rational numbers} and they are determined as

-6i—1 .
;=€ ", 1=1,2,....n.

The signal constellation from Z[j] such as M-QAM, M-PSK and PAM constel-
lations are of practical interest. Moreover, in [45], some non-optimal transforms

were proposed for some n’s not satisfying any of the above two cases.

3.1.5 Simulation Results for DSTCs

In this section, simulation results for the distributed space-time coding schemes

from the previous sections are presented. In the simulations, the variance of any
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source-relay or relay-destination channel is taken to be 1. The performance of the
different schemes with two relays helping the source are compared. Fig. 3.4 shows
the simulations for two decode-and-forward systems using the Alamouti scheme
(DAF Alamouti) and the diagonal STC (DAF DAST), distributed space-time codes
based on the linear dispersion (LD) space-time codes (LD-DSTC) [19] which are
based on the AAF scheme, the orthogonal distributed space-time codes (O-DSTC)
proposed in [47] and [48], and DDSTC. The O-DSTCs are based on a generalized
AAF scheme where relay nodes apply linear transformation to the received data
as well as their complex conjugate. All of these systems have a data rate of
(1/2). QPSK modulation is used, which means that a rate of one transmitted
bit per symbol (1 bit/sym) is achieved. For the decode-and-forward system the
power of the relay nodes that have decoded erroneously is not re-allocated to other
relay nodes. Clearly, decode-and-forward based systems outperform amplify-and-
forward based systems * but this is under the assumption that each relay node can
decide whether it has decoded correctly or not. Intuitively, the decode-and-forward
will deliver signals that are less noisy to the destination. The noise is suppressed
at the relay nodes by transmitting a noise-free version of the signal. The amplify-
and-forward delivers more noise to the destination due to noise propagation from
the relay nodes. However, the assumption of correct decision at the relay nodes
imposes practical limitations on the decode-and-forward systems, otherwise, error
propagation [11] may occur caused by errors at the relay nodes. Error propagation
would highly degrade the system bit error rate (BER) performance. Fig. 3.5 shows
the simulation results for two decode-and-forward systems using the Gz ST block

code of [6] and the diagonal STC (DAF DAST), LD-DSTC, and the DDSTC. For

4DDSTC is based on amplify-and-forward protocol.
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Figure 3.4: BER for two relays with data rate 1 bit/sym.

fair comparison the number of transmitted bits per symbol is fixed to be 1 bit /sym.
The G5 ST block code has a data rate of (1/2) [6], which results in an overall system
data rate of (1/3). Therefore, 8-PSK modulation is employed for the system that
uses the G3 ST block code. For the other three systems QPSK modulation is
used as these systems have a data rate of (1/2). For the decode-and-forward
system the power of the relay nodes that decoded erroneously is not re-allocated.
Clearly, decode-and-forward based systems outperform amplify-and-forward based
systems under the same constraints stated previously. It is noteworthy that the
performance of the LD-DSTC is not optimized since the LD matrices are randomly
selected based on the isotropic distribution on the space of n x n unitary matrices
as in [19].

In the sequel, the effect of the synchronization errors on the system BER per-
formance is investigated. Fig. 3.6 shows the case of having two relays helping the

source and propagation delay mismatches of Ty = 0.27, 0.4T and 0.67', where T
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Figure 3.5: BER for three relays with data rate 1 bit/sym.

is the time slot duration. Raised cosine pulse-shaped waveforms were used with
roll-off factor of 0.2 and QPSK modulation. Clearly, the BER performance of the
system highly deteriorates as the propagation delay mismatch becomes larger. Fig.
3.7 shows the case of having three relays helping the source for different propaga-
tion delay mismatches. Decode-and-forward (DAF) system using the Gz ST block
code of [6] and the DDSTC were compared. For fair comparison the number of
transmitted bits per symbol is fixed to be 1 bit/sym. Again, the G3 ST block code
has a data rate of (1/2) [6], which results in an overall system data rate to be
(1/3). Therefore, 8-PSK modulation is employed for the system that uses the Gs
ST block code. For the DDSTC, QPSK modulation is used as the system has a
data rate of (1/2). Raised cosine pulse-shaped waveforms with roll-off factor of
0.2 are used. Clearly, the system performance is highly degraded as the propaga-
tion delay mismatch becomes larger. From Figures 3.6 and 3.7 it is clear that the

synchronization errors can highly deteriorate the system BER performance. The

71



| | —o—DDsTC
10 " —— DAF Alamouti (T,=0.2T) | |

—«g— DAF Alamouti (T2:0.4T)
—— DAF Alamouti (TZ:O.GT)
-4
10 k| — ¢ — O-DSTC (T2—0.2T)
- ¢ — O-DSTC (T,=0.4T)
— % — O-DSTC (T,=0.6T)

Bit Error Rate (BER)

-5

10

0 5 10 15 20 25 30
SNR (dB)

Figure 3.6: BER performance with propagation delay mismatch: two relays case.

DDSTC bypasses this problem by allowing only one relay transmission at any time

slot.

3.2 Distributed Space-Frequency Coding (DSFC)

In this section, we will consider the design of distributed space-frequency coding
(DSFC) for broadband multipath fading channels to exploit the frequency diver-
sity of the channel. The presence of multipaths in broadband channels provides
another means for achieving diversity across the frequency axis. Exploiting the
frequency axis diversity can highly improve the system performance by achieving
higher diversity orders. The main problem for the wireless relay network is how
to design space-frequency codes distributed among spatially separated relay nodes
while guaranteeing to achieve full diversity at the destination node. The spatial

separation of the relay nodes presents other challenges for the design of DSFCs
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Figure 3.7: BER performance with propagation delay mismatch: three relays case.

such as time synchronization and carrier offset synchronization.

In this section, we will present some structures for distributed space-frequency
codes (DSFCs) over wireless broadband relay networks. The presented DSFCs are
designed to achieve the frequency and cooperative diversities of the wireless relay
channels. The use of DSFCs with the decode-and-forward (DAF) and amplify-
and-forward (AAF) protocols is considered. The code design criteria to achieve
full diversity, based on the pairwise error probability (PEP) analysis, are derived.
For DSFC with the DAF protocol, a two-stage coding scheme, with source node
coding and relay nodes coding, is presented. We derive sufficient conditions for the
code structures at the source and relay nodes to achieve full diversity of order N L,
where N is the number of relay nodes and L is the number of paths per channel.
For the case of DSFC with the AAF protocol, a structure for distributed space-

frequency coding will be presented and sufficient conditions for that structure to
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achieve full diversity will then be derived.

3.2.1 DSFC with the DAF Protocol

In this section, the design and performance analysis for DSFCs with the DAF
protocol are presented. A two-stage structure is proposed for the DSFCs with the
DAF protocol. Sufficient conditions for the proposed code structure to achieve full

diversity are derived.

System Model

In this section, the system model for the DSFCs with the DAF protocol is pre-
sented. We use |z]| to denote the largest integer that is less that x. diag(y),
where y is a T x 1 vector, is the T' x T diagonal matrix with the elements of y
on its diagonal. A ® B denotes the tensor product of the two matrices A and
B. ||A||% of the m x n matrix A is the Frobenius norm of the matrix defined as
HA[|7 = Y Y |AG )P = TR (AAM) = TR (A™A) where TR(:) is the
trace of a matrix.

Without loss of generality, we assume a two-hop relay channel model, where
there is no direct link from the source node to the destination node. The case
when a direct link exists between the source node and the destination node will be
discussed in Section 3.2.3. A schematic system model is depicted in Fig. 3.8. The
system is based on orthogonal frequency division multiplexing (OFDM) modula-
tion with K subcarriers. The channel between the source node and the n-th relay

node is modeled as a multipath fading channel with L paths as

P, (T) = Z Qs (D)O(T — 1), (3.45)
=1
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Figure 3.8: Simplified system model for the distributed space-frequency codes.

where 7; is the delay of the [-th path, 6(-) is the Dirac delta function, and ., ()
is the complex amplitude of the [-th path. The ag,,(I)’s are modeled as zero-
mean complex Gaussian random variables with variance F [|ag.,. (1)]?] = o2(1),
where we assume symmetry between the relay nodes for simplicity of presentation;
the analysis can be easily extended to the asymmetric case. The channels are
normalized such that the channel variance Y- 0%(l) = 1. A cyclic prefix is
introduced to convert the multipath frequency-selective fading channels to flat
fading subchannels on the subcarriers.

The system has two phases as follows. In phase 1, the source node broadcasts
the information to the N relays. The received signal in the frequency domain on

the k-th subcarrier at the n-th relay node is given by
Ysrn (k) =/ P1Hs,, (k)s(k) +nsr, (k), k=1,---,K; n=1,--- /N, (3.46)

where P is the transmitted source node power, H . (k) is the channel attenuation
of the source node to the n-th relay node channel on the k-th subcarrier, s(k) is

the transmitted source node symbol on the k-th subcarrier with E {|s(k)|*} = 1,
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and 7., (k) is the n-th relay node additive white Gaussian noise on the k-th
subcarrier that is modeled as zero-mean circularly symmetric complex Gaussian
random variable with variance Ny/2 per dimension. The subcarrier noise terms
are statistically independent assuming that the time-domain noise samples are
statistically independent and identically distributed®. In (3.46), Hy,, (k) is given
by
L
Hyp (k) =) g, (e 72708 =1 0 K, (3.47)
=1

where Af = 1/T is the subcarrier frequency separation and 7" is the OFDM symbol
duration. We assume perfect channel state information at any receiving node but
no channel information at transmitting nodes.

In phase 2, relays that have decoded correctly in phase 1 will forward the
source node information. Each relay is assumed to be able to decide whether
it has decoded correctly or not. This can be achieved through the use of error
detecting codes such as the Cyclic Redundancy codes (CRC) [36], [12].

The transmitted K x N space-frequency (SF) codeword from the relay nodes

SFast Fourier Transform (FFT), which is used to transform the received data from the time-
domain to the frequency-domain, can be represented by a unitary matrix multiplication. Unitary
transformation of a Gaussian random vector, whose components are statistically independent and
identically distributed, results in a Gaussian random vector with statistically independent and

identically distributed components.
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is given by®

Cr(Ll) Cr(172) Cr(lvN)
Co(2,1) Cp(2,2) -+ Cy2,N)

C, = | o | , (3.48)
C(K,1) Co(K,2) - Cy(K,N)

where C,.(k,n) is the symbol transmitted by the n-th relay node on the k-th sub-
carrier. The SF is assumed to satisfy the power constraint ||C,||% < K.

The received signal at the destination node on the k-th subcarrier is given by

yd(k) = \/FQZ Hrn,d(k)cr(k7 n>]n + nrn,d(k)7 (349>

where P, is the relay node power, H,. ;(k) is the attenuation of the channel between
the n-th relay node and the destination node on the k-th subcarrier, 7, 4(k) is the
destination additive white Gaussian noise on the k-th subcarrier, and I, is the
state of the n-th relay. [, will equal 1 if the n-th relay has decoded correctly in

phase 1, otherwise, [,, will equal 0.

Performance Analysis

It is now necessary to develop sufficient code design criteria for the DSFC to achieve
full diversity of order NL. Unlike the case of MIMO space-frequency coding, we
will need a two-stage coding to achieve full diversity at the destination node.
Therefore, the proposed DSFCs will have two stages of coding: the first stage is
coding at the source node and the second stage is coding at the relay nodes. The

transmitted source node code will be designed to guarantee a diversity of order L

6C, will be SF code transmitted by the relay nodes if all of them have decoded correctly in

phase 1.
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at any relay node, and this will in turn cause the proposed DSFC to achieve full

diversity of order N L as will be shown later.

Source Node Coding

Due to the symmetry assumption, the pairwise error probability (PEP) is the same
at any relay node. For two distinct transmitted source node symbols, s and s, the

PEP can be tightly upper-bounded as [38,46]

2 —1 v -1 P\
PEP(s —38) < <H Ai> (E) (3.50)
and v is the rank of the matrix C o R where

C=(s—3)(s 9",
R =E{H,, H

and Hy,, = [H,,, (1), -, Hs, (K)]T. Here )\;’s are the non-zero eigenvalues of
the matrix C o R, where o denotes the Hadamard product”.
The correlation matrix, R, of the channel impulse response can be found as
R =F{H,, H
= WE {ay,, ol } W (3.51)
= Wdiag{c*(1),0%(2),--- ,0*(L)}W",

where

Usrp, = [Oésmn(l)a s r, (2)> T Oy (L)]T>

If A ={a;;} and B = {b; ;} are two m x n matrices, the Hadamard product is defined as

D=AocB= {di,j}a where di)j = ambm-.
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1 1 1
w™ w? wT
W = ,
w(K_l)Tl w(K_l)TQ w(K_l)TL

and w = e 927Af

The coding at the source node is implemented to guarantee a diversity of order
L, which is the maximum achievable diversity order at any relay node. We propose
to partition the transmitted K x 1 source node code into subblocks of length L
and we will design the subblocks to guarantee a diversity of order L at any relay
node as will be seen later. Let M = | K/L| denote the number of subblocks in the
source node transmitted OFDM block. The transmitted K x 1 source node code

is given as
5= [S<1)7 5<2)7 e 7S(K>]T = [F{7 Fg? e 7F§47 OﬂfML]TJ (352>

where F; = [F;(1),- -+, F;(L)]" is the i-th subblock of dimension L x 1. Zeros are
padded if K is not an integer multiple of L. For any two distinct source codewords,
sand§ = [FT.FL ... . FL, 0%L_,, 17, at least one index py exists for which F,, is
not equal to f‘po.

Based on the proposed structure of the transmitted code from the source node,
sufficient conditions for the code to achieve a diversity of order L at the relay nodes
are derived. We assume for s and s that F,, = f‘p for all p # pg, which corresponds
to the worst-case PEP. This does not decrease the rank of the matrix C o R [46].
Define the L x L matrix Q = {¢;;} as ¢i; = Y., o?(Dw )70 1 <4, j < L.

Note that the non-zero eigenvalues of the matrix C o R are the same as those of
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~ \H
the matrix (Fpo — Fpo) <Fp0 — Fp0> o Q. Hence, we have

(Fpo - ﬁpo) (Fpo - i{‘po)H °0Q
= {diag (Fpo — f‘m) 1, diag (Fpo — ]?‘I,O)H} oQ (3.53)
~ ~ \H
— diag (F,,, — F,, ) Q diag (F,, — F, )
where 174 is the L X L matrix whose all elements are ones. The last equality
follows from a property of the Hadamard product ( [49], p.304).

~ ~ \H
If all of the eigenvalues of the matrix (Fpo - Fpo> (Fpo — Fp0> o Q are non-

zero, then their product can be calculated as

det ((Fp _ ﬁpo) (Fpo _ ﬁpO)H ° Q)
— det (diag (F,, — F,, ) ) det (Q) det (diag (P - ﬁp)H> (3.54)

2

(det(@Q)) -

Fpo (l) - Fpo (l)

~ 2
‘ 1S no1n-

Fpo(l) - Fpo(l)

zero over all possible pairs of distinct transmitted source codewords, s and s, then

The matrix @Q is non-singular. Hence, if the product Hlel

a diversity of order L will be achieved at each relay node.

In phase 2, relays that have decoded correctly in phase 1 will forward the
source node information. The received signal at the destination node on the k-th
subcarrier is as given in (3.49). The state of the n-th relay node I,, is a Bernoulli
random variable with a probability mass function (pmf) given by

0 with probability = SER
I, = (3.55)

1 with probability =1 - SER,
where SE R is the symbol error rate at the n-th relay node. Note that SER is the

same for any relay node due to the symmetry assumption. If the transmitted code
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~ 2
from the source node is designed such that the product [~ |Fy, (1) — Fp,(1)| is
non-zero, for at least one index py, over all the possible pairs of distinct transmitted
source codewords, s and s, then the SER at the n-th relay node can be upper-

bounded as

SER = Z Pr{s} Pr{error given that s was transmitted}

seS

<> Pr{s} > PEP(s—73) (3.56)

seS SES 5#s

<ex SNRE,

where § is the set of all possible transmitted source codewords and ¢ is a constant
that does not depend on the SNR. The first inequality follows from the union
upper-bound and the second inequality follows from (3.50), where SN R is defined
as SNR = P, /Ny.

Relay Nodes Coding

Next, the design of the SF code at the relay nodes to achieve a diversity of order N L
is considered. We propose to design SF codes constructed from the concatenation
of block diagonal matrices, which is similar to the structure used in [46] to design
full-rate, full-diversity space-frequency codes over MIMO channels. We will derive
sufficient conditions for the proposed code structure to achieve full diversity at the
destination node.

Let P = [K/NL] denote the number of subblocks in the transmitted OFDM
block from the relay nodes. The transmitted K x N SF codeword from the relay

nodes, if all relays decoded correctly, is given by

CT - [G?v va R G£7 Ojlﬂ(fPLN]TJ (357)
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where G; is the i-th subblock of dimension NL x N. Zeros are padded if K is

not an integer multiple of NL. Each G; is a block diagonal matrix that has the

structure
Xlel Orx1 -+ Orx1
Orx1 X2LX1 oo Opxa
G; = (3.58)
0L><1 0L><1 XNLxl

and let X = [X{a Xga T 7X7]:/] = [l’(l), l’(z), e 7$(NL>]
For two distinct transmitted source codewords, s and s, and a given realization
of the relays states I = [I1, I, - - - , I,,]7, the conditional PEP can be tightly upper-

bounded as

2k — 1 K -1 —K
PEP(s —3/I) < (H m) (%) , (3.59)

and & is the rank of the matrix C(I) o R where
C(I) = (C, - C,)diag(T)(C - C)".

For two source codewords, s and s, at least one index py exists for which G,,, # (N}po.
We assume for s and s that G, = (N}p for all p # po. As for the source node coding
case, this does not decrease the rank of the matrix C(I) o R that corresponds to

any realization I of the relays states.

Define the NL x NL matrix S = {s; ;} as
L
sy = D (w0, 1< j < NL.
=1

Note that the non-zero eigenvalues of the matrix C(I)oR are the same as the non-

H
zero eigenvalues of the matrix (GPO(I) - GPO(I)> <Gp0 (I) — Gy, (I)) o S where
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G,, (I) is formed from G,,, by setting the columns corresponding to the relays that

have decoded erroneously to zeros. Hence,

(Gu®) ~ GD) (Gl - G,@) o8

= | diag(X — X) (diag(I) ® 1,4) (diag(I) ® 1,,1) diag(X — X)" | o S

- (diag(X — X) (diag(I) ® 1) diag(X — )N()H) oS

— diag(X — X) [(diag(I) ® 1.,.) o S] diag(X — X)*,

(3.60)
where the second and the third equalities follow from the properties of the tensor
and Hadamard products [49].

Let ny = 27]1\]:1 I, denote the number of relays that have decoded correctly
corresponding to a realization I of the relays states. Using (3.60), the product of
the non-zero eigenvalues of the matrix C(I) o R can be found as

K NL

[In= ( IT I=G) —57(2')|2> -+ (det(So))™ (3.61)

i=1 i=1,ieT
where 7 is the index set of symbols that are transmitted from the relays that have
decoded correctly corresponding to the realization I and Sy = {s;;}, 1 <4,j < L.
The result in (3.61) is based on the assumption that the product Hfg iery |2(0) —
7(i)|? is non-zero. The first product in (3.61) is over nyL terms. The matrix Sy is
always full rank of order L. Hence, designing the product HfiLl ier [2(1) = Z(2)]? to
be non-zero will guarantee a rate of decay, at high SNR, of the conditional PEP
as SNR™™L where SNR is now defined as SNR = P»/Ny. To guarantee that this
rate of decay, SNR™™Z_ is always achieved irrespective of the state realization I
of the relay nodes then the product [[" |z (i) — 7(i)|? should be non-zero. Hence,

designing the product HfV:Ll |z(7) — Z(7)|* to be non-zero for any pair of distinct
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source codewords is a sufficient condition for the conditional PEP to decay as
SN R~™Z for any realization I, where ny is the number of relays that have decoded
correctly corresponding to I.

Now, we calculate the PEP at the destination node for our proposed DSFC
structure. Let ¢, denote the number of relays that have decoded correctly. Then

¢, follows a Binomial distribution as®

N
Pr{c, =k} = (1—SER*SERN™*, (3.62)
k

where SER is the symbol error rate at the relay nodes. The destination PEP is

given by

PEP(s —38) =) Pr{I}PEP(s — §/I)

— S Pr{e, = k) PEP(s — 5/T)
kZ:O {I:ngk} (3.63)

N [N
> (1—-SER*SER"™" Y PEP(s —5/I),
k=0 \ k {Tni=k}

Using the upper-bound on the SER at the relay nodes given in (3.56) and the
expression for the conditional PEP at the destination node in (3.59), and upper-

bounding (1 — SER) by 1, it can be shown that

PEP(s —8) < constant x SNR™L. (3.64)

Hence, our proposed structure for DSFCs with two-stage coding at the source node
and the relay nodes achieves a diversity of order N L, which is the rate of decay of

the PEP at high SNR.

8¢, is a Binomial random variable as it is the sum of independent, identically distributed

Bernoulli random variables.
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3.2.2 DSFC with the AAF Protocol

In this section, the design and performance analysis for DSFCs with the AAF
protocol are presented. A structure is proposed and sufficient conditions for the

proposed structure to achieve full diversity are then derived for some special cases.

System Model

In this section, we describe the system model for DSFC with the AAF protocol.
The received signal model at the relay nodes and the channel gains are modeled
as in Section 3.2.1. The transmitted data from the source node is parsed into
subblocks of size NL x 1. Let P = | K/NL]| denote the number of subblocks in
the transmitted OFDM block. The transmitted K x 1 source codeword is given
by

s =[s(1),5(2),- . s(K)I" = [By,By, -+, By, 0k_ppn]' (3.65)

where B; is the i-th subblock of dimension NL x 1. Zeros are padded if K is not
an integer multiple of N L. For each subblock, B;, the n-th relay only forwards the
data on L subcarriers. For example, relay 1 will only forward [B;(1),--- ,B;(L)]
for all i’s and send zeros on the remaining set of subcarriers. In general, the n-th
relay will only forward [B;((n — 1)L +1),--- ,B;((n — 1)L + L)] for all i’s.

At the relay nodes, each node will normalize the received signal on the sub-
carriers that it will forward before retransmission and send zeros on the remain-
ing set of subcarriers. If the k-th subcarrier is to be forwarded by the n-th re-
lay, the relay will normalize the received signal on that subcarrier by the factor
B(k) = m [11]. The relay nodes will use OFDM modulation for

transmission to the destination node. At the destination node, the received signal
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on the k-th subcarrier, assuming it was forwarded by the n-th relay, is given by

y(k) =

H,,a(k)V/Ps \/ B Hs,rn(lk)y? e (ﬁHSMk)s(k) +ns,rn(k)> + ),

(3.66)

where P, is the relay node power, H,. 4(k) is the attenuation of the channel between
the n-th relay node and the destination node on the k-th subcarrier, and 7;,., (k)
is the destination noise on the k-th subcarrier. The 1, 4(k)’s are modeled as zero-
mean, circularly symmetric complex Gaussian random variables with a variance of

Ny/2 per dimension.

Performance Analysis

In this section, the PEP of the DSFC with the AAF protocol is presented. Based
on the PEP analysis, code design criteria are derived. The received signal at

destination on the k-th subcarrier given by (3.66) can be rewritten as

y(k) = Hy, a(k)\/ P2 \/ AT (1W+ o VPHi g (B)s(k) | 4 20,ak), (3.67)

where z,, 4(k) accounts for the noise propagating from the relay node as well as

the destination noise. z,, 4(k) follows a circularly symmetric complex Gaussian

P2|Hrn,d(k)‘2

random variable with a variance 6%(k) of <m

+ 1) Ny. The probability

density function of z,., 4(k) given the channel state information (CSI) is given by

1

(2, a(k)/CST) = #(k) exp (—W\zmd(lﬂw) . (3.68)
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The receiver applies a Mazimum Likelihood (ML) detector to the received signal,

which is given as

K
t=agmin Y |y (k) - YL () i i)
o 02(k) VP H. ., (k) + No

k=1 *

s(k)| | (3.69)

where the n index (which is the index of the relay node) is adjusted according to
the k index (which is the index of the subcarrier).

Now, sufficient conditions for the proposed code structure to achieve full di-
versity are derived. The pdf of a received vector y = [y(1),y(2), - ,y(K)]T given

that the codeword s was transmitted is given by

p(y/s, CSI) =
K K 2
1 1 VP BH,, (k)H,, ok
(H 20 )exp > [P0~ e s
o T2 (k) = 92k VP H,,, ()2 + Ny
(3.70)
The PEP of mistaking s by s can be upper-bounded as [23]
PEP(s —8) < E{exp (Alnp(y/s) —Inp(y/s)])}, (3.71)

and the relation applies for any A, which can selected to get the tightest bound.
Any two distinct codewords s and s = []§1,]§2, e ,EP]T will have at least one
index pg such that ﬁpo # B,,. We will assume that s and s will have only one
index py such that ]§p0 # B,,, which corresponds to the worst case PEP.

Averaging the PEP expression in (3.71) over the noise distribution given in
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(3.68) we get

PEP(s —>8) < Eqexp | —A1=X))_ )

n=1 =1

P Hg,, (J+ (n—=1)L+1)*Pe|H,, a(J + (n— 1)L+ 1)|?

(P1|HS,TH(J +(n—1)L+1)]2+ P|H,, a(J+(n—1)L+1)?+ NO> No

x ’Bpo((n L+ 1) = By((n— 1)L +1)]

(3.72)

where J = (pg — 1)NL. Take A = 1/2 to minimize the upper-bound in (3.72),

hence, we get

N L

PEP(s —38) < E{ exp —}lzz

n=1 l=1

P Hg,, (J+ (n—=1)L+1)*Pe|H,p a(J + (n— 1)L+ 1)|?

(Plle,rn(J +(n—1)L+1)]2+ P|H,, a(J+(n—1)L+1)?+ N(J) Ny

< [Byy((n = 1)L +1) = By (n — DL +0)|

(3.73)

: P1|Hs vy, (K) | Pa|Hyyp a(K)| :
At high SNR, the term (Bl ()P Pl a(8) PN ) Vo can be approximated by

Pi|He, o ()2 Pa|Hyyy ()]
(PLHs,r ()24 Pa| Hypy a(B)]) No

[21], which is the scaled harmonic mean of the source-

relay and relay-destination SNRs on the k-th subcarrier’. The scaled harmonic

9The scaling factor is 1/2 since the harmonic mean of two number, X; and Xs, is defined as
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mean of two nonnegative numbers, a; and as, can be upper- and lower- bounded

as

a1a2

—min (a, az) <

5 A, < min (a, az) . (3.74)

Using the lower-bound in (3.74) the PEP in (3.73) can be further upper-bounded

as

N L
1 P
PEP(s —3) < E{ exp —§ZZmin Fl\H”n((po—1)NL+(n—1)L+l)|2,
0

n=1 l=1

el Hal(po = DNL+ (= DI+ DP | [Byyl(n = 1L +1) = By ((n — DL +1)]

(3.75)

If P, =P, and SNR is defined as P;/Ny, then the PEP is now upper-bounded as

PEP(s —38) < EQ exp | — <> ) min [ SNR|H,,, ((po — YNL + (n — 1)L + 1),

2

SNR|H,, 4((po— )NL+ (n— D)L+ D) | |B,,((n — 1)L +1) — B, ((n — 1)L + 1)

(3.76)

2X1Xo
X1+Xo "

89



PEP Analysis for L=1

The case of L equal to 1 corresponds to a flat, frequency nonselective fading chan-

nel. The PEP in (3.76) is now given by

N
1
PEP(s —3) < B{ exp | — ¢ > min | SNR|H,,, ((po — )NL+ (n— 1)L + 1),

n=1

SNEIH,, al(po ~ DN + (1~ DL+ DP | [By((n— DL+ 1) =By (0~ )L+ 1)|

(3.77)
It can be shown that the random variables SN R|H ., (k)|? and SN R|H,, 4(k)|* fol-
low an exponential distribution with rate 1/SN R for all k. The minimum of two ex-
ponential random variables is an exponential random variable with rate that is the
sum of the two random variables rates. Hence, min (SN R|Hy,, (k)|*, SNR|H,., 4(k)[*)
follows an exponential distribution with rate 2/SNR.

The PEP upper-bound is now given by

N 1

PEP(s —s) <

~ 2°

w114 LSNR|By((n— DL +1) — By ((n— )L+ 1)
(3.78)
At high SNR, we neglect the 1 term in the denominator of (3.78). Hence, the PEP

can now be upper-bounded as

—-N

PEP(s —3) < <1—16SNR> (ﬂ ‘Bpo((n ~1)L+1)=B,,((n—1)L+ 1)‘2) - .

(3.79)
The result in (3.79) is under the assumption that the product
N - 2
I1 ]Bm((n 1)L +1) =B, ((n—1)L+1)
n=1
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is non-zero. Clearly, if that product is non-zero, then the system will achieve a
diversity of order N L, where L is equal to 1 in this case. From the expression in
(3.79) the coding gain of the space-frequency code is maximized when the product
ming z5 Hivzl B, ((n—1)L+1)— ﬁpo((n —1)L+1) : is maximized. This prod-

uct is known as the minimum product distance [46].

PEP Analysis for L=2

The PEP in (3.76) can now be given as

1 N 2

PEP(s —3) < E{ exp | — ¢ > ) “min [ SNR|H,,, ((po — DNL + (n = 1)L+ 1),

n=1 [=1

2

SNRIH,, a(po = ONL+ (n = DL+ D | By, ((n = 1)L +1) = Byy((n = 1)L +1)

(3.80)

where L = 2. The analysis in this case is more involved since the random variables
appearing in (3.80) are correlated. Signals transmitted from the same relay node
on different subcarriers will experience correlated channel attenuations. As a first
step in deriving the code design criterion, we prove that the channel attenuations,
|Hs.p, (k1)|? and |Hs ., (k2)|? for any ki # ko, have a bivariate Gamma distribution
as their joint pdf [50]. The same applies for |H,, 4(k1)|* and |H,, 4(k2)|* for any
k1 # ky. The proof of this result is given in the Appendix.

To evaluate the expectation in (3.80) we need the expression for the joint pdf
of the two random variables M; = min (SNR\HSM(kl)\Q, SNR\Hde(/ﬁ)P) and
My = min (SNR|H, ., (k2)|?, SN R|H,, 4(ko)|?) for some k; # ky. Although M; and

M, can be easily seen to be marginally exponential random variables, they are not
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jointly Gamma distributed. Define the random variables X; = SNR|H,,, (k1)|?,
Xy = SNR|Hy,., (k2)?, Y1 = SNR|H,, 4(k1)|?, and Yo = SNR|H,, 4(k2)]*. All of
these random variables are marginally exponential with rate 1/SNR. Under the
assumptions of our channel model, the pairs (X;, X3) and (Y7, Y3) are independent.
Hence, the joint pdf of (X7, Xs,Y7,Y5), using the result in the Appendix, is given
by

le,X2,Y17Y2 (1’1, T2, Y1, Z/2)

:fxl,X2($17$2)fY1,Y2(y1>?JQ)
1 T+ X2 2\/ Paizo
= — 1 v/
SNR2(1 - pflilm)(l - pywz) b ( SNR<1 - pl“lfm)) ° (SNR(l - IOINUQ) xlx2>
Y1+ Yo 23/Pyrys

(3.81)

where [y(-) is the modified Bessel function of the first kind of order zero and U(+)
is the Heaviside unit step function [41]. p,,., is the correlation coefficient between
X1 and X, and similarly, py,,, is the correlation coefficient between Y; and Y5. The
joint cumulative distribution function (cdf) of the pair (M;, Ms) can be computed
as
Fary v, (ma, ma)
2 Pr[M; < my, My < my)

= Pr[min (X1,Y7) < my, min (X, Y2) < my] (3.82)

/ / / / Ixi, X, (21, :762)fy1 v, (Y1, Y2 )dyrdx 1 dysdxs
y1=0 Jz1=y1 Jy2=0 Jwo=y2

2/ / / / fxyx0 (21, 22) fya e (1, y2)dyrddadys,
v T1=Y1 VT2 Y2=x2

where we have used the symmetry assumption of the source-relay and relay-
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destination channels. The joint pdf of (M;, Ms) can now be given as

82
=—F
fM1 My (ml, m2) Oy Omy My, M> (ml, m2)
_2fY1 YQ m17 m2 / le,XQ (x17 I'Q)dxlde (383)

+2/ / Ix1,x0 (21, m2) fyy ye (M, y2 ) day das.
T1=m1 2=1M2

To get the PEP upper-bound in (3.80) we need to calculate the expectation

1 ~ 2 ~ 2
B exp | =< | M [B(k) = Blky)| + s [B(ko) — B(k)|

[e's) 00
= / / ex
m1=0 Jmo=0

S an (ma, meg)dmydma.

my [B(ky) — B(ky) ’ B(ky) — B(k,) ’

+m2

(3.84)

At high enough SNR I, SN2R— V(lpilng),/xle can be approximated to be 1 [41].
r1T2

Using this approximation, the PEP upper-bound can be approximated at high

SNR as
9 -1 1 —2N
PEP(s — 3) <H B, (m) = By, (m)| > (Eﬂ—p)SNR) . (3.89)
where p = py0, = ,oyl%Q. Again, full diversity is achieved when the product

Hzn]i1 By, (m)—By,(m)

is non-zero. The coding gain of the space-frequency code

2

2N
m=1

is maximized when the product ming s [| B,,(m) — ]§p0 (m)| is maximized.

The analysis becomes highly involved for any L > 3. It is very difficult to
get closed-form expressions in this case due to the correlation among the summed
terms in (3.76) for which no closed-form pdf expressions, similar to (3.81), are

known [51].
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3.2.3 Code Construction and Discussions

A construction method for the proposed DSFCs is presented here. This construc-
tion is the one used to do the source node and relay nodes coding for DSFCs with
the DAF protocol. It is also used for designing DSFCs with the AAF protocol.

A linear mapping is used to form the transmitted subblocks, D = Vrursqg,
where sg is a T X 1 source symbols vector transmitted in the subblock D. sqg is
carved from QAM or PSK constellations. We will use the transforms presented in
Section 3.1.3 to design DDSTCs.

It noteworthy that the proposed DSFCs for both the DAF and AAF protocols
achieve a data rate of K/2 symbols/OFDM block, where K is the number of
subcarriers. The 1/2 factor loss is due to the two-phase nature of the DAF and

AAF protocols.

3.2.4 Remarks

Here we summarize some remarks related to our proposed DSFCs

e Remark 1: In our problem formulation, we have considered a two-hop system
model that lacks a direct link from the source node to the destination node.
If such a direct link between the source node and the destination node exists,
then the destination node can use its received signal from the source node
to help recovering the source symbols. Assuming that the channel from the
source node to the destination node has L paths, it can be shown that our
proposed DSFCs, with the proposed coding at the source node and the relay
nodes for both the DAF and AAF protocols, achieve a diversity of order

(N+1)L.
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e Remark 2: The proposed DSFCs with the DAF protocol can be easily mod-
ified to achieve full diversity for the asymmetric case where the number of
paths per fading channel is not the same for all channels. Let L,,, denote
the number of paths of the channel between the source node and n-th relay
and L, 4 denote the number of paths of the channel between the n-th relay
node and the destination node. The proposed DSFC can be easily modified

to achieve a diversity d of order

N
d= Z min(Ls,rna Lrn,d)’
n=1

which can be easily shown to be the maximal achievable diversity order. This
maximal diversity order can be achieved, for example, by designing the codes

at the source node and relay nodes using L = max,, min(Ls,,, L;, 4)-

e Remark 3: The proposed construction for the design of DSFCs can be easily
generalized to the case of multi-antenna nodes, where any node may have
more than one antenna. Each antenna can be treated as a separate relay

node and the analysis presented before directly applies.

e Remark 4: As mentioned before, the presence of the cyclic prefix in the
OFDM transmission provides a mean for combating the relays synchroniza-
tion mismatches. Hence, our proposed DSFCs, which are based on OFDM
transmission, are robust against synchronization mismatches within the du-

ration of the cyclic prefix.

3.2.5 Simulation Results for DSFCs

In this section, some simulation results for the proposed DSFCs are presented. We

will compare the performance of DSFCs with the DAF protocol to DSFCs with the
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AAF protocol. In all simulations, the source is assumed to have two relay nodes
helping to forward its information. We use the two-hop channel model presented
in the previous sections.

Fig. 3.9 shows the case of a simple two-ray, L = 2, channel model with a
delay of 7 = busec between the two rays. The two rays have equal powers, i.e.,
02(1) = 0%(2). The number of subcarriers is K = 128 with a system bandwidth of
1 MHz. We use BPSK modulation and Vandermonde based linear transformations.

Fig. 3.9 shows the SER of the proposed DSFCs versus the SNR defined as SNR =
HN;OPQ, and we use P, = P,, i.e., equal power allocation between the source and
relay nodes. We simulated three cases: all channel variances are ones, relays close
to source, and relays close to destination. For the case of relays close to source, the
variance of any source-relay channel is taken to be 10 and the variance of any relay-
destination channel is taken to be 1. For the case of relays close to destination,
the variance of any source-relay channel is taken to be 1 and the variance of any
relay-destination channel is taken to be 10. From Fig. 3.9, it is clear that DSFCs
with the DAF protocol have a better performance than DSFCs with the AAF
protocol. The reason is that DSFCs with DAF protocol deliver a less noisy code
to the destination node as compared to DSFCs with AAF protocol, where noise
propagation results from the transmissions of the relay nodes. Decoding at the
relay nodes, in the DAF protocol, has the effect of removing the noise before
retransmission to the destination node. As can be seen from Fig. 3.9, a gain of
about 3dB is achieved, for the case of relays close to the source, by employing
DSFCs with the DAF protocol as compared to DSFCs with the AAF protocol.

Fig. 3.10 shows the case of a simple two-ray, L = 2, with a delay of 7 = 20usec

between the two rays. The simulation setup is the same as that used in Fig.
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Figure 3.9: SER for DSFCs for BPSK modulation, L=2, and delay=[0, 5usec]
versus SNR.

3.9. From Fig. 3.10, it is clear that DSFCs with the DAF protocol have a better
performance than DSFCs with the AAF protocol. Fig. 3.11 shows the case of
L = 4 with a path delay vector given by [0, 5usec, 10usec, 15usec]. The rays
are assumed to be of equal powers, i.e., 0%(l) = 02, [ = 1,---,4. The number
of subcarriers is K = 128 with a system bandwidth of 1 MHz. We use BPSK
modulation and Vandermonde based linear transformations. Fig. 3.11 shows the

SER of the proposed DSFCs versus the SNR defined as SNR = PlN;OPQ and again
we use P, = P,. We have simulated the same three cases as in Fig. 3.9. Fig. 3.11
shows that DSFCs with the DAF protocol have a better performance than DSFCs
with the AAF protocol. We can observe a gain of about 2dB for the case of relays

close to source.
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BPSK modulation, two relays, L=2, delays=[0, 20usec]
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Figure 3.10: SER for DSFCs for BPSK modulation, L=2, and delay=[0, 20usec]
versus SNR.

BPSK modulation, two relays, L=4
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Figure 3.11: SER for DSFCs for BPSK modulation, L=4, and delay=[0, 5usec,

10usec, 15usec] versus SNR.
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Appendix

Consider the two random variables Hy ., (k1) and Hy ., (k2), we will assume without
loss of generality that 7 = 0, i.e., the delay of the first path is zero. H, (k1) is

given by

Hy,, (k1) = asmn(l) + Qs (2)6_j2ﬂ(k1_1)Aﬁ2 =R (HS,Tn (k1)) + 7S (HS,Tn (k1))

sTn

(3.86)

where R(z), and I(z) are the real, and imaginary parts of z, respectively. From

(3.86) we have

R (Hsr, (k1))
= R(sr, (1)) + R(as,, (2)) cos(2m(ky — 1)AfT) + S(as,, (2)) sin(27(ky — 1)Af)
S (Hs,r, (K1)
= St (1)) + (01, (2)) cos(2n (ks — 1)AFr) = R(usy, (2)) sin(2r(ky — DAFr).
(3.87)
Based on the channel model presented in Section 3.2.1 both R (Hj,, (k1)) and
S (Hsy, (k1)) are zero-mean Gaussian random variables with variance 1/2. The

correlation coefficient, p,;, between R (H,,, (k1)) and S (H,,., (k1)) can be calcu-

lated as

pri = E{R (H,,, (k1)) S (Hs, (k1))} = 0. (3.88)

Hence, Hy,, (k1) is a circularly symmetric complex Gaussian random variable with
variance 1/2 per dimension and the same applies for Hy,, (k2). To get the joint
probability distribution of |H,,, (k)|> and |Hs,., (ks)|?, we can use the standard
techniques of transformation of random variables. Using transformation of random

variables and the fact that both H;, (k1) and H, (ks) are circularly symmetric
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complex Gaussian random variables, it can be shown that X; = |1’-]S7Tn(l€1)|2 and
Xy = ]1’1@,7«”(1{2)\2 are jointly distributed according to a bivariate Gamma distribu-

tion with pdf [51], [50]

Frvx (@1, ) = ;exp (_M) I (2—\/'0”““ /—3;1@) U(z:)U(z2),

1— Pxyxo 1— Pxyzo 1— Pxyzo
(3.89)
where Iy(-) is the modified Bessel function of the first kind of order zero and U(-) is
the Heaviside unit step function [41]. p,,a, is the correlation between |H,,, (ki)|*

and |H,,, (k)|° and it can calculated as

Cov (X7, X
uries = X X2) (3.90)
/ Var (X;) Var (X)
Following tedious computations, it can be shown that
1
Prre =5 + 20%(1)0?(2) cos(2m(ky — k1) AfT), (3.91)

where the last equation applies under the assumption of having o%(1) + 02(2) = 1
and both, 02(1) and ¢?(2), are non-zeros. From (3.91) it is clear that 0 < p,, 4, <

1.
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Chapter 4

Source-Channel Diversity for

Multi-Hop and Relay Channels

Diversity is not exclusive to implementations at the physical layer. As studied
in [52], diversity can also be formed when multiple channels are provided to the
application layer, where they are exploited through multiple description source
encoders. In Multiple Description Coding different descriptions of the source are
generated with the property that they can each be individually decoded or, if
possible, be jointly decoded to obtain a reconstruction of the source with lower
distortion [53]. The achievable rate-distortion performance of multiple description
codes was studied in [54]. Aiming at its application in communication systems,
multiple description coding had been studied for error resilient source coding ap-
plications [55], for communications over networks with packet losses [56], for com-
munications over parallel packet loss channels [57,58] and as an alternative error
control scheme for communication over single physical channel in [59].
Considering the combination of source coding and user cooperation, [60] studied

the performance in terms of distortion exponent of a single description source
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encoder transmitted with and without amplify-and-forward cooperation over a
single-relay channel. Also, [60] presented a scheme, named “partial cooperation”,
which was based on a two-layer, single description source encoder. Studies on the
transmission of layered source-coded sources over user-cooperation channels were
presented in [61] for coded cooperation and in [62] for amplify-and-forward and a
broadcast relaying strategy using broadcast code.

We focus on studying systems that exhibit diversity of three forms: source cod-
ing diversity (when using a dual description encoder), channel coding diversity, and
user-cooperation diversity (implemented through either relay channels or multi-hop
channels, each with amplify-and-forward or decode-and-forward user cooperation).
The presented analysis derives the distortion exponent for several source-channel
diversity achieving schemes. More specifically, we consider the cases where we have
a single or M relays helping the source by repeating its information either using
the amplify-and-forward or the decode-and-forward protocols. In these cases, we
analyze the tradeoff between the diversity gain (number of relays) to the quality
of the source encoder and find the optimum number of relays to help the source.
Then, we consider source coding diversity and channel coding diversity. For multi-
hop channels we find that channel coding diversity yields the best performance of
all schemes, followed by source coding diversity. Furthermore, we also show that
as the bandwidth expansion factor increases, the distortion exponent is improved
by increasing the number of relays because user cooperation diversity becomes the

dominating factor rather than the quality of the source encoder [63-65].
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4.1 System Model

We will focus on systems that communicate a source signal over a wireless multi-
hop or relay channel. Let the input to the system be a memoryless source. We will
assume that communication is performed over a complex additive white Gaussian
noise (AWGN) fading channel. Denoting by I the maximum average mutual infor-
mation between the channel input and output. For the single-input single-output
fading channel I = log(1 + |h[2SNR), where h is the fading value [24]. Because
of the random nature of the fading, I and the ability of the channel to support
transmission at some rate are themselves random. The probability of the channel
not being able to support a rate R is called the outage probability and is given by

I

Py = Pr[I < R]. It will be convenient for us to work with the random function e’,

which has a cumulative distribution function (cdf) F.r that can be approximated

at high SNR as [52]

Fu(t) ~ ¢ (ﬁ)p. (4.1)

Both ¢ and p are model-dependant parameters. For example, for the case of
Rayleigh fading we have p = 1 and ¢ depends on the channel variance!.

We consider a communication system consisting of a source, a source encoder
and a channel encoder. Let the input to the system be a memoryless source. The
source samples are fed into the source encoder for quantization and compression.
The output of the source encoder are fed into a channel encoder which outputs

N channel inputs. For K source samples and N channel inputs, we denote by

= N/K, the bandwidth expansion factor or processing gain. We assume that K

'The value of the parameter ¢ does not affect the analysis since we are interested in the

distortion exponent which measures the exponent for the end-to-end distortion at high SNRs.
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is large enough to average over the statistics of the source but N is not sufficiently
large to average over the statistics of the channel, i.e., we assume block fading
wireless channel. Here, we are specifically interested in systems where the source
signal average end-to-end distortion is the figure of merit. Thus, performance
will be measured in terms of the expected distortion F [D] = F [d(s,s)], where
d(s,8) = (1/K) S8, d(sy, 5%) is the average distortion between a sequence s of K
source samples and its corresponding reconstruction s and d(s, Sy) is the distortion
between a single sample s, and its reconstruction s,. We will assume d(sg, Si) to
be the mean-squared distortion measure.

Following the fading channels assumption, we will be interested in studying
the system behavior at large channel signal-to-noise ratios (SNRs) where system
performances can be compared in terms of the rate of decay of the end-to-end

distortion. This figure of merit called the distortion exponent, [52], is defined as

log E [ D]

AL g2 1Y)
SNE—oo log SNR

(4.2)

We will consider two types of source encoders: a single description (SD) and a
dual description source encoder, i.e. the source encoder generates either one or
two coded descriptions of the source.

The performance of source encoders can be measured through its achievable
rate-distortion (R-D) function, which characterizes the tradeoff between source
encoding rate and distortion. The R-D function for SD source encoders is fre-
quently considered to be of the form R = (1/¢y)log(ci/D), where we are taking
the logarithm with base e and hence, R, the source encoding rate, is measured in
nats per channel use. This form of R-D function can approximate or bound a wide
range of practical systems such as video coding with an MPEG codec [66], speech

using a CELP-type codec [67], or when the high rate approximation holds [52].
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Assuming that high resolution approximation can be applied to the source encod-
ing operation, each of the input samples can be modeled as a memoryless Gaussian
source, showing a zero-mean, unit-variance Gaussian distribution. In this case, the

R-D function can be approximated without loss of generality, as [24],

1 1
R = 2510g( ) (4.3)

For multiple description (MD) source encoders, the R-D region is only known
for the dual description source encoders [54]. In dual description encoders, source
samples are encoded into two descriptions. Each description can either be decoded
independently of the other, when the other is unusable at the receiver, or com-
bined to achieve a reconstruction of the source with lower distortion, when both
descriptions are received correctly. This fact is reflected in the corresponding R-D
function. Let R; and R, be the source encoding rates of descriptions 1 and 2,
respectively, and R,,q = Ry + Rs. Let Dy and D, be the reconstructed distortions
associated with descriptions 1 and 2, respectively, when each is decoded alone.
Let Dy be the source distortion when both description are combined and jointly
decoded. For the same source model and assumptions as in the single description

case, R; and Dy, and Ry and D, are related through,

Rl 21ﬁ IOg ( ! >7
(4.4)

Ry = 21ﬁlog<1>.

The R-D function when both descriptions can be combined at the source decoder

differs depending on whether distortions can be considered low or high [54]. The
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low distortion scenario corresponds to Dy 4+ Dy — Dy < 1, in which case we have

All the schemes we will consider in this Chapter present the same communication
conditions to each description. Therefore, it will be reasonable to assume R, =
Ry = R,4/2. Under this condition, it was shown in [52] that the following bounds

can be derived from (4.5)
(4D0D1)*1/(25) é eRma é (QDODl)*l/(Qﬁ)’ (4.6)

where the lower-bound requires Dy — 0 and the upper-bound requires also D; — 0.
In the case of the high distortion scenario, Di + Dy — Dy > 1, the R-D function

equals

1 1

The channel-encoded message is then sent from the source node to a destination
node with or without user cooperation. In a setup with user cooperation, the relay
nodes are associated with the source node to achieve user-cooperation diversity.
Communication in a cooperative setup with one relay node takes place in two
phases. In phase 1, the source node sends information to its destination node. The
source node’s transmission can be overheard by the relay because of the broadcast
nature of wireless communications. In phase 2, the relay node cooperates by
forwarding to the destination the information received from its associated source

node. At the destination node, both signals received from the source and the relay

106



are combined and detected, thus creating a virtual spatial diversity setup. For each
additional relay used during transmission, a new phase, similar to phase 2, needs
to be added to allow transmission of the new relay. Because of this multi-phase
transmission, we need for fair comparison of the different schemes considered in
this Chapter to fix the total number of channel uses for a source block of size K and
change the bandwidth expansion factor accordingly to each scheme, as will be seen
in the sequel. We will consider two techniques that implement user cooperation,
amplify-and-forward and decode-and-forward, each differing in the processing done

at the relay.

4.2 Multi-Hop Channels

In this section, we consider the distortion exponents of multi-hop networks us-
ing amplify-and-forward and decode-and-forward user-cooperation protocols. The
multi-hop channel is a channel where there is no direct path between the source
and destination; i.e. the information path between source and destination contains
one or more relaying nodes. Without loss of generality we consider the two-hop

case. The analysis can be easily extended to scenarios with larger number of hops.

4.2.1 Multi-Hop Amplify-and-Forward Protocol

In this section, we will consider the analysis for multi-hop amplify-and-forward
schemes with different channel and source coding diversity achieving schemes. We
derive the distortion exponent for the two-hop single relay channel with a SD source
encoder and extend the result to the case of M relays with repetition channel

coding diversity. The result shows a tradeoff between the number of relays (user
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cooperation diversity) and the quality of the source encoder. We also derive the
distortion exponent when using the multiple description coding. Since we consider
the case of dual description source encoders we derive the distortion exponent for
the case of two relays helping the source. In addition, we consider channel coding
diversity with two relay nodes so as to be able to compare the results with the

source coding diversity scheme.

Single Relay

The system under consideration consists of a source, a relay and a destination as
shown in Fig. 4.1. Transmission of a message is done in two phases. In phase 1,
the source sends its information to the relay node. The received signal at the relay
node is given by

Yry = Py \/Fxs + Ny s (4.8)

where hg,, is the channel gain between the source and the relay node, z; is the
transmitted source symbol with E {||z,||?} = 1, P is the source transmit power,
and n,, is the noise at the relay node modeled as zero-mean circularly symmetric
complex Gaussian noise with variance Ny/2 per dimension.

In phase 2, the relay normalizes the received signal by the factor oy </ m
[11] and retransmits to the destination. The received signal at the destination is

given by
Ya = h?“1,da1yr1 + Npyd = hm,dath,m \/ﬁxs + hrhdalnsﬂ’l + Ny dy (49)

where n,, 4 is the noise at the destination node and is modeled as zero-mean circu-
larly symmetric complex Gaussian noise with variance Ny /2 per dimension. Mutual

information is maximized when z, the transmitted source symbol, is distributed as
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Figure 4.1: Two-hop single relay system (a) system model (b) time frame structure.

a circularly symmetric complex Gaussian random variable with zero-mean and vari-

ance 1/2 per dimension [24]. Consequently, the mutual information is maximized

when ap = ,/ﬁ, i.e., satisfying the power constraint with equality [11].
5,71

The mutual information in this case was found to be [11]

o 2SN Ry, 2SN R
(e, ya) = log (1 ’ ’ , 410
o Og< o 1 e (4.10)
where SNR = P/Ny. At high SNR, we have
e 2SN R|Ae, 2SN R
I(xs, ~ 1 1 ’ ’
(%, ya) Og( T ho BSNR + |y, aPSNR
(4.11)

tog ((Nsr PSN BRI, SN R
=8 \h [2SNR + |y, d2SNR )

Equation (4.11) indicates that the two-hop amplify-and-forward channel appears as
a link with signal-to-noise ratio that is a scaled harmonic mean of the source-relay
and relay-destination channels signal-to-noise ratios. To calculate the distortion

exponent let Z; = |hs,|*SNR and Zy = |h,, 4|*SNR. Assuming symmetry be-
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tween the source-relay and relay-destination channels, we have

t P
) ~el
n(t) = e (SNR)

t p
FZQ(t) ~ C (m) s

where Fz (.) and Fz,(.) are the cdf of Z; and Z,, respectively. The scaled harmonic

(4.12)

mean of two nonnegative random variables can be upper- and lower-bounded as

1
5 min(Zl, Zz) S S min(Zl, Zg) (413)

While the lower-bound is achieved if and only if Z; = Z,, Z; =0, or Z, = 0 and
the upper-bound is achieved if and only if Z; = 0 or Zy = 0.

Define the random variable Z = % From (4.13) we have

Pr[min(Z;, Zy) < t] < Pr[Z < t] < Pr[min(Z, Z;) < 2t]. (4.14)

Then we have

Pr[min(Zy, Z,) < t] = 2F5, (t) — (Fz, (1))

t \> L/ t \*
~ 2c (m) —C (m) (4.15)
AN
~a (m) )
where ¢; = 2¢. Similarly, we have
r\?
Prmin(Zy, Zy) < 2t] = ¢y (m) , (4.16)

where ¢, = 2Pc. From (4.15) and (4.16) we get

t p - - t p
C1 (m) ~ Fz(t) ~ C2 (m) s (417)

where Fz(t) is the cdf of the random variable Z. The minimum expected end-to-

end distortion can now be computed as

E[D] =min{Pr[I(zs,ya) < R(D)]+ D Prl(zs,ya) > R(D)]},  (4.18)
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where D is the source encoder distortion and R is the source encoding rate. Note
that (4.18) implicitly assumes that in the case of an outage the missing source data
is concealed by replacing the missing source samples with their expected value
(equal to zero). Using the bounds in (4.17) the minimum expected distortion can

be upper- and lower-bounded as

el (M) <[ (5aw) | 2)

otz o (SRR - (2800 o).

(4.19)

For sufficiently large SNRs, we have

(e (S2EODY bl < 1 g o (S2EODY ),

(4.20)

From (4.3), exp(R(D)) = Dﬁ, where (3,, = N,,/K as illustrated in Fig. 4.1,

which leads to

D D7 (4.21
"B USNRr TR b 2SNRe )

Differentiating the lower-bound and setting equal to zero we get the optimizing

distortion

—2Bm
D* = (2&) T SN R (4.22)
cap

Substituting from (4.22) into (4.21) we get

Crs SNR#n% < E[D] < Cyp SNR7m', (4.23)

where Cp and Cyp are terms that are independent of the SN R.

The distortion exponent is now given by the following theorem.
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Theorem 2 The distortion exponent of the two-hop single relay amplify-and-forward

protocol is

2D B
AsH_ 1R = —, 4.24
SH—1R—AMP >+ 26, ( )
where By, = Ny /K, and Ny, is the number of the source channel uses. (refer to
Fig. 4.1)
In the sequel, we will use
t p
Fo(t) =~ ¢ | —— 4.25
A0~ (gxm) (4.25)

where Z is the scaled harmonic mean of the source-relay and relay-destination
signal-to-noise ratios and ¢ is a constant. Although the last relation does not
follow directly from (4.17) we use it for simplicity of presentation. The analysis
is not affected by this substitution as we can always apply the analysis presented
here by forming upper- and lower-bound on the expected distortion and this will
yield the same distortion exponent.

We consider now a system consisting of a source, M relay nodes and a destina-
tion as shown in Fig. 4.2. The M relay nodes amplify the received signals from the
source and then retransmit to the destination. The destination selects the signal
of the highest quality (highest SNR) to recover the source signal®. The distortion

exponent of this system is given by the following theorem.

Theorem 3 The distortion exponent of the two-hop M relays selection channel

coding diversity with the amplify-and-forward protocol is

AMpSpm
M(M +1)p+ 46,

AsH-MR-AMP = (4.26)

2The system where the destination selects the signal with the highest quality will have the
same distortion exponent as the system where the destination applies maximum ratio combiner

(MRC) to the received signals from the relay nodes.
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Proof Let y4, be the signal received at the destination due to the ith relay trans-
mission. At sufficiently high SNR, the mutual information between xs and yq, is
given by

2SNR
2SNR

|hs.r, 2SN R|h,, 4
|hsri|2SNR + |y, 4

[(xsaydi)zlog( ) ; Z:1,2,,M

|hs,r;|2SNR|R,; 4|>SNR
|hs,r; PSNR+|hy, a?’SNR?

Define the random variables W; = 1=1,2,..., M. The cdf of

W; can be approximated at high SNR as

F (1) ~ ¢ (ﬁ)p. (4.27)

The minimum end-to-end expected distortion can be computed as

E [D] :mDin { Pr [maX(I(Isaych)’](xS)yd2)7 "‘7](x5)ydM)) < R(D)]

+ Pr [maX(](JZS,ydl),](ZL‘S,de), "'7I(x8’ydjw)) > R(D)] D}

=min {H Fy,(exp(R(D))) +

1 —HFWi(eXP(R(D)))] D} (4.28)

i=1

Dflbfp DfMp
. M 267 M 261
mD{ S T

where D is the source encoding distortion and 3/, = N/ /K, where N] is the
number of the source channel uses (refer to Fig. 4.2). Differentiating and setting

equal to zero we get the optimizing distortion

/

2Bm ,
Dt — (M Mp\ Mr+26, SNRWQ&TEZ- (4.29)
207,
Substituting we get
—2M B, p
E[D] ~ Cyrp SNRmtMr, (4.30)
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where Cy/r is a term that does not depend on the SNR. Hence, the distortion

exponent is given as
2M3,,p

_ 4.31
206! + Mp ( )

ASHfMRfAMP =

For fair comparison with the single relay case, we should compare the different sys-
tems under the same number of channel uses. So that we have 2N, = (M +1)N/,

(refer to Fig. 4.1 and Fig. 4.2), from which we have (3, = 375 8m. Substituting

in (4.31) we get
AMpS
M +1)p+ 46,

Asg_MR— = 4.32
SH-MR—-AMP M (4.32)

The distortion exponent shows a tradeoff between the number of relay nodes
and the source encoder performance. Increasing the number of relay nodes in-
creases the diversity of the system at the expense of using a lower rate source
encoder (higher distortion under no outage). To get the optimal number of relays
M, note that the distortion exponent in (4.26) can be easily shown to be concave
in the number of relays (if we think of M as a continuous variable). Differentiating

and setting equal to zero, we get

0 Bm
a_MASH_MR_AMP =0— Mopt =2 ? (433)

If M,y in (4.33) is an integer number then it is the optimal number of relays. If
Moy in (4.33) is not an integer, substitute in (4.26) with the largest integer that is
less than M,,; and the smallest integer that is greater than M, and choose the one
that yields the higher distortion exponent as the optimum number of relay nodes.
From the result in (4.33) it is clear that the number of relays decreases, for a fixed
Bm, as p increases. For higher channel quality (higher p) the system performance

is limited by the distortion introduced by the source encoder in the absence of
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Figure 4.2: Two-hop M relays system (a) system model (b) time frame structure.

outage. Then, as p increases, the optimum number of relays decreases to allow
for the use of a better source encoder with a lower source encoding distortion.
In this scenario, the system is said to be a quality limited system because the
dominant phenomenon in the end-to-end distortion is source encoding distortion
and not outage. Similarly as (3,, increases (higher bandwidth), for a fixed p, the
performance will be limited by the outage event rather than the source encoding
distortion. As (3,, increases, the optimum number of relays increases to achieve
better outage performance. In this case, the system is said to be an outage limited

system.
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Channel Coding Diversity with 2 Relays

We consider now a system as shown in Fig. 4.3 comprising a source, two relays
and a destination. After channel encoding, the resulting block is split into two
blocks: s, and xg,, which are transmitted to the relay nodes. The first relay will
only forward the block x5, and the second relay will only forward x,, as shown in

Fig. 4.3. From (4.11), it can be shown that the mutual information is given by

2 2 2 2
I~ log (1+ | >SN Ry, a*SN R )—l—lo (1+ g s 2SN Rl yy a2SN R )

| |2SNR + |y a|2SNR |hs iy |2SNR + |y >SN R
(4.34)

where x5, and z,, are independent zero-mean circularly symmetric complex Gaus-

sian random variables each with variance 1/2 per dimension. We can show that

the distortion exponent of this system is given by the following theorem.

Theorem 4 The distortion exponent of the two-hop two-relay channel coding di-

versity amplify-and-forward system is

2B,

i (4.35)

ASH—QR—OPTC’H—AMP =

Proof From [52], the distortion exponent for the channel coding diversity over two
parallel channels can be written as

4pan,

4.36
p+26"] (4.36)

ASH72R70PTCH7AMP =

Using (4.25) and (4.34) and considering 3/, = N/ /K where N/ is the number of
source channel uses for the x5, (z5,) block (refer to Fig. 4.3) we get for our system
the same distortion exponent as (4.36). For fair comparison with the previous

schemes we should have 2N,, = 4N”

m?

which means that g/ = %ﬁm. Finally,

substituting this relation in (4.36) yields (4.35).00
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In the context of parallel channels, the notion of multiplexed channel coding
diversity was presented in [52]. The gain in the distortion exponent for the multi-
plexed channel coding diversity scheme (compared to the direct transmission) is a
result of the increase of the bandwidth due to the simultaneous use of parallel chan-
nels. In the multiplexed channel coding diversity scheme discussed in [52], the two
blocks, =, and x4, represent a split of a channel-coded message from a SD source
encoder over two parallel channels, which will be the two source-relay-destination
links in our system. In our system, there is no gain in using multiplexed channel
coding diversity because, for fair comparison, using either one relay or two relays
does not increase the bandwidth of the channel. This is because only one node,
either the source or a relay, is transmitting at a given time slot. The multiplexed
channel coding diversity in this case is equivalent to allowing one relay helping
the source to forward an SD source-coded message during one block and using
the other relay for the next block. Hence, in our system, the multiplexed channel
coding diversity is equivalent to the two-hop single relay system with the same

distortion exponent.

Source Coding Diversity with 2 Relays

We consider again a system with one source, two relays and one destination nodes
as shown in Fig. 4.3. The source transmits two blocks zs, and z,, to the relay
nodes. Each block represents one of the two descriptions generated by the dual
descriptions source encoder. In this case, the two blocks are broken up before the
channel encoder, that is each description is fed to a different channel encoder. The
first relay will only forward the block z,, and the second relay will only forward

xs, as shown in Fig. 4.3. The distortion exponent of this system is given by the

117



/ w‘
Source\ Relay 2//Dest|nat|on
hS, 5]

(@)

Source transmits

X

S

Source transmits

X

S2

Relay 1 re-transmits

Xs

Relay 2 re-transmits

%5,

[ NN =—f+— Ny —f«— N, —+
(b)

Figure 4.3: Two-hop 2 relays channel coding diversity (source coding diversity)
system (a) system model (b) time frame structure.
following theorem.

Theorem 5 The distortion exponent of the two-hop 2 relays source coding diver-

sity amplify-and-forward protocol is

4pBm 2p5m } (4.37)

3p+26m p+206m

Proof From [52], the distortion exponent for the source coding diversity over two

AsH_2r—SRC—AMP = MaxX [

parallel channels can be written as

8pBy,  4pBy), ] (4.38)

3p+405 " p+ 407,
Using (4.25) and (4.34) and considering ), = N] /K (refer to Fig. 4.3) we get

AsH 2R-SRO—AMP = MaxX [

for our system the same distortion exponent as (4.38). For fair comparison with

= AN

m?

the previous schemes, 2N, which leads to (/= %ﬁm. Substituting this

equality in (4.38) completes the proof.l]
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4.2.2 Multi-Hop Decode-and-Forward Protocol

In this section, we will analyze schemes using multi-hop decode-and-forward user
cooperation under different channel and source coding diversity schemes. In these
cases, the relay nodes decode the received source symbols. Only those relay nodes
that had correctly decoded the source symbols will proceed to retransmit them
to the destination node. When a relay fails in decoding the source symbols we
say that an outage has occurred. Furthermore, an outage occurs when either the
source-relay or the relay-destination channel are in outage, as discussed in Section
4.1. That is, the quality of the source-relay-destination link is limited by the
minimum of the source-relay and relay-destination channels. For the single relay

case we can formulate the outage as
Putage = Pr[min(I(zs, yp, ), I(r,,ya)) < R(D)], (4.39)

where x,, is the transmitted signal from the relay node. Note that in those schemes
using decode-and-forward the quality (mutual information) of any source-relay-
destination link is limited by the minimum of the source-relay and relay-destination
links SNRs. On the other hand, for two-hop amplify-and-forward schemes, the
performance is limited by the scaled harmonic mean of the source-relay and the
relay-destination links SNRs which is strictly less than the minimum of the two
links SNRs. Hence, the multi-hop amplify-and-forward protocol has a higher out-
age probability (lower quality) than the multi-hop decode-and-forward protocol.
That is, in terms of outage probability, the multi-hop decode-and-forward protocol
outperforms the multi-hop amplify-and-forward protocol. The above argument is
also applicable under different performance measures (for example, if the perfor-
mance measure was symbol error rate). From our presentation so far it is clear that

the distortion exponents for multi-hop decode-and-forward schemes are the same
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as their corresponding multi-hop amplify-and-forward schemes for the repetition
channel coding diversity and source coding diversity cases. For example, for the
two-hop single relay decode-and-forward scheme, the minimum expected distortion
is given by the lower-bound in (4.23), which has the same distortion exponent as
the two-hop single relay amplify-and-forward scheme. We collect these results in

the following theorem.

Theorem 6 The distortion exponent of the multi-hop decode-and-forward schemes

are:

e for the two-hop single relay

2pPm
Asy 1R = —) 4.40
SH—-1R—DEC b+ 26, (4.40)
e for the two-hop M relays selection channel coding diversity
4Mp[,,
Asg_MR— = , 4.41
SH—MR—DEC MM+ )p + 45, (4.41)
e for the two-hop 2 relays source coding diversity
4pBm  2pPm
Asp-_2r-srecpec = max (4.42)

3p+2Bn" p+26m |
Channel Coding Diversity with 2 Relays

We consider now the use of channel coding with two-relay decode-and-forward
protocols. In this case, the relay will perform joint decoding of the two blocks
x5, and x4, as illustrated in Fig. 4.4, which means that when any relay decodes
correctly it could forward both xs, and x4,. Allowing the first relay to forward
only z;, if it has decoded correctly will cause a degradation in the performance if

the second relay decoded erroneously. Hence, if the first relay decoded correctly
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and the second did not, it is better (in terms of outage probability) for the first
relay to forward both x5, and x,,. Clearly, a similar argument could be applied
to the operation of the second relay. Also, when both relays decode correctly,
allowing the second relay to transmit also =, and z,, will cause a loss of diversity.
To gain both advantages (lower outage probability when only one relay decodes
correctly and diversity when both correctly decode) we propose to use a space-time
transmission scheme. In our case we choose the Alamouti scheme [40], with the
time frame structure as shown in Fig. 4.4. Then, the distortion exponent of this

system is given by the following theorem

Theorem 7 The distortion exponent of the two-hop 2 relays channel coding di-

versity decode-and-forward protocol is

208,
D+ Bm

ASH_2rR-0OPTCH-DEC = (4.43)

Proof The outage probability is given by (proof in Appendix I)

Poutage = Co (%) . (4.44)

The minimum expected distortion can now be computed as

E [D] = m[i)n {Poutage + D(l - Poutage) }

= e () 2 |t (M)}
~ ml%n{co (%)—I—D} (4.45)

i D D 4.4
~ len COW+ ; (6>

where D is the source encoder distortion, (4.45) follows from high SNR approxi-

mation and (4.46) follows from (4.3). Differentiating and setting equal to zero we
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Figure 4.4: Two-hop 2 relays decode-and-forward channel coding diversity system’

time frame structure.

get the optimizing distortion

,25%
/! PY:- 1/ _ "
D* = (2&) P SN RIS (4.47)
Cop

Hence, the distortion exponent is given as

458,,p

— 4.4
2+ 7 9

ARC’—lR—AMP =

For fair comparison, the total number of channel uses should be kept fixed for all

schemes. Thus, we have N, = 2N/ from which we have 3/ = %ﬁm. Substituting

in (4.48) we get
2pBm
P+ Bm

ASH_2R-0OPTCH-DEC = (4.49)

4.3 Relay Channels

We now extend our study on distortion exponents to the case of a relay channel
when using either amplify-and-forward or decode-and-forward user cooperation.
Thus, we now consider that in addition to the source-relay-destination channels

there is also a communication channel between the source and destination nodes.
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Figure 4.5: No diversity (direct transmission) system (a) system model (b) time

frame structure.

For comparison purposes, we consider the case when the source transmits a
single description source coded message over the source-destination channel with-
out the help of any relay node. The system is shown in Fig. 4.5. In this case, the

distortion exponent is given by [52] as

2p 3,

PRI (4.50)

ANOfDIV =

where 3, = N,/K and N, is the number of channel uses for the source block (refer

to Fig. 4.5).

4.3.1 Amplify-and-Forward Protocol

In this section, we analyze the same schemes presented for the multi-hop channels
when now they are used over the amplify-and-forward relay channel. We will
consider the single and M relays repetition channel coding diversity and the 2

relays channel coding diversity and source coding diversity.
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Single Relay

Consider a system comprising a source, a relay and a destination as shown in Fig.
4.6. We consider that the relay operates following an amplify-and-forward user-
cooperation scheme. We also assume that the destination applies a Maximum
Ratio Combiner (MRC) to detect the transmitted signal from those received in

each phase [11]. The mutual information of this system is given by [11]

g 2SN R|By, a2 SN R (@s)
Bor PSNR+ |y o’ SNR+ 1)

I(x&yd) = 1Og (1 + |hs,d|25NR+

where SNR = P/N, and hy 4 is the channel between the source and the destination.

At high SNR, we have

hsr PSNRIA,, a2SN
f(ﬂ?s>yd)%log<1+|hs,dPSNR+ |siri[*SN BBy a]*S R)

g 2SNR + |hy a2SNR
(4.52)

h’ST QSNth SNR
%log(|hsyd|2SNR+ ’ 71| ‘ 1,d‘ )

\hsr |2SNR 4+ |hyy a|2SNR

The distortion exponent of this system is given by the following theorem.

Theorem 8 The distortion exponent of the single relay amplify-and-forward scheme
18
2pp,

2p+ 5,

|hs,r |2SNR|hy, al?’SNR
|hs,ri PSNR+[hy 4]?SNR"

ARc_1R—AMP = (4.53)

Proof Let Wy = |hsq?’SNR and Wy = The outage proba-

bility can be calculated as

P,utage = Pr[log(1 + Wi + Ws) < R(D)]

(4.54)
~ Pr (W, + Wy < exp(R(D))].
From Appendix I the cdf of Wi + W5 is given by
wo\?
FW1+W2 (w) ~ C33 (SNR) . (455)
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The minimum expected distortion can now be computed as
E[D] ~ mDin {Pr [W; + W3 < exp(R(D))] + Pr[W; + W, > exp(R(D))] D}

= m[i)n {FW1+W2 (exp(R(D))) + Pr [1 — Fwy 4w, (eXp(R(D)))] D}

i o (SR o [ o (2] o)

. Do
~ HlDln C33 W + D ,

where 5/ = N]/K and N/ is the number of source channel uses (refer to Fig. 4.6).

(4.56)

Differentiating and setting equal to zero we get the optimizing distortion

/

C33p

Hence, the distortion exponent is given as

20,p

Apc_1pr- = —T—. 4.58

RC—1R—AMP 3+ p (4.58)

For fair comparison we should have N, = 2N/ from which we have . = 10,.

Substituting in (4.58) we get

26,p

Apc_1pr- = . 4.59

RC—1R-AMP = 3= "0 (4.59)

Asymptotically comparing the distortion exponents for case of no diversity and
a single relay we have

ARC—IR—AMP

lim =2,
Br/p—oo  ANo—pIv
(4.60)
I Arc_1r-amp 1
im ————— 7 —
Br/p—0  ANo—prv 2

Note that as (3./p increases (bandwidth increases) the system becomes outage

limited because the performance is limited by the outage event. In this case, the
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Source (a) Destination

Source transmits Relay re-transmits

Figure 4.6: Single relay system (a) system model (b) time frame structure.

single relay amplify-and-forward system will achieve a higher distortion exponent
since it achieves higher diversity order. Conversely, as f3,./p tends to zero (higher
channel quality) the performance is not limited by the outage event, but is limited
by the source encoder quality performance. A similar observation was made in [52]
in comparing the performance for parallel channels of selection and multiplexed
channel diversities. In the case of the multiplexed channel diversity from [52], we
can think of the two parallel channels as a single channel with no diversity but
with twice the bandwidth. When regarding the multiplexed channel diversity as
a single channel, the performance of selection and multiplexed channel diversities
for parallel channels can be compared in the same way as (4.60).

The ongoing analysis can be extended to the case of M amplify-and-forward

relay nodes. The distortion exponent in this case is given by the following theorem.

Theorem 9 The distortion exponent of M relay nodes amplify-and-forward pro-

tocol s
2(M +1)pp,

7+ O+ 1 (4.61)

ARC’—MR—AMP =
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Relay 1
Source \ Relay /Destmatlon
5 r r2 d
2

(a)
Source transmits Source transmits Relay 1 re-transmits Relay 2 re-transmits
X X
XS1 Sy Xsl 2
" " | " | "
l— N, "—f—N, "—s}—N, le——N, "—]

Figure 4.7: Two relays system (a) system model (b) time frame structure.

Again we can think of selecting the optimum number of relays to maximize the
distortion exponent. This is again a tradeoff between the diversity and the quality

of the source encoder.

Channel Coding Diversity with 2 Relays

We consider a system consisting of a source, two relays and a destination as shown
in Fig. 4.7. The source transmits two channel-coded blocks z,, and z,, to the
destination and the relay nodes. The first relay will only forward the block z,, and
the second relay will only forward z,, as shown in Fig. 4.7. First, we will calculate
the mutual information for the channel coding scheme.

The system model can be described as follows. In phase 1, the source broadcasts

its information to the destination and two relay nodes. The received signals are
Ys,dm = \/ﬁhs,dxsm + Ns.d, (462)

Yows = V Phgy s, + Ny =12, m=1,2. (4.63)
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Relay 1 will only forward x5, and relay 2 will only forward z,,. The received signals

at the destination due to relay 1 and relay 2 transmissions are given by
Yr;d = hm,dgiys,n + Ny, d, 1= 1, 2, (464)

where (; is the signal amplification performed at the relay which satisfies the power

constraint with equality, that is

P
P . — 4.65
C \/P|h577"i 2 + NO ( )

and where all the noise components are modeled as independent, zero-mean com-

plex Gaussian random variables with variance Ny/2 per dimension.

Define the 4 x 1 vector, y = [ys,dl,ys,dQ,ym,d,ym,d]T. To get the mutual
information between x = [zg,,xs,| and y we consider that an MRC detector is
applied on  ys4,,Yr, « and another MRC detector is applied on ¥4y, Yrpa- The

output of the first MRC detector is given by

T = OslYs,dy + A1Yry ,ds (466)

where ag = \/]_Dh:’d/No and

\/ﬁglh:hdh:,n
(g12|hr1,d|2 + 1)N0

] =

We can write 7 in terms of z,, as

(4.67)

hy aPSNR|hs . [?SN
7"1:<\h8,d\ZSNR+ (Frs a " SN Bl ["SN R )x81+n1,

s PSNR + |y, a2SNR + 1

where n; is a zero-mean circularly symmetric complex Gaussian random noise with

1 h’T 2SNRh T 2SNR
variance |hs />SN R+ |h| Ll |hs,ry |

.+  PSNR1 [y, JPSNRTT" Similarly we can have ro, represent-

ing the output of the second MRC detector, given by

(4.68)

hyo aPSNR|hs . |?SNR
ry = <|h57d|2SNR+ [Fr.d [Prars| ) T, + Mo,

Ry |2SNR + |hyy a|?)SNR + 1
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where ny is a zero-mean circularly symmetric complex Gaussian random noise with

|Prg,dl> SN R|hs,ry|2SNR

SN AR TSN Next, the conditional pdf of y given
5,79 T,

variance |hsqa?SNR+

x and the channel coefficients is given by

p(Y/X) = p(ys,d1 ’ ym,d/xsl)p(ys,dw yrz,d/‘r@)‘ (469)

The conditional pdf of y given x and the channel coefficients represents an expo-
nential family of distributions [23]. Therefore, it can be easily shown that r; and

r9, given the channel coefficients, are sufficient statistics for x, that is

p(y/x,r1,72) = p(y/7r1,72) = P(Ys.drs Yr1.a/T1)P(Ysdo> Yraud/T2), (4.70)

Since r; and ry are sufficient statistics for x, then the mutual information between

x and y equals the mutual information between x and r = [ry, 73] [24], that is
I(x;r) =1(x;y). (4.71)

For any covariance matrix of x the mutual information is maximized when x is

zero-mean circularly symmetric complex Gaussian random vector [24]. Define

|hy a|?’SNR|hs,, |?SNR
\hgpy 2SN R 4+ |hyy a|2SNR + 1

Py a|2SN R|hs >SN R
M| 2SN R 4 |hyy a|2SSNR 417

Y1 = |heal’SNR +

o = |heq|?’SNR +

The mutual information can be computed as

I(x,y)=I(x,r)=log | I, + : (4.72)

where Iy is the 2 x 2 identity matrix, 7' and ~” are functions of the channel
coefficients and the noise variance and o = E [a:slx* } From (4.72) it is clear that

52

both a and —a will give the same mutual information. From the concavity of the

129



log-function we can see that the mutual information maximizing « is a = 0, that is
xs, and x4, are independent (since both zs, and xg, are Gaussian). The maximum

mutual information can now be given as

Mot 2SN R|hyy a| >SN R

|hor |2SNR + |hm,d|2SNR>
Ny 2SN R| By a >SN R

|hs,r2|QSNR + |hr2,d|QSNR) .

I ~log (1 + |hsa|*SNR +
(4.73)

log (1 + |hsa?’SNR +
The distortion exponent of this system is given by the following theorem.

Theorem 10 The distortion exponent of the 2 relays channel coding diversity

amplify-and-forward protocol is

3ps,
3p+ 6,

Agc-2r-oPTCH-AMP = (4.74)

Proof To compute the distortion exponent of that system we start with the anal-
ysis of a suboptimal system at the destination node. This suboptimal system will
give a lower-bound on the distortion exponent. In the suboptimal system, the
detector (suboptimal detector) selects the paths with the highest SNR and does
not apply an MRC detector (the optimal detector is the one that applies MRC to
the received signals). For example, for xy,, it either selects the source-destination
link or the source-relay-destination link based on which one has higher SNR. The

mutual information for the suboptimal system can be proved to be

W |’SN R|Ry, a] >SN R

|her |2SNR + ]hrthSNR))
[Ny |P’SN R|Dy, a SN R

|hsry 2SN R + |hr27d|28NR)) '

I ~ log (1 + max (|h57d|25’NR,
(4.75)

log (1 + max <|h87d|25NR,

The distortion exponent of the suboptimal system is given by (proof in Appendix
1)

38rp
By +3p

Asupoprimar = (4.76)
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For the optimal detector (the one using an MRC detector), the distortion exponent

satisfies

306.p
B, +3p

(4.77)

ARrc—ar-opPrcH-—AMP 2> ASUBOPTIMAL =

Next, we find an upper-bound on the distortion exponent for the optimal system.
In this case, the mutual information in (4.73) can be upper- and lower-bounded as
10g(1 -+ 2W1 + WQ + Wg) S 10g (1 + W1 + WQ) + log (1 + W1 + Wg)

1 1
< 2log(1 + W, + §W2 + §W3)>

|hs,ry |2SNRIh,, 42SNR
lsyy 2SN R+ 1Ry, aPSNR

|hs,ry |2SNR|A, a2SNR

and Wy = 3 g mihe. JPSNR

where Wy = |hs 4|*SNR, Wy = |
are nonnegative numbers. The upper-bound follows from the concavity of the log-
function. Therefore, the outage probability P, of the optimal system can be upper-

and lower-bounded as

1 1
Pr 210g(1 +W1 + —W2 + —Wg) <R S PO S Pr [log(l +2W1 —|—W2 +W3) < R] .

2 2
(4.78)
From (4.78) we can easily show that
3pR
exp (1) _ < o eXD(3pR) 4.79
Crgnn ~ 10 8 O gy 47)

where C', and Cy are two constants that do not depend on the SNR. Similar to the
suboptimal system, and using (4.79), the minimum expected end-to-end distortion

for the optimal system can be lower-bounded as

3pR
: exp (57) exp(3pR)
> N2 T _ e et
E[D]%ml%n{CL SN +(1 Cu SN D
(oD Cy D7
~m5n{ SNEw T (1 - W) D} (4.80)

—3p
. J CLDw
ngn{mw}‘
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Differentiating the lower-bound and setting equal to zero we get the optimizing

distortion as

-4y

e = (AN o e (4.81)
3pCL
substituting we get
—126)'p
E[D] Z CroSN R+, (4.82)

from which we can upper-bound the distortion exponent of the optimal system as

1267p 36,p
Agc_or_ _ < = = . 4.83
RO—2R-OPTCH-AMP = i a0 = 5~ "a) (4.83)
Finally, from (4.77) and (4.83) we get
36,p
ARc_or— _ = . 4.84
RC-2R-OPTCH-AMP = 3~ a (4.84)

Source Coding Diversity with 2 Relays

We continue analyzing a system as in Fig. 4.7 but now we assume that each of the
two blocks sent from the source, x,, and z,,, represents one description generated
from a dual descriptions source encoder. The first relay will only forward the block
x5, and the second relay will only forward x,, as shown in Fig. 4.7. The distortion

exponent of this system is given by the following theorem .

Theorem 11 The distortion exponent of the 2 relays source coding diversity amplify-

and-forward protocol is

(4.85)

2p6,  3pBr ]

ARC—2R—_SRO— = max ,
RC—2R—SRC—AMP [QP-F@ Ip+ 5,
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Proof The minimum expected end-to-end distortion can be upper- and lower-

bounded as (proof in Appendix III)

3p P

. Cs1 1 67 Cs2 1 287
E[D] 2 Dy +D
DI i oN g (4D0D1) T SNR (4D0D1) 1P

3p P
L en 1 \# e 1\
E[D] < Dy + Dy

DI s SN (2D0D1) T SNRE (2D0D1) It

(4.86)

Note that for p > 23" the minimum expected distortion increases as D; decreases.
Hence, the optimal choice of D, approaches a constant that is bounded away from
zero [52]. For Dy > 1/2 the source coding rate is given by (4.7) and not (4.6). The
optimal system in this case degenerates to the channel multiplexed scheme which
is equivalent, in our system, to the single relay system (the argument is the same

as for the multi-hop channel). Thus, the distortion exponent is given by

2p 5,
2p+ 5,

1
ARC_2R-SRC—AMP = p > 5@ =20, (4.87)

For p < 24/, we can find the optimal value of D; by differentiating the lower-bound

in (4.120) and setting equal to zero. We get
3 e 1
Csl p prir _ PBr_ P
Di=|—|—— SNR v+6r (4Dy) »+5r < =0, 4.88
() APoy 7 pgfe 89

where, for fair comparison, we fix the total number of channel uses and get 3/ =
10, For the case when p < 10,, substituting (4.88) in the lower-bound in (4.120)
we get

3p 3pBr

- 1
ED] % r%ion C.Dy "™ SNR »3r + Dy, p< 5@, (4.89)

where C' is a constant that does not depend on Dy and the SNR. Differentiating

and setting equal to zero we can get the expression for the optimizing D, as

PO 1
Di=C'.SNR w5, p< 50 (4.90)
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Hence, from (4.90) we have
y _ 3pBr_ , _ 3pBr_ 1
CLBSNR 4p+Br é E[D] é CUBSNR 4p+ﬁr’ p < 551” (491)

From (4.87) and (4.91) we conclude that the distortion exponent for the source

diversity system is given by

2pB.  3pBr ] (4.92)

ARrc_9r_SRC— = max ,
RC—2R—-SRC—AMP {2]7—1-@« 5,

where the second term in (4.92) is the maximum for the case p < %ﬁr.D

4.3.2 Decode-and-Forward Relay Channel

We now analyze the decode-and-forward relay channel. The distortion exponents
for the different schemes can be derived from the analysis presented in the previous

sections. We collect the corresponding results in the following theorem

Theorem 12 The distortion exponents of the decode-and-forward relay channel

are

e For the single relay channel

2pB;
ARc_1R— = . 4.93
RC—1R—DEC %+ 8, (4.93)
e For the M relays selection channel coding diversity
2(M + 1)ps,
Agc-Mr-DEC = ( )p5 (4.94)

26, + (M +1)%p

e For the channel coding with 2 relays, with the same time frame structure as

i Fig. 4.4,
3pp;
3p+ 6

ARc-2r-0PTCH-AMP = (4.95)
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e For the source coding diversity with 2 relays

2pB,  3pBr ]

, 4.96
20+ B, 4p + Br (4.96)

ARc—2r-SRC-DEC = Max {

In summary, the distortion exponents for the decode-and-forward relay channel

are the same as the amplify-and-forward relay channel.

4.4 Discussion

The distortion exponent for the various schemes analyzed in this Chapter are given
in Table 4.1. From the results in Table 4.1 we can see that the channel coding
diversity scheme always results in a higher distortion exponent than the source
coding diversity scheme at any bandwidth expansion factor (the result is valid
over both the multi-hop and relay channels). This means that, between source
and channel coding, it is better to exploit diversity at the channel encoder level.
Comparing the expressions for the distortion exponents for the single relay and M
relay nodes we can see that increasing the number of relays does not always result in
an increase in the distortion exponent, showing that there is a tradeoff between the
quality (resolution) of the source encoder and the amount of cooperation (number
of relays).

Figure 4.8 compares the distortion exponent for the various systems as a func-
tion of (3, for the multi-hop channel. The results in Figure 4.8 confirms that the
channel coding diversity gives better distortion exponent than the source coding
diversity. A similar observation was made in [52] for the case of parallel channels.
Note that as (3,, increases, the factor that limits the distortion exponent perfor-
mance is the diversity (number of relays nodes). In this case (high £3,,), the system

is said to be an outage limited system as the outage probability, rather than the
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Table 4.1: Distortion Exponents for the Amplify-and-Forward (Decode-and-

Forward) Multi-Hop and Relay Channels.

Multi-Hop Channels

Relay Channel

2 2
Single relay % QI;DTﬁév
4AM 2(M+1
Selective channel coding diversity with M relays ]\W‘% —2ﬁ(+("];/[_)’f)1ﬂ)gp
m T
2 .
Channel coding diversity with 2 relays 1% SZZfé
m T

Source coding diversity with 2 relays max

4pﬁm 2pﬁm 2p67' 31767'
3p+28m p+28m | | 18X 50150 1pr5,

quality of the source encoder, is the main limiting factor in the end-to-end distor-
tion. Figure 4.8 shows that in this scenario, the distortion exponent performance
is improved by increasing the number of relays so as to increase diversity. At low
O the system is said to be quality limited as the quality of the source encoder
(distortion under no outage), rather than the outage probability, is the main lim-
iting factor in the end-to-end distortion. In this case, the gain from using a better
source encoder, that has a higher resolution, is more significant than the gain from
increasing the number of relay nodes. Figure 4.8 shows that in this scenario, the
distortion exponent performance is improved by using only a single relay node
allowing for the use of a higher resolution source encoder.

Figure 4.9 shows the distortion exponent versus (3, for the various relay channel
schemes. Figure 4.9 confirms that the scheme with channel coding diversity yields
better distortion exponent than the one with source coding diversity. As was the
case for multi-hop schemes, as [3, increases, diversity becomes the limiting factor
for the distortion exponent, in which case, Figure 4.9 shows that increasing the
number of relays improves the distortion exponent results. Again, at low 3, direct

transmission (no-diversity) results in a lower end-to-end distortion which can be
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p=1 (Rayleigh fading channel)

—»— Single relay
1.8 | —&— Two relays

—s— Channel coding diversity
| —%— Source coding diversity

=
T

Distortion Exponent

<
S~

-30 -20 -10 0 10 20 30
B,, (dB)

Figure 4.8: Distortion exponents for two-hop amplify-and-forward (decode-and-

forward) protocol.

interpreted in the same way as for the multi-hop channel.

Appendix I Outage Analysis for Channel Cod-
ing diversity with 2 relays Multi-Hop Decode-and-
Forward Scheme

Let S — R; and R; — D denote the channel between the source and the 7th
relay and the channel between the ith relay and the destination, respectively. Let
Ry, Ry — D denote the channel between the two relays and the destination when

both relays decode correctly. We calculate the outage probability by splitting the
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p=1 (Rayleigh fading channel)

—©€— No diversity
2.71| —»— Single relay
—&— Two relays

2.4 }| —%*— Channel coding diversity
—=A— Source coding diversity
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Distortion Exponent
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-
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Figure 4.9: Distortion exponents for amplify-and-forward (decode-and-forward)

relay channel.

outage event into disjoint events, i.e. Pyyage = P, + By, + P, + P,,, where
P,  =Pr[S — R; in outage, S — Ry in outage]
= Pr[S — R; in outage] . Pr[S — R, in outage]

= Pr [2log(1 + |hs,|?SNR) < R(D)] . Pr [2log(1 + |hss|>SNR) < R(D)]

o (PO,

(4.97)

P,
= Pr[S — R; in outage, S — Ry not in outage, Ry — D in outage]

= Pr[S — R, in outage] . Pr[S — R, not in outage| . Pr [Ry — D in outage]

~c, (exg(]pvfz(f))) |

(4.98)
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F,

3

= Pr[S — R, in outage, S — R; not in outage, Ry — D in outage] (4.99)

o (SHEOD)

Py,
= Pr[S — R not in outage, S — R» not in outage, Ry, Ry — D in outage]
= Pr[S — R; not in outage].Pr[S — Ry not in outage] . Pr[R;, Ry — D in outage]
~ Pr|2log(1 + %(lhrl’dﬁSNR + |ha|>*SNR)) < R(D)|,
(4.100)

where the factor 1/2 in (4.100) is due to the loss in SNR because of the use
of transmit diversity [40]. To calculate P,, in (4.100) we need to calculate the cdf
of the random variable |h,, 4|>*SNR + |k, a>*SNR. Let Wy = |hy, 4|>*SNR and
Wo = |hyya|*SNR. The pdf of W; + W5 can be computed as

Furem(w) = / fur (7) fu (w0 — 7

2
0

2p—1
SN R?
where B(.,.) is the Beta function [41]. The cdf of W) 4+ W5 can be computed as

= 611022]92 B(p7p)7

Fivysw, (w) = /wf (r)dr = ¢ (L)2p (4.102)
Wi+Ws 0 Wi+Wo 33 SNR ) .
from which we have
N exp(pR(D))
Po4 R Co, (W . (4103)
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Then, the outage probability is

e R(D
Poutage = P01 +P02 +Po3 +Po4 = Co (%) . (4104)

In the proof, we have assumed that z;, and z,, are independent zero-mean com-
plex Gaussian with variance 1/2 per dimension. We can easily show that this
choice of z,, and z,, is the optimal choice for maximizing the mutual information

(minimizing the outage probability) by inspection of the individual outage events

in (4.104).
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Appendix II Distortion Exponent of the Subop-
timal Detector for the Channel Coding Diversity

Scheme

|hs,ry |2SNRIh,, 42SNR
sy 2SN R+lry aPSNR

|hs,ry|2SNR|hyy 4|2SNR

_ 2 —
Let Wy = |hsa|?SNR, Wy = iera PSNTLH ey aPSN -

and W5 =

The outage probability of the suboptimal system is given by
Poutage
=Pr [Isub < R]

=Pr [log(1 + max(Wy, W3)) + log(1 + max (W, Ws)) < R]

=Pr [{210g(1 + W) < R, Wy > Wo, Wy > W3} U{log(l + W) +log(1+W3) <R
W > W, Wy > Wit [{log(1+ Wa) +log(1 + W) < R, Wy > Wy, Wi > Wi}

| J{log(1 + Wa) +log(1 + W3) < R, Wy > Wy, Ws > Wl}]

= Pr2log(1+W;) < R, Wy > Wy, Wy > W3] 4 Pr [log(l + W) +log(1+W3) < R
Wy > W, Wy > Wl] + Pr[log(1 + W) +log(1 + Wy) < R, Wy > Wy, Wy > W]

+ Pr[log(1 + Ws) + log(1 + Ws3) < R, Wy > Wy, W3 > W],
(4.105)
where the last equality follows from the events being disjoint. In the last equation

we used R instead of R(D) for simplicity of presentation. The joint pdf of Wy, Wy

and W3, which are independent random variables, is given by

p—1, p—1  p—1
w; Wy Wy
SN R ) ’ (4.106)

1

f(whw%w?)) ~ CjP3 (
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where c; is a constant. To find the outage probability, we calculate the probability

of the individual outage events in (4.105),

P = PI‘210g 1+W1)<RW1>W2,W1>W3]

exp(R/2)
/ / f wy, W2, w3)dw2dw3dw1
wo=0

exp(R/2 wp—lwp—l
/ / / cp ( S]\?RSP 3 ) dwydwsdw,

_ Cjexp (
B SSNR?’P

(4.107)

P, =Prllog(1 4+ Wy) 4+ log(1 + W3) < R, Wy > Wy, W3 > W]

%Pr[log(Wl) + IOg(Wg) < R Wi >Wy W3 > Wl]

exp(R)

exp(R/2) w1 w1
= / f(wl, Wa, U)3)d"LU2d"LU3d'lU1
w1=0 w3=w1 wo=0

Q

exp(R/2) 22Dy p-1, p-1, p-1 (4.108)
/ ' / cjp3 (wl W W )dwgdwgdwl

’LU1:0 3=wW1 w2:0 SNRSP
ex exp(R)
_ P’ / v / U w el dwsdu,
= 1
SNR3p w1=0 w3=w1
20] exp( Spit
- 3SNRsp

b :Pr[log(l + WQ) + log(l + W1> < R, Wy > Wl, Wy > Wg]

zPr[log(Wl) + 10g(W3) < R, Wi > Wz, W3 > Wl] (4109)

QCJ exp ( SI’R)
T3 ONRw
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Py =Prllog(1 4+ Ws) 4+ log(1 + W3) < R, Wy > Wy, W3 > W]

%Pr[log(Wg) + IOg(Wg) < R,Wy > Wi, W3 > Wl]

exp(R/2) cxp<R) cxp(R)

_ / / f(wr, we, w3)dwsdwsdw, (4.110)
wo=w1 Jwz=wi
N exp(R/2 SBUY o xpl) wh ™ wh wh ! diwwdwod
N/wlo /w /w3 N c]p( SN R ) wadwydw,
4cj exp pT
~ 3SNR¥

where we have lim,, o+ w]logw; = 0 for p > 1. The outage probability for the
suboptimal system is

Cm €XP (SPR)

Poutage:Pl+P2+P3+P4 SN R3» )

(4.111)

where ¢, is a constant. The minimum expected end-to-end distortion can now be

computed as

E[D] = ml%n {Poutage + (]- - Poutage) D}
3pR 3pR
s min Cm, €EXP ( ) i 1_ Cm €EXP ( ) D
D SN R3p SN R3p
Cm D‘%’e cmD;TS’f (4.112)
i svee T\ v ) P

—3p
Cm D257
~ D
mln{SNR3p + },

where 8 = N)'/K (refer to Fig. 4.7), D is the source encoder distortion and we

have used both high SNR approximations and (4.3). Differentiating and setting

equal to zero we get the optimizing distortion

1!

4By 7
D _ A8\ T SNRI (4.113)
3cmp

Substituting we get the distortion exponent for this suboptimal system as

123)p

—_— 4.114
43" + 3p ( )

ASUBOPTIMAL =
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For fair comparison the total number of channel uses is fixed and, thus, 8 = }L 0.

Appendix III Outage Analysis for Source Coding
diversity with 2 relays Decode-and-Forward Relay

Channel

The receiver applies an MRC detector on the received data to detect z,, and z,.

|hs,ri 2SNR|Ry, 4|>?SNR
[hs,ri [PSNR+[h, a?SNR

|hs,rg|2SNR|Ry, a|>SNR
[hs,rg|2SNR+|hy,y a2 SNR "

Let W1 = ’hs7d|QSNR7 W2 = and Wg =

The minimum expected end-to-end distortion is given by

E[D] =~

[I)l’ll[I)l PI‘[ 10g<1 + W1 + WQ) < Rmd(Do, Dl)/2, 10g<]. + W1 + Wg) < Rmd(DO, Dl)/Q]
0,01

-+ (PI‘[ lOg(l + Wl + WQ) < Rmd<D07 Dl)/Z, lOg(l —+ Wl + Wg) > Rmd(D07 Dl)/Z]

-+ PI‘[ log(l + W1 —+ WQ) > Rmd(DO; Dl)/2, log(l -+ W1 —+ W3) < Rmd(DO; Dl)/2] ) D1

+ PI’[ 10g<1 + W1 + Wg) > Rmd(DQ, Dl)/2, log(l + W1 + Wg) > Rmd(DQ, Dl)/Z] Do,

(4.115)

where R,,q, Dy and D, are as introduced in Section 4.1. To calculate the minimum

expected distortion we need to calculate the following probabilities in (4.115)

pll :Pr[ lOg(l + W1 + WQ) < Rmd(D(h Dl)/27 lOg(l + Wl + Wg) < Rmd(DO7 Dl)/2}

= Pr[ log(l + Wi+ HlaX(Wg, Wg)) < Rmd(Do, Dl)/Q]

1 3p
Rt g e &P (?Rmd(DOa D1)) :

(4.116)
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P2/ :PI'[ 10g(1 + W1 + WQ) > Rmd(D(), Dl)/2, 10g(1 + W1 + Wg) > Rmd(DO) Dl)/2}
= PI"[ 10g(1 + Wi+ min(Wg, W3)) > Rmd(DO; Dl)/2]
=1- PI'[ lOg(l + Wl + min(Wz, Wg)) < Rmd<D07 Dl)/2]

1
v gz ©P (PRma(Do, D))

~l — Ccoo———r
(4.117)
Py =Pr[log(1+ Wi+ Ws) < Rina(Do, D1)/2,log(1 + Wy + W3) > Rpna(Do, D1)/2]
+ Pr[log(1+ Wi+ Ws) > Ra(Do, D1)/2,log(1 + Wy + W3) < Ry,a(Do, D1)/2]

—1- P - P,

1 1 3p
RCs2 g pap OXP (pRma(Do, Dy)) — Cs1 g an <P (ngd(Do, Dl))

1
%Cszm €xXp (pRmd<DOa Dl)) .
(4.118)

The minimum expected distortion in (4.115) can now be calculated as

. 1 3 1
E[D] ~ min {651W exp (;Rmd(Do,Dl)) + oo N e P (pRma(Dy, D1)) Dy

Do,D1

1
—+ (1 — CSQW exXp (pRmd(D07Dl))) DO}

1 3
~ [r)xoun {651 SN Rop exXp (EpRmd(Do, Dl)) +

1
SN R?

Cs2 577550

exp (pRpma(Dy, D1)) D1 + DO}.

(4.119)
Substituting from (4.6) yields upper- and lower-bound for the minimum expected
end-to-end distortion as

Cs1 1 45y Cs2 1 267
E[D] Z D+ D
DI% gl sn <4D0D1) T SNRE <4D0D1> 1o

3p

Cs1 1 4pr! Cs2 1 ﬁ
E[D] S Dy + Dy,
DI iy ox o <2D0D1) T SNEw <2D0D1> At

(4.120)
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Chapter 5

Distributed Detection in Wireless

Networks: A Sensor or a Relay?

Lately, sensor networks have gained a lot of interest due to their wide range of
applications and this has increased the thrill toward the study of sensor networks.
The applications of sensor networks include monitoring environmental conditions
such as temperature, military applications such as battlefield surveillance, health
monitoring, and many other applications.

Our interest in this Chapter will be focused on how to deploy relay nodes in
the sensor networks. We assume dumb sensor nodes, which means that the sensor
nodes do not have processing capabilities of the sensed measurements, which can
be due to lack of knowledge of the measurement data models under each hypothesis
or due to limited processing capabilities of the nodes [68]. Based on our model
assumption, some sensor nodes measurements will be provide more information
to the fusion center. So some sensors are assumed to be “more-informative” and
some sensors are assumed to be “less-informative” to the fusion center. The use

of relay nodes, instead of some of the sensor nodes that are less-informative to the
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fusion center, to relay measurement for the more-informative sensor nodes will be
considered.

The problem of distributed detection in the wireless sensor networks is consid-
ered. There exists a plethora of works on distributed detection in sensor network.
In [69], the authors considered the problem of how to determine the density of
sensor nodes in a linear network where nodes are placed on a line. They study
the problem of whether to employ many low-cost, low-power sensors or few high-
cost, high-power sensors. The work in [69] considered the cases of deterministic
signals and correlated Gaussian processes both corrupted by Gaussian noise. For
the case of deterministic signals corrupted by Gaussian noise it was proved that
the performance, measured in terms of the error exponent, improved by increasing
the density of the sensor nodes. For the other case of correlated Gaussian process
corrupted by Gaussian noise, it was proved that there exists an optimal density
that maximizes the error exponent. In [70], closed-form expressions for the error
exponents of the Neyman-Pearson detector are derived for the detection of Gauss-
Markov signals corrupted by noise. The work in [71] considered the problem of
distributed detection with a rate constraint. The authors proved that the use of
more sensors, each signaling a binary signal, can be optimal under certain condi-
tions compared to the case of having less sensor nodes each sending at a higher
rate to the fusion center.

Some works on distributed detection focused on the problem of energy-efficiency
in the sensor networks by allowing some sensor nodes to censor their transmis-
sion [72,73]. These works considered the tradeoff between the performance of the
detector at the fusion center to the energy consumption of the sensor network.

Other works have considered the problem of distributed detection with correlated
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sensor nodes signals [74-78]. These works mostly focused on the study of deriv-
ing optimal fusion rules at the fusion center or the conditions under which some
detectors turn to be optimal. The work in [68] studied the type-based distributed
(decentralized) detection in the sensor networks over parallel access channels (PAC)
and multiple access channels (MAC).

Considering the application of relaying schemes for distributed detection, [79]
has considered the use of relaying to improve the energy-efficiency of the sensor
network. The work in [79] also proposed a consensus protocol and analyzes its
energy consumption if cooperation is present to improve the energy-efficiency of
the sensor network.

In this Chapter we the performance of two protocols will be compared. In
Protocol I, each node directly transmits its measurement to the fusion center. In
Protocol II, we allocate the resources of some of the less-informative sensor nodes
to relay nodes, which relay the measurements of the more-informative sensor nodes.
We will compare the performance of the two protocols in terms of the probability
of detection error and characterize the regions in terms of the measurement noise
and the communication noise variances where one protocol performs better than

the other protocol [80,81].

5.1 System Model

In this section, the system model for the wireless sensor network is presented.
The sensor network is assumed to have N sensor nodes that are used to monitor a
certain phenomenon. The sensor nodes send their sensed measurements to a fusion
center to make decisions about the state of nature observed by the sensor network.

The sensor nodes are assumed to be dumb, i.e., they can not apply any precessing
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O sensor node

Fusion
Center

Figure 5.1: A Schematic Diagram for the Wireless Sensor Network.

to the sensed measurement. In other words, the sensor nodes sense the medium
and directly transmit their measurements to the fusion center where decisions are
made. The wireless sensor networks is as depicted in Fig. 5.1. We assume a binary
hypotheses detection problem, i.e., the fusion center makes decisions between two
hypotheses, namely, Hy and H;.

The i-th sensor node measurement is x;, ¢ = 1,--- , N. The x;’s are assumed
to be mutually independent under each hypothesis. The data model under each

hypothesis is given by

Hy: x; ~CN (0,02) (51)
5.

H: z;~CN (mi,UQ) ,

where 02 can be thought of as the measurement noise variance at any sensor node.
The notation z ~ CN (m,c?) is used to denote that z is a complex Gaussian
random variable with mean m and variance o2/2 per dimension.

In the sequel, the performance of two transmission protocols from the sensor
nodes to the fusion center will be compared. In the first protocol, which is denoted
by Protocol I, each sensor node directly transmits its measurement to the fusion

center without the help of any other node in the network. In the second protocol,
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which is denoted by Protocol II, relay nodes are used instead of some of the less-
informative sensor nodes to forward information of the more-informative sensor
nodes. We will derive expressions of the probability of detection error P, for the
previous two protocols. Based on the derived expressions, it can be decide which

of the two protocols will result in a better performance in terms of P..

5.1.1 Protocol I System Model

In Protocol I, each sensor node directly transmits its measurement to the fusion
center. Let h, p denote the channel gain from the i-th sensor node to the fusion
center, which is modeled as zero-mean circularly symmetric complex Gaussian ran-
dom variable with variance 1/2 per dimension, i.e., Rayleigh flat-fading is assumed.
The channel gains from the sensor nodes to the fusion center are assumed to be
independent. The received data at the fusion center due to the i-th sensor node

transmission is given by

ySiF = hS,‘F V ‘PZ:L"L + nSiFa (52)

where P; is selected to satisfy a power constraint at the sensor node and ng,p is
a receiver additive white Gaussian noise. The term n,r is modeled as zero-mean
circularly symmetric complex Gaussian random variable with variance Ny/2 per

dimension.

5.1.2 Protocol II System Model

In Protocol II, relay nodes will be deployed in the network, which will be used
instead of the sensor nodes that their measurements do not provide the fusion

center with a lot of information about the observed phenomenon. Again, dumb
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sensor nodes are assumed, which means that a sensor node is not able to process
the sensed measurement.
If node j works as a relay for sensor ¢, then the received signal at the fusion

center due to node j transmission is given by

Yir = th\/Fi% +njr, JER (5.3)
where for simplicity of analysis the noise from node ¢ to node j is neglected. Hence,
node j transmits a clean version of the measurement of node i to the fusion center®.
hjr denotes the channel gain from the j-th relay node to the fusion center and is
modeled as zero-mean circularly symmetric complex Gaussian random variable

with variance 1/2 per dimension and R denotes the subset of relay nodes.

5.2 Performance Analysis

In this section, performance analysis of the two protocols presented in Section
5.1 will be provided. The probability of detection error P, will be used as the
performance measure. Comparing the P. expressions for the two previously pre-

sented protocols will enable the selection of the better protocol in terms of the

'If the amplify-and-forward protocol is used at the sensor nodes and assuming that the distance
between the sensor node and the node that relays its measurement is much less than the distance
between any sensor node and the fusion center then the noise coming from the sensor node to
relay node communication link can be neglected compared to the noise coming from the sensor
(relay) node to fusion center link. In the case of amplify-and-forward protocol, the signal to noise
ratio (SNR) of sensor-relay-fusion center link will be a scaled harmonic mean of the sensor-relay
and relay-fusion center links SNRs, which can be tightly approximated to be the SNR of the
relay-fusion center link for the case of relay node very close to the sensor node as presented in
Chapter 2. This enables us to neglect the noise coming from the sensor-relay communication

link.
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Fusion
Center

Figure 5.2: A Two-Sensor Network.

performance measure used. To illustrate the idea, we will start with the analy-
sis of a two-sensor network over additive white Gaussian noise (AWGN) channel.
Then, the analysis will be extended to the multi-node wireless sensor network over

Rayleigh flat-fading channel model.

5.2.1 Performance Analysis over AWGN Channels

In this section, a two-sensor network as shown in Fig. 5.2 will be considered.
The analysis is easily extendable to the multi-node sensor network over AWGN
channels. Through this example, more insights into the problem of the multi-node
wireless sensor network can be gained. For the case of AWGN, the same model
as in (5.1), (5.2), and (5.3) will be used with hs,r = 1 for all .. Without loss
of generality, all the random variables in (5.1), (5.2), and (5.3) are assumed to
be real with the same means and variances as described before, i.e., the m;’s are
now assumed to be real and ng r is a zero-mean Gaussian random variable with
variance Ny for all i’s.

In Fig. 5.2, the signal from sensor 1 is assumed to have a mean of m; and

the signal from sensor 2 is assumed to have a mean of msy both under hypothesis
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H,. Without loss of generality we assume that m; > msy. Therefore, we assume
that the measurement coming from sensor 1 is more-informative about the state
of nature than the measurement coming from sensor 2.

We will consider comparing the two protocols presented in Section 5.1. To gain
more insights into the problem, consider two extreme cases as follows. The first
extreme case is mo = 0. In this case, the measurement from sensor 2 does not
provide any information to the fusion center about the state of nature because the
data model at sensor 2 is the same under both hypotheses. In this case, Protocol
IT will have a better performance as compared to Protocol I. The second extreme
case is when my = my. In this case, the measurements from both sensors are
of equal importance to the fusion center. Therefore, Protocol I will have a better
performance if compared to Protocol I1. These statements will be rigorously proved

in the following subsections.

Protocol I Probability of Detection Error

Let PAVEN denote the probability of detection error of Protocol I over AWGN
channels. The probability of detection error is defined as Pe’f‘}/v GN — Pr{ﬁ #+ H},
where H is the true state of nature and H is the estimated state of nature at the
fusion center.

Let mg = Pr{H = Hy} and m; = Pr{H = H;} denote the prior probabilities.
Without loss of generality, we assume that mp = m; = 1/2. The variable P; in
(5.2) is selected such that the average power of each sensor node equals a power

constraint P. Therefore, we have

P . (5.4)

P = nyPio? + m P (m? + o P=———
’ B (s ) - 0%+ m

i
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The data model for the received data under each hypothesis is given by

Hy: ys,r ~ N (0, Po? + No)

(5.5)
H1 L Ys;F NN <\/§-mi,Pia2 —|—N0> .

Define 0? = P,o? + Ny, i = 1,2. Using PAWEN as the performance measure, the
A g e,

optimal decision rule is the likelihood ratio (LR) test, which is given by

H=H

> 1. (5.6)

ﬁ:Ho

2
€_ Z?:1 ﬁ (ysiF—v Pimi) ~
K3

2 1 2
~ i1 5,25, F
K2

The decision rule can be further simplified to

H=H1 1 ( Pym? PQm%)
G = = ( s (57)
A=, 2 o o3

where

1 1
q1 = 2V P1m1y51F + ) PQmQySQF‘
01 03

The probability density functions of the random variable ¢; under each hypothesis

are given by

Pm?  Pom?
PHo(QI)NN(Oa ;21—" 222)

1 D)
Pm?  Pom2 Pim?  Pym?
PHl(q1)NN<121+ 222’ 121_|_ 222)’

01 ) 01 03

(5.8)

where Py, (q1) is the probability density function of ¢; under hypothesis Hy, k =
0,1.

The probability of detection error can be calculated as

Pe"?IVVGN:T['OPY{fI:HﬂH:HO}—|—7T1PI‘{ﬁ:HO|H:H1}
) 1 [ Pm3 n Pym? (5.9)
= 5 0’% O'% )
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where Q(u) = \/%7 [ exp (—%) dt is the Gaussian Q-function [41]. Substituting

for the P;’s from (5.4) we get

1 Pm? Pm?
AWGN 1 2
Pl =0\ s\ parrmr oy T poa i (s T2 . (5.10)
Po?+ (02 +im2) Ny Po®+ (02 + $m3) Ny

Protocol II Probability of Detection Error

In this case, a relay is used instead of sensor 2 to forward the signal from sensor 1.
Let Pff}}/ GN' denote the probability of detection error of Protocol II over AWGN
channels. Define a 2 x 1 received data vector y = [ys,r, ¥s,r]* - The fusion center
should decide between the two hypotheses based on the received vector y. In
Protocol II, the components of the vector y are no longer independent since the
measurement of sensor 1 will be forwarded by the relay node. In this case, the

probability density functions of the vector y under both hypothesis are given by

Hy: y~N(0,C)

(5.11)
Hi :y~N(m,C),
where
o?  Po?
C= (5.12)
Po? o2

is the auto-covariance matrix of the vector y and is the same under both hypothe-
ses, 02 = Pio* Ny, i = 1,2, 0 = [0,0]” and m = [/Prmy, v/Prmy ]
Using the probability of detection error as a performance measure, the optimal

decision rule is the LR test given by

6_%(y_m)chl(y_m) fIZHl
> 1 (5.13)
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Simplifying, we get

micty 2 Lgren 5.14
y 2 gm m. (5.14)
—H,

T

The probability of detection error of Protocol II can now be given as

1
pAYGN _ () (ﬁm)

5.15
_0 1 2Pm? ( )
2\ 2Po? + (02 +3m3) Ny )

Now, we will consider comparing the probability of detection error expressions

in (5.10) and (5.15). Note that the Q(-) is a monotonically decreasing function
of its argument. Hence, the protocol that has a higher argument inside the (-
function will have a better performance. Therefore, to compare the performance
of the two protocols, it is sufficient to compare the arguments of the Q-functions
in (5.10) and (5.15).

A first thing to note is that the following inequality holds

2Pm3 S 2Pm3 - Pm?
Po?+ (o2 +im}) Ny = 2Po%+ (62 + sm}) Ny = Po? + (0% + im3) Ny’
(5.16)

from which it is clear that Protocol II is better than Protocol I if my = 0, which
corresponds to the lower-bound in (5.16). Also, Protocol I is better than Protocol
IT if my = my, which corresponds to the upper-bound in (5.16). For a general

value of msy, Protocol II is better than Protocol I if

2Pc? + (02 + %mf) Ny  Po?+ (02 + %m%) No Po*+ <02 + %m%) No

5.17)

and vice versa.
With our assumption of having m; > msy, the measurement of the first sensor

node is more-informative to the fusion center than the measurement of the second
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sensor node. Protocol I, in which each sensor node sends its measurement, deliv-
ers measurements from more sensor nodes to the fusion center than Protocol II.
However, Protocol II guarantees higher reliability for the more-informative mea-
surement coming from sensor 1. The extreme case of having ms = 0, is the case
where the measurement from sensor 2 contains no information (in this case, we
have the same data model at the second sensor under both hypotheses), in which
case Protocol II results in a better performance. In this case, the reliability of the
measurement from sensor 1 is increased by transmitting the measurement twice to
the fusion center. The other extreme case of having my = m; is a case where the
measurements from both sensors are of equal importance. In this case, it is better
for sensor 2 to send its measurement than to use a relay to forward the measure-

ment of sensor 1, and in this case Protocol I results in a better performance.

An N-Sensor Network

The analysis presented above can be extended to the case of sensor network with
N sensor nodes communicating over AWGN channels each with mean m;, ¢ =
1,---, N. In this case we will have three different subsets of nodes. Let 7 denote
the subset of sensor nodes that are not helped by relay nodes, H denote the
subset of sensor nodes that are helped by relay nodes, and £ denote the subset of
relay nodes. If each sensor node is restricted to have at most one node to relay
its information then |H| = |[£]. In this case, the probability of detection error

expression can be given by

PAWGN _ - s : .
e Q <2\/Z€ZH 2P02+(02+%ml2) N0+;P02+(02+%m3) NO)

(5.18)

157



The question now is how to partition the set of sensor nodes for an N-sensor net-
work communicating over AWGN channel to minimize the probability of detection
error at the fusion center. An algorithm for partition the set of sensor nodes under
the restriction of having at most one relay node to help any sensor node is given
in Table 5.1. The algorithm given in Table 5.1 can be proved to yield the optimal
partitioning by proving that moving any node from one subset to another subset
will always result in a system performance degradation in terms of the probability

of detection error.

5.2.2 Performance Analysis over Rayleigh Flat-Fading Chan-

nels

In this section the performances of Protocol I and Protocol II over wireless Rayleigh
flat-fading channels are considered. In the case of Rayleigh flat-fading channel
model, it is very difficult to get closed-form expressions for the probability of
detection error similar to those derived in Section 5.2.1. Therefore, we consider
a large sensor network where the number of sensor nodes N is very large, which
enables the derivation of asymptotic approximations for the probability of detection
error expressions. For simplicity of presentation, the sensor network is assumed
to be divided into two subsets of sensor nodes of equal cardinality, namely, § and
R, each has N/2 sensor nodes. Sensor nodes in subset S have a mean of mg and
sensor nodes in subset R have a mean of mg. We consider that model of having two
subsets of sensor nodes of equal size for sake of simplicity of presentation. However,
the analysis presented here can be generalized if we have a different partitioning

of the sensor nodes.
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Table 5.1: An algorithm for partitioning the set of N sensor nodes communicating
over AWGN channel if each sensor node is restricted to have at most one relay

node.

1. Initialization: assign all of the sensor nodes to the subset 7, which is the
subset of sensor nodes that are not helped by any relay node. The subsets H

and L are empty at the beginning.

2. Arrange the sensor nodes in the subset 7 in a descending order according
to their means such that m; > m; for all ¢ < j, i = 1,---,|7T|, where |T| is

the cardinality of the subset 7.

3. For the sensor nodes with the maximum mean m; and minimum mean m,7
in the subset 7', use equation (5.17) with my = m7| to determine whether it
is better to use a relay node for helping the sensor node with mean my or use
the sensor node with mean my7| to send its measurement. If the use of a relay
node is better, then remove the sensor node with mean m7| from the subset
7. Then, remove the sensor node with mean m; from the subset 7', put it
in the subset H and put a relay in the subset £ for helping in forwarding its
information. If it is better to have the sensor node with mean m 7| sending its

measurement then exist the partitioning algorithm.

4. Repeat Step 2 if the subset 7 is nonempty.
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Protocol I Probability of Detection Error

Let Pj‘ 7Y denote the probability of detection error of Protocol I over Rayleigh flat-
fading channels. The data model for the received data under each hypothesis is
given by

Hy : ys,r ~ CN (0, Plhs,r|*0® + No)
(5.19)
Hl CYsikp ™ CN < \% PihSiFmia Pi|h5iF|20'2 + N0> ,
where each m; is either mg or mg.
With the probability of detection error as a performance measure and assuming

perfect channel state information (CSI) at the fusion center, the optimal decision

rule is the LR test given by

N1 _JP 12
e s Pylhs, pI202+ Ng Ys;,F—V Pihs, pm; H—m, )
_ 1 ~ = (5.20)
¢ T Pilhg p g Yl H=Ho

where we assumed equal priors, i.e., 1y = m; = 1/2. The decision rule in (5.20)

can be simplified to

N

1
> (VPyeurhz pmi + /Py phem )

i—1 Pi|hsiF|20-2 + NO

5.21
o (5:21)

Pi|hs,r|?0% + Ny

—H
2
H=Hp ;—1

P; [y |hs,r| .

The probability of detection error expression can be found to be given by

N | 2

1 P; |y p) |y
Pel’%lay - F Q - Z ’ 21; |m
2\ P, |hg,p|” 02 4+ Ny

i=1

(5.22)
1 Ps |hs,p|* |ms|? Pg |hg,p|* |mg|?
=E Q 5 ZP h 2 o +Z 2 o )
\ieS S| SiF’ a +NO iERPthSiF| g +N0
where
P
Po—
T m
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and

P
Pr = r%m%'
The expectation in (5.22) is taken over the channel statistics. Finding a closed-
form expression for the expectation in (5.22) is very difficult even for the simple
case of having N = 2. This motivates us to consider a large sensor network in
which the number of sensor nodes is very large which enables the calculation of

asymptotic approximation for the probability of detection error. For such a large

network, define the random variable u as

N 2 2
Pi hS‘ 7
w= | & Il (5.23)
—' Pi|hs,r|" 0% + No

which is the summation inside the argument of the Q-function of (5.22). The
random variable v is the summation of N/2 i.i.d. random variables?, which can
be approximated to be a Gaussian random variable. This results from using the

central limit theory (CLT) [82]. The probability of detection error is now given by

P =FE {Q G\/a) } . (5.24)

To get the approximation for the expression in (5.24), we need to calculate the

mean and the variance of the random variable . The mean of v can be found as

2The expression in (5.23) is the summation of N/2 i.i.d., where each random variable is the

sum of an element from the subset S and an element from the subset R.
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follows

my, =E{u}

s f: B [y,
~ Pi|hsiF|20-2+N0

=1
N Ps |hs, F
=5 F . —
Ps|hsp|" 0+ No  Pg|hy,r| 0+ No

2
% Img|® Pr ‘hst‘ Img|?

}, for some i € S, j € R.

(5.25)
Define the random variable h = |k, #|* for some 7. Under our model assumptions,
h follows, for any ¢, an exponential distribution with a probability density function
(pdf) given by

P(h)=e¢" h>o0. (5.26)

The mean of the random variable u can be found as follows.

My,

2
_N Ps|hs,r*Ims|*  Prlhyr| Img[®
2 PS|hsiF|20-2+NO PR‘thF|2O'2+NO
N

N, 2 N N, N, 2 N,
) <1m512+\mR12——0‘m5' ePs32r(0 0 )‘ o eprizr<0, P ))

202 ]DSO'2 ’PSO'Q PRO'2 PRO'2
(5.27)
where I'(.,.) is the incomplete Gamma function defined as [41]
T(a, p) —/ t*te7tdt, p>0. (5.28)
w

Let 55 denote the variance of the random variable w. The variance of v can be
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calculated as

2 2\ 2 9 9 2
52 :E E Ps s e|” ms| | E Ps |hs,p|” [ms]
v 2 Ps|h5iF|2U2+N0 PS|hsiF|20-2+NO

PR|thF‘2\mR]2 ? PR|hst‘2|mR]2 ?
+E 2 -\ E 2
Pg |hg,r|” 02+ Ny Pg |hy,p|” 0% + Ny

for some i € S and j € R. Evaluating the expectations in (5.29), we get

(5.29)

4 2
52 :E |m5| No _ Ng e%r 0, No _ Ng 6p25]\3)2 T (o, No
“o2 o* | Pso? P2o* Pgo? PZo* Pyo?
4 2 2 2
mal | Mo Nopfap (o, Mo ) o Mo w0, Do .
ot | Pro? Pio* Pro? Piot Pro?

(5.30)

Using the Gaussian approximation for the random variable u, the probability

of detection error for large N can be approximated as

1
ri=rfo(5va)}
) (5.31)
1 5 "\ sttt
%_/ . do,

T Jo=0

where we have used the special property of the Q-function as Q(u) = % Oﬂ/ 2 e_ﬁdﬁ
[22]. The integration in the last equation can be easily computed using any nu-
merical integration algorithm. Equation (5.31) provides an approximation for the
probability of detection error of Protocol I over Rayleigh flat-fading channels. Next,

we will consider the performance analysis for Protocol II over Rayleigh flat-fading

channels.
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Protocol II Probability of Detection Error

In this section, we will compute an approximate expression for the probability of
detection error of Protocol II over Rayleigh flat-fading channels.

In Protocol II, each sensor from the subset S will be assigned a relay node to
forward its measurement. In this case, sensor nodes from the subset R are not
used and their resources are assigned to relay nodes. Let £ denote the subset of
relay nodes where |£| = N/2. This enables the definition of the set O of size N/2

such that

O={(i,j): 1 €S8, j €L, node j works as a relay for sensor 7} . (5.32)

Now, we start the probability of detection error analysis at the fusion center.
Define the 2 x 1 received data vector y; ;) = [ys,r, yjr)’ and the mean vector
mg ) = [V Pihg,rm;, VPihirmi)t, (i,5) € O. In Protocol II, the components of

the vector y ; ;) are correlated since the measurement of sensor ¢ will be transmitted

i,J
by relay node j. Therefore, the probability density function of the vector y;

under each hypothesis is given by

Hy : Y ~ N (0’ C(LJ’)) (5 33)
Hy: yig ~N (mg ), Chy),

where

Pilhgrl?0*+ No  Phyrphipo?
C(i,j) == 5 (534)
Pili; phjro?  Pilhjr| 0 + Ny
is the auto-covariance matrix of the vector y(; ;) and is the same under both hy-
potheses. Note that under our data model assumption of having independent

measurements at the sensor nodes the vectors y(; ;) and y @, for (i,7) and (k,1)

€ O, are mutually independent for (7, 5) # (k,1).
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Using the probability of detection error as a performance measure, the optimal

decision rule is the LR test given by

H -1
e—Z@,j)eo(wi,j)—m(i,j)) Cihy (v —me) H=H,

1 (5.35)

N

H 1
e~ Zne0 (i) CanY e

)

=H,
where ()" denotes the Hermitian transpose. Simplifying, we get
H -1 H -1
) (m(,-J)C(,;,j)y(i,j) + Y0y Clogy M ) Z m, Mij)- (5.36)
(4,5)€0O (1,5)€O

The probability of detection error of Protocol II can now be given as

Ra
Pe,IIy - Z (’L] (’L] my;,j)
(4,7)€0O

—plo(L |y Delturlmsl”+ P byl mst
’ (i.5)€0 Ps |h5iF|2 0?4+ Ps |th|202 + Ny

(5.37)

where P, = Ps for all ¢ since i € S.

It is very difficult to get a closed-form expression for P 1 Y in (5.37). Again, we
make the assumption of large sensor network to get an approximate expression for
the probability of detection error in this case. To get that expression, define the

random variable w as

S Ps |hs,r|” [ms|” + Ps [ |* [ms|”

) 5.38
Pslhsip|20'2+P5|th|20'2+N0 ( )

(1,5)€0
which is the summation in the argument of the Q-function in (5.37). The proba-

bility of detection error is now given by

P =@ (3va). (5.39)

The random variable w is the summation of N/2 i.i.d. random variables that

can be approximated for large N to be a Gaussian random variable by applying
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the CLT. To get the approximate expression for the probability of detection error
we need to calculate the mean and the variance of w. The mean m,, of w is given

by

o Z Ps |h,r|” |ms|” + Ps |hip|* |ms|”
w T 2 2
ineo Tslhspl” o + Ps|hjp|" o + Ny (5.40)

N Ps |hg,z|” Ims|® + Ps |hip)? |ms|?
2 P5|hsz.p O'2+P5|th| o2 + Ny

Define h = |hs,p|> and t = |h;p|°. The random variables h and ¢ are independent,

exponential random variables. Hence, m,, can be found as

N [® [®P h4+ P 2¢
e = _/ / slms bt Pslms| 1t v gp gy
2 Ju_oJieo Pso?h+ Pso?t + Ny

N |mg|? Ny, Mo /°° No
= 1— rso” [T (0, dt
202 P502€ ° : b Pgo? ’

=0

(5.41)

where the last integral can be efficiently evaluated using any numerical integration
algorithm.

The variance 62, of the random variable w can be calculated as

2
N (PsrhsiFﬁ\ms|2+Ps|th\2|ms|2>

2 [
510 - E 2 2
2 PS|hsiF‘ 02+P5|th| o2+ N,

(5.42)

2

Py |h. o2 2 polhl? 2

g s| 1F|2|WLS| + S| ;F| |mS| for some (i,j)EO-
Ps |hs;p|" 0 + Ps |hjr|” 0 + Ny

To evaluate the expectations in (5.42), we need to calculate the expectation

PS |hs%.F|2 0'2 -+ PS |hjp‘20'2 + NO

ms|” No \? 2o, N No N,
— 1— Pso? T' _ 2 (5.43)
o2 Pso? € 0, Pgo? Pso? + Pso?

N [0 N,
Pgo? r(o,t¢ dt |.
X ers /0 ( ) + PSO'Z) )
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From (5.41) and (5.43) the value of 62 can be calculated.
Following a similar analysis to the one presented in the previous section, we

can get an approximate expression for the probability of detection error as

Wl

2
1 (&*J%) (5.44)
P [ .
’ T Jo=0

To compare the performances of the two protocols, the values of the approxi-
mate expressions for the probability of detection error given in (5.31) and (5.44)
are used to decide which of the two protocols performs better in terms of P,.

Returning back to the exact error expressions given in (5.22) and (5.37), we

have the following inequality

Ps |hy,p|* |ms|? Ps |hjr|” |ms|® _ Ps|hgp|” [ms|? + Ps|hr|* |ms|”
Ps|her|> 02+ Ny Ps|hjp|>02+ Ny Ps|hsr|’ 02 + Ps|hjr|* 02 + Ny
2 2
Ps |hs,r|” |ms]|
Pg|hsip20'2+N0’
(5.45)
from which we have
N 2 2
1 PS hsi mg
Pre (X p s
2\ i—1 PS‘hle| o —|—N0
1 Ps |ha. p|? 24 Pslhipl? 2
el ™ s | ZFQIWQLSI + Ps | ;F!ZWS! (5.46)
2 (i.7)e0 Pg|h8iF o —I—Pg|h]F| o +N0
1 P |h,. p|? 2
<B{Q |53l sl
2 ics P |hg,r|” 0? + Ny
which means that
P (Img| = |ms|) < PLY < P (mg = 0) . (5.47)

Equation (5.47) tells the story. For the extreme case of having mp = 0, Proto-

col IT results in a better performance if compared to Protocol I. In this case, the
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measurements from sensors that have a zero-mean measurement convey no infor-
mation to the fusion center. Therefore, in this case it is better to use relay nodes,
instead of sensor nodes with zero-mean measurements, to forward information for
the other more-informative sensor nodes. For the other case of having |mg| = |mg|,
the measurements coming from the different sensor nodes are of equal importance
to the fusion sensors. As such, Protocol I performs better than Protocol I as what
can be seen from (5.47). Between these two extremes, and depending on the value
of |mg| and other system parameters, Protocol I may preform better than Protocol

II and vice versa.

5.3 Performance Analysis for Two Special Cases

In this section we present the analysis for Protocol I and Protocol II over wireless
fading channels for two special cases to gain more insights into the problem of
allocating the system resources to a relay node or a sensor node. One case is
having Ny = 0, i.e., no communication noise in the system, and the other case is
having 02 = 0, i.e., no measurement noise. In this section, we will assume that
|ms| > |mg| > 0 (so the system is not operating at any of the extreme cases of

mg = 0 or |mg| = |mg]|).

5.3.1 Case 1: Ny =0

In this case, there exists no communication noise in the system. Following the
analysis presented in the previous sections, we can get the probability of detection

error for Protocol I as

2 2
P (Ng=0)=Q ! E<|m5| +|mR|> , (5.48)
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which is the probability of detection error of the optimal centralized detector that
have access to all of the local measurements at the sensor nodes. For the case of

Ny = 0, the probability of detection error for Protocol II is given by

P (Ng=0)=Q (5.49)

Comparing (5.48) and (5.49) we can easily see that Protocol I performs better
than Protocol II for the case of having Ny = 0. Clearly, in the case of having
Ny = 0, the detector performance at the fusion center is not limited by the com-
munication noise but limited by the measurement noise. In this case, each sensor
node can reliably communicate its measurement to the fusion center. Therefore,
there will be no gain of having some sensors forwarding other sensors measurement.
In this case, it is better for each sensor node to send its measurement to the fusion

center directly, which means that Protocol I is superior to protocol II in this case.

5.3.2 Case 2: ¢d2=0

In this case, we assume that there is no measurement noise at the sensor nodes, i.e.,
0% = 0. Following the analysis presented in the previous section, the probability

of detection error of Protocol I can be proved to be given by

N 2 2
1 Py |hg,p|” [myl
Ra i|[lls; F )
Pe,Iy =E{Q 92 § : N,
\ i=1 0
1 2x— Ps |ha,r|” 2x— Prlhsrl’
=F — —_ —_ 5.50
@2y > S el Y (5.50)
€S 1E€ER
N
1 |2P 9
2\ N, &
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The probability of detection error of Protocol II can be proved to be given by

2

N 2 N
1 Ps |h, r| 1 |2P
phw _ g - 2§ L - F - E:hs.
eI @ | 54/ Imsl £ N @13 N, < osir

(5.51)

Comparing the expressions in (5.50) and (5.51), and under our assumption of
having |mpg| > 0, we can see that both protocols achieve the same performance
when o? = 0. Clearly, in this case power scaling at the sensor nodes of mean mpg
will result in the same transmitted measurement as that of sensor nodes of mean
mg since there is no measurement noise.

For any operating signal power, communication noise variance, and measure-
ment noise variance there will be a tradeoff between the number of measurements
sent to the fusion center and the reliability of the more-informative measurements.
The question is whether to send more measurements from the less-informative sen-
sor nodes or increase the reliability of the more-informative measurements, i.e., is
it better to assign the system resources to a sensor node or a relay node? As clear
from the analysis presented in the previous sections, the answer to that question is
not that clear. The extreme cases considered give more insights into that tradeoff.
The two special cases considered in this section serves that goal of having more
insight to the problem.

For the case of having Ny = 0, there is no communication noise and to send
more measurements to the fusion center is better than increasing the reliability of
the more-informative measurements, since the communication system is already
reliable, hence Protocol I performs better. For the other case of having 02 = 0,
there is no measurement noise in the system. In this case, both protocols will have
the same performance for any |mg| > 0. Between these two special cases, we need

to compare the performances of the two protocols based on the derived expressions
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for the probability of detection error to decide which protocol performs better at

a given system parameters.

5.4 Simulation Results

In this section, we present some simulation results. In all simulations we will
normalize the power at each sensor node to be P = 1 and mg = 1, which is the
mean of the more-informative sensor nodes under hypothesis H;.

We start by simulating a two-sensor network over AWGN channels as presented
in Section 5.2.1. Fig. 5.3 shows the probability of detection error versus P/N, for
the case of having a measurement noise of variance o? = 0.01. From Fig. 5.3,
it is clear that Protocol I always performs better than Protocol II for the case of
having mpr = 1 as explained before. From Fig. 5.3, we can see that Protocol II
is always better than Protocol I for the case of having mg = 0. For any value of
mp that is between 0 and 1, deciding which protocol will perform better depends
on other system parameters such as the measurement noise and communication
noise variances. In Fig. 5.3 and as P/Nj increases we can see that Protocol II
saturates to a probability of detection error level that equals the error level of
Protocol I for the case mr = 0. As P/Nj increases the system performance will be
limited by the measurement noise and hence, having a relay instead of the second
sensor to forward the measurement of the first sensor will not improve the system
performance (in this case, the received signals from the two sensors will be almost
the same and hence, there will no gain for Protocol II over the case of having
mpg = 0). In this case of very high P/Ny, it is better to have the second sensor
sending its measurement to the fusion center instead of using a relay to forward

the measurement of the first sensor.
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Figure 5.3: The probability of detection error versus P/Ny (dB) for a two-sensor

network over AWGN channels for the case of having a measurement noise of vari-

ance o2 = 0.01.

Fig. 5.4 shows the probability of detection error versus P/N, for the case of
having a measurement noise of variance o? = 0.1. Again, we can see that Protocol
I always performs better than Protocol II for the case of having mg = 1 and
Protocol IT always performs better than Protocol I for the case of having mgr = 0.
Also, as P/Ny becomes very large there will no gain for Protocol II over the case
of having mg = 0.

Fig. 5.5 shows the probability of detection error versus P/a? for the case of
having P/Ny = 10 dB. In Fig. 5.5, Protocol II is always better than Protocol I for
the case of having mr = 0 as expected. Also, Protocol I is better than Protocol
IT for the case of having mgr = 1. As P/o? becomes very large the performance
of Protocol II approaches that of Protocol I with mpr = 1. In this case of very
high P/o? the system performance will be limited by the communication noise

rather than the measurement noise. In this case the signal from the relay node will
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Figure 5.4: The probability of detection error versus P/Ny (dB) for a two-sensor

network over AWGN channels for the case of having a measurement noise of vari-

ance 02 = 0.1.

appear as a new measurement with mean equals 1 under hypothesis H; and this
is why the performance of Protocol II approaches the performance of Protocol I
with mgr = 1. Note that As P/o? becomes very large the performance of Protocol
I with any mpgr > 0 approaches the same error value as that of Protocol I with
mpr = 1. The reason for that is because we assume all nodes to have the same
power for transmission. At very high P/o?, scaling the measurement by a factor to
meet the power constraint, and because we have a very low level of measurement
noise, will make the signals transmitted from all of the sensor nodes to be almost
the same. This can be seen from Equation (5.10) by substituting o = 0; we can
see that the contribution of both sensors to the error expression will be the same
independent of the value of mpg.

Next, we consider the simulations for a two-sensor network over wireless fading

channels. Fig. 5.6 shows the probability of detection error versus P/Nj for the
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Figure 5.5: The probability of detection error versus P/c? (dB) for a two-sensor

network over AWGN channels for the case of having a communication signal-to-

noise ratio of variance P/Ny = 10 dB.

case of having a measurement noise of variance 0? = 0.01. From Fig. 5.6, it is
clear that Protocol I always performs better than Protocol II for the case of having
mpr = 1 as explained before. Also, we can see that Protocol II is always better
than Protocol I for the case of having mgr = 0. Fig. 5.7 shows the probability of
detection error versus P/Nj for the case of having a measurement noise of variance
02 = 0.1. The same observations that were made for the case of AWGN channels
can be made here.

Finally, Figs. 5.8 and 5.9 shows the probability of detection error versus P/c?
for the case of having P/Ny = 0 dB and P/Ny = 10 dB, respectively. Again, the
observations that were made for Fig. 5.5 for the case of AWGN channel also applies
for Figs. 5.8 and 5.9. As P/o? tends to infinity, the performance of Protocol II

approaches that of Protocol I with mg = 1 for the same reason as explained for

174



10 %

Probability of Error
=
o

|
IS

=
o

—o— Protocol I, m.=0
—pg— Protocol I, mR:O.l
107°L| —p— Protocol I, mR:O.S
—s7— Protocol |, m_=1
—%— Protocol Il
T

; ;
0 5 10 15 20 25
PIN, (dB)

10

Figure 5.6: The probability of detection error versus P/N, (dB) for a two-sensor
network over wireless fading channels for the case of having a measurement noise

of variance o2 = 0.01.
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Figure 5.7: The probability of detection error versus P/N, (dB) for a two-sensor
network over wireless fading channels for the case of having a measurement noise

of variance 2 = 0.1.
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Figure 5.8: The probability of detection error versus P/c? (dB) for a two-sensor
network over wireless fading channels for the case of having a communication

signal-to-noise ratio of variance P/Ny = 0 dB.

the AWGN channels.
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Figure 5.9: The probability of detection error versus P/o? (dB) for a two-sensor
network over wireless fading channels for the case of having a communication

signal-to-noise ratio of variance P/Ny = 10 dB.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this thesis we have developed and analyzed cooperative communications proto-
cols for wireless networks. Nodes Cooperation as a new communication paradigm
provides a new dimension over which diversity can be exploited to mitigate the
fading nature of wireless channels. We have tried to answer the question of how to
achieve and where to exploit diversity in cooperative networks. More specifically,
we have addressed the following problems.

First, we studied the multi-node amplify-and-forward cooperation protocol. We
considered the performance analysis for a system in which each relay only amplifies
the source signal. We derive an SER bound for the multi-node amplify-and-forward
protocol that proves to be tight at high SNR. Furthermore, by forming an upper-
bound on any amplify-and-forward protocol SER performance, we prove that the
multi-node amplify-and-forward protocol, in which each relay only amplifies the
source signal, achieves this SER upper-bound if the relay node are close to the

source; therefore, if the relays are close to the source they need not to combine
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the signals from the source and the previous relays. Then, we provided the outage
probability analysis of the multi-node amplify-and-forward protocol. Based on the
derived SER and outage probability bounds, we determined the optimal power
allocation between the source and the relays that minimizes the system SER.

Then, the design of distributed space-time codes in wireless relay networks was
considered for different user cooperation schemes, which vary in the processing
performed at the relay nodes. For the decode-and-forward distributed space-time
codes, any space-time code that is designed to achieve full diversity over MIMO
channels can achieve full diversity under the assumption that the relay nodes can
decide whether they have decoded correctly or not. A code that maximizes the
coding gain over MIMO channels is not guaranteed to maximize the coding gain
in the decode-and-forward distributed space-time coding. This is due to the fact
that not all of the relays will always transmit their code columns in the second
phase. Then, the code design criteria for the amplify-and-forward distributed
space-time codes were considered. In this case, a code designed to achieve full
diversity over MIMO channels will also achieve full diversity. Furthermore, a code
that maximizes the coding gain over MIMO channels will also maximize the coding
gain in the amplify-and-forward distributed space-time scheme.

The design of DDSTC for wireless relay networks was investigated. In DDSTC,
the diagonal structure of the code was imposed to simplify the synchronization be-
tween randomly located relay nodes. Synchronization mismatches between the
relay nodes causes inter-symbol interference, which can highly degrade the sys-
tem performance. DDSTC relaxes the stringent synchronization requirement by
allowing only one relay to transmit at any time slot. The code design criterion for

the DDSTC based on minimizing the PEP was derived and the design criterion is
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found to be maximizing the minimum product distance.

Then, the design of distributed space-frequency codes (DSFCs) was consid-
ered for the wireless multipath relay channels. The use of DSFCs can greatly
improve system performance by achieving higher diversity orders by exploiting the
multipath diversity of the channel as well as the cooperative diversity. We have
considered the design of DSFCs with the DAF and AAF cooperation protocols.
For the case of DSFCs with the DAF protocol, we have proposed a two-stage cod-
ing scheme: source node coding and relay nodes coding. We have derived sufficient
conditions for the proposed code structure to achieve full diversity of order NL
where N is the number of relay nodes and L is the number of multipaths per
channel. For the case of DSFCs with the AAF protocol, we have derived sufficient
conditions for the proposed code structure to achieve full diversity of order N L for
the special cases of L =1 and L = 2.

The proposed DSFCs are robust against the synchronization errors caused by
the relays timing mismatches and propagation delays due to the presence of the
cyclic prefix in the OFDM transmission. Also, the proposed DSFCs are robust
against the relays carrier offsets since only one relay is transmitting on any sub-
carrier at any given instance. These properties of the proposed DSFCs greatly
simplifies the system design since it is very difficult to synchronize randomly lo-
cated relay nodes.

After that we addressed the problem of where to exploit diversity for multi-
media transmission. We have studied the performance limit of systems that may
present diversity in the form of source coding, channel coding and user cooperation
diversity and their possible combinations. In the case of source coding, diversity

is introduced through the use of dual-description source encoders. Channel cod-
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ing diversity is obtained from joint decoding of channel coded blocks sent through
different channels. We have considered user cooperation using either the amplify-
and-forward or the decode-and-forward techniques. The presented study focused
on analyzing the achievable performance limits, which was measured in terms of
the distortion exponent. Our results show that for the relay channels, channel
coding diversity provides better performance, followed by source coding diversity.
For the case of having multiple relays, our results show a tradeoff between the
source coding resolution and the number of relay nodes assigned to help the source
node. We note that at low bandwidth it is not the channel outage event, but the
distortion introduced at the source coding stage is the dominant factor limiting
the distortion exponent performance. Therefore, in these cases it is better not to
cooperate and use a lower distortion source encoder. Similarly, we showed that
as the bandwidth expansion factor increases, the distortion exponent improves by
allowing user cooperation. In these cases, the system is said to be an outage lim-
ited system and it is better to cooperate so as to minimize the outage probability
and, consequently, minimize the end-to-end distortion. Depending on the operat-
ing bandwidth expansion factor, we have determined the optimal number of relay
nodes to cooperate with the source node to maximize the distortion exponent.
Finally, we have considered the problem of distributed detection over wireless
fading channels with the deployment of relay nodes. We have considered a sys-
tem model where some sensor nodes convey more information about the state of
nature to the fusion center than some other sensor nodes. We have considered
the performance of two protocols, Protocol I where each sensor directly transmits
its measurement to the fusion center and Protocol II where relay nodes are used

instead of the sensor nodes that are less-informative to the fusion center to for-
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ward the measurements of the other more-informative sensor nodes. We compare
the performances of the two protocols using the probability of detection error as a
performance measure. By comparing the performance of the two protocols, we can
see that a tradeoff exists between the number of measurements sent to the fusion
center and the reliability of the more-informative measurements. Protocol I pro-
vides the fusion center with more measurements and Protocol II has the advantage
of increased reliability of the more-informative measurements. In general, if all of
the sensor measurements are of equal importance then it is always better for each
sensor to send its measurement to the fusion center rather than to use relay nodes.
We have presented some extreme cases when one of the two protocols always per-
forms better than the other protocol. But, for the general case having one protocol
to perform better than the other one will depend on the system parameters such
as the sensor node power, measurement noise variance, and communication noise
variance. By deriving probability of detection error expressions we can compare
the two protocols performance at any system operating parameters to decide which

of the two protocols performs better.

6.2 Future Work

6.2.1 Optimal Rate Allocation for the Fast-Varying Single-

Relay Channel Model

In our work, we have considered block fading channel model where the channel
remains constant during the transmission of one block and varies independently
from block to another. In this case, outage probability can provide a tight ap-

proximation for the block error rate [28]. For the case of fast-varying channel,
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outage probability can not be used as a performance measure anymore. For this
case the question is how to optimally allocate the rate between the source and
the channel encoders. Over single-input single-output (SISO) channels, without
any channel state information at the transmitter, the celebrated separation princi-
ple [24] holds. The separation principle states that the source and channel encoders
can be separately designed without losing the optimality of the encoders. Hence,
we concatenate a source encoder and a channel encoder, which will work on a
rate that is arbitrarily close to but less than the channel capacity. This result is
valid only under the assumption of infinite delay and infinite complexity at the
receiver. Several works have considered the design of source and channel encoders
under practical assumptions of finite block length finite delay and limited receiver
complexities assumptions [83], [84]. These works have considered optimal rate
allocation between separate source and channel encoders over binary symmetric
channels (BSC) and Gaussian channels

The problem can be formulated as follows. Assuming that we have a fixed rate
r = R,- R., where R, is the source encoder rate and R, is the channel encoder rate.
For the case of a source with 0-mean and variance 1, the end-to-end distortion, in

terms of mean square error, can be given as
Dend—to—ena =1 - Pr (channel error at rate R,)
+ (source distortion for rate Rj) - Pr(no channel error at rate R.).
(6.1)

Note that (6.1) implicitly assumes that in the case of an outage the missing source
data is concealed by replacing the missing source samples with their expected value
(equal to zero) and we assume unit variance source (i.e., the source distortion under

outage event equals 1). The objective is to minimize the end-to-end distortion
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subject to a fixed rate constraint, that is

}Izni}gl Dend—to—end subject to R.-R,=r. (6.2)

6.2.2 Relay Deployment for Distributed Detection in Sen-

sor Networks with Correlated Measurements

In our work, we have considered the problem of relay nodes deployment in sensor
networks under the assumption of having independent measurements at the sensor
nodes. Another question to answer is how to deploy relay nodes in a sensor network
if the measurements from the different sensor nodes are correlated. A new factor
will come to the picture which is the measurements correlation model. In this
case, how the correlation model can affect the relay nodes deployment and how to

efficiently deploy the relay nodes are questions to be answered.
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