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Abstract—The multi-path effect makes high speed broadband
communications a very challenging task due to the severe inter-
symbol interference (ISI). By concentrating energy in both the
spatial and temporal domains, time-reversal (TR) transmission
technique provides a great potential of low-complexity energy-
efficient communications. In this paper, a novel concept of time-
reversal division multiple access (TRDMA) is proposed as a
wireless channel access method based on its high-resolution
spatial focusing effect. It is proposed to use TR structure in
multi-user downlink systems over multi-path channels, where
signals of different users are separated solely by TRDMA. Both
the single-transmit-antenna scheme and its enhanced version
with multiple transmit antennas are developed and evaluated
in this paper. The system performance is investigated in terms
of its effective signal-to-interference-plus-noise ratio (SINR), the
achievable sum rate and the achievable rates with outage.
And some further discussions regarding its advantage over
conventional rake receivers and the impact of spatial correlations
between users are given at the end of this paper. It is shown in
both analytical and simulation results that desirable properties
and satisfying performances can be achieved in the proposed
TRDMA multi-user downlink system, which makes TRDMA a
promising candidate for future energy-efficient low-complexity
broadband wireless communications.

Index Terms—Time Reversal, temporal focusing, spatial focus-
ing, TRDMA.

I. INTRODUCTION

THE past decade has witnessed an unprecedent increase of
demand for high speed wireless services, which neces-

sitates the need for future broadband communications. When
it comes to broadband, the resolution of perceiving multiple
paths increases accordingly. In a rich scattering environment,
the adverse multi-path effect makes conventional high-speed
communications a very challenging task due to the severe
inter-symbol interference (ISI). To resolve this problem, multi-
carrier modulation (e.g. OFDM) and/or complicated equaliza-
tion are needed [1]–[4] at the receiver to alleviate the ISI.
Although the performance is well satisfactory, it often results
in a prohibitively high complexity for end-user equipments
and wireless terminals in many applications.
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On the other hand, time-reversal (TR) signal transmission
technique can provide a great potential of low-complexity
energy-efficient communications[5], which can make full use
of the nature of multi-path environments. The history of
research on time-reversal transmission technology dates back
to early 1990’s[6]–[10]; however, not much development and
interest went beyond the acoustics and ultrasound domains
at that time. As found in acoustic physics [6]–[10] and
then further validated in practical underwater propagation
environments[11]–[13], the energy of the TR acoustic waves
from transmitters could be refocused only at the intended
location with very high spatial resolution (several-wavelength
level). Since TR can make full use of multi-path propagation
and also requires no complicated channel processing and
equalization, it was later verified and tested in wireless radio
communication systems, especially in Ultra-wideband (UWB)
systems[14]–[18].

The single-user TR wireless communications consist of two
phases: the recording phase and the transmission phase. When
transceiver A wants to transmit information to transceiver B,
transceiver B first sends an impulse that propagates through a
scattering multi-path environment and the multi-path signals
are received and recorded by transceiver A; then, transceiver
A simply transmits the time-reversed (and conjugated) waves
back through the communication link to transceiver B. By
utilizing channel reciprocity[19], the TR waves can retrace
the incoming paths, ending up with a “spiky” signal-power
spatial distribution focused only at the intended location, as
commonly referred to as spatial focusing effect[5][17]. Also,
from a signal processing point of view, in single-user commu-
nications, TR essentially leverages the multi-path channel as a
facilitating matched filter computing machine for the intended
receiver, and concentrates the signal energy in the time domain
as well, as commonly referred to as temporal focusing effect.
It is worth noting that when the channel coherent time is not
very small, the transmission phase of a duty cycle can include
multiple transmissions of signals without requiring probing
the channel before each transmission, which can reasonably
maintain the bandwidth efficiency. It is typically the case when
TR is used, and was verified by real-life experiments in [5].

In the single-user case, the temporal and spatial focusing
effects have been shown to greatly simplify the receiver[14]–
[18], [23], [24], and reduce power consumption and interfer-
ence while maintaining the quality of service (QoS)[5]. In
this paper, we consider a multi-user downlink system over
multi-path channels, and propose a concept of time-reversal
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division multiple access (TRDMA) as a wireless channel
access method by taking advantage of the high-resolution
spatial focusing effect of time-reversal structure. In principle,
the mechanisms of reflection, diffraction and scattering in
wireless medium give rise to the uniqueness and independence
of the multi-path propagation profile of each communication
link[19], which are exploited to provide spatial selectivity in
spatial division multiple access (SDMA) schemes. Compared
with conventional antenna-array based beamforming SDMA
schemes, time-reversal technique makes full use of a large
number of multi-paths and in essence treats each path as a
virtual antenna that naturally exists and is widely distributed
in environments.

Thus, with even just one single transmit antenna, time
reversal can potentially achieve a very high diversity gain
and high-resolution “pin-point” spatial focusing. The high-
resolution spatial focusing effect maps the natural multi-path
propagation profile into a unique location-specific signature
for each link, as an analogy to the artificial “orthogonal ran-
dom code” in a code-division system. The proposed TRDMA
scheme exploits the uniqueness and independence of location-
specific signatures in multi-path environment, providing a
novel low-cost energy-efficient solution for SDMA. Better
yet, the TRDMA scheme accomplishes much higher spatial-
resolution focusing/selectivity and time-domain signal-energy
compression at once, without requiring further equalization at
the receiver as the antenna-array based beamforming does.

The potential and feasibility of applying time reversal to
multi-user UWB communications were validated by some
real-life antenna-and-propagation experiments in[5], [20]–
[22], in which the signal transmit power reduction and inter-
user interference alleviation as a result of spatial focus-
ing effect were tested and justified for one simplified one-
shot transmission over deterministic multi-path ultra-wideband
channels. The idea of TRDMA proposed in this paper was
further supported by several important recent works [23]–[25].
[23] introduced a TR-based single-user spatial multiplexing
scheme for SIMO UWB system, in which multiple data
streams are transmitted through one transmit antenna and
received by a multi-antenna receiver. Solid simulation results
regarding bit-error-ratio (BER) demonstrate the feasibility of
applying TR to spatially multiplex data streams. Following
[23], [24] took into account the spatial correlation between
antennas of the single receiver and numerically investigated
through computer simulation its impact to BER performance.
Based on [23] and [24], [25] tackled a multiuser UWB
scenario with a focus on the impact of channel correlation
to the BER performance through simulation. However, there
is not much theoretical characterization or proof about system
performances found in any of these papers. Furthermore, most
of these literatures focus only on BER performances, without
looking at the spectral efficiency which is one of the main
design purposes for any spatial multiplexing scheme. There
is still a lack of system-level theoretical investigation and
comprehensive performance analysis of a TR-based multi-
user communications system in the literature. Motivated by
the high-resolution spatial focusing potential of the time-
reversal structure, existing experimental measurements and
supporting literatures, several major developments have been

proposed and considered in the proposed TRDMA multi-user
communications system. Specifically:

• We propose the concept of TRDMA as a novel multi-user
downlink solution for wireless multi-path environments,
and developed a theoretical analysis framework for the
proposed scheme.

• We consider a multi-user broadband communication sys-
tem over multi-path Rayleigh fading channels, in which
the signals of multiple users are separated solely by
TRDMA.

• We define and evaluate a number of system performance
metrics, including the effective SINR at each user, achiev-
able sum rate, and achievable rate with ε−outage.

• We further investigate the achievable rate region for a
simplified two-user case, from which one can see the
advantages of TRDMA over its counterpart techniques,
due to TR’s spatial focusing effect.

• We incorporate and examine quantitatively the impact of
spatial correlation of users to system performances for the
SISO case to gain more comprehensive understanding of
TRDMA.

The rest of this paper is organized as follows. In Section II,
we introduce the channel model and the proposed TRDMA
multi-user downlink systems with both a single transmit
antenna and multiple antennas. Then, we analyze the effective
SINR in Section III. In Section IV, both achievable sum rate
and ε−outage rate are evaluated. Also in Section IV, a two-
user case achievable rate region is characterized and compared
with the rake-receiver counterparts. In Section V, the impact of
spatial correlation between users is investigated and discussed.
Finally, conclusions are drawn in Section VI.

II. SYSTEM MODEL

In this section, we introduce the channel and system model
and the proposed TRDMA schemes. We begin with the
assumptions and formulations of the channel model. Then, we
describe the two phases of the basic TRDMA scheme with a
single transmit antenna. Finally, we extend the basic single-
input-single-output (SISO) scheme to an enhanced multiple-
input-single-output (MISO) TRDMA scheme with multiple
transmit antennas at the base station (BS).

A. Channel Model

In this paper, we consider a multi-user downlink network
over multi-path Rayleigh fading channels. We first look at
a SISO case where the base station (BS) and all users are
equipped with a single antenna. The channel impulse response
(CIR) of the communication link between the BS and the i-th
user is modeled as

hi[k] =

L−1∑
l=0

hi,lδ[k − l], (1)

where hi[k] is the k-th tap of the CIR with length L, and
δ[·] is the Dirac delta function. For each link, we assume that
hi[k]’s are independent circular symmetric complex Gaussian
(CSCG) random variables with zero mean and variance

E[|hi[k]|2] = e
−kTS

σT , 0 � k � L− 1 (2)
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Fig. 1. The diagram of SISO TRDMA multiuser downlink system.

where TS is the sampling period of this system such that
1/TS equals the system bandwidth B, and σT is the root
mean square (rms) delay spread[3] of the channel. Due to the
two-phase nature of TR structure, we assume that channels
are reciprocal, ergodic and blockwise-constant with their tap
values remaining fixed during at least one duty cycle. Each
duty cycle consists of the recording phase and the transmission
phase, which occupy the proportions of (1 − η) and η of the
cycle period, with η ∈ (0, 1) depending on how fast channels
vary over time.

We first assume that the CIRs associated with different users
are uncorrelated. While realistic CIRs might not be perfectly
uncorrelated, this assumption greatly simplifies the analysis
while capturing the essential idea of TRDMA. Moreover, real-
life experimental results in [5], [17] show that in a rich-
scattering environment the correlation between CIRs associ-
ated with different locations decreases to a neglectable level
when two locations are even just several wave-lengths apart.
A further discussion on the impact of the channel correlation
between users to the system performance will be addressed in
Section V.

B. Phase 1: Recording Phase

The block diagram of a SISO TRDMA downlink system
is shown in Fig. 1, in which there are N users receiving sta-
tistically independent messages {X1(k), X2(k), · · · , XN (k)}
from the BS, respectively. The time-reversal mirror (TRM)
shown in the diagram is a device that can record and
time-reverse (and conjugate if complex-valued) the received
waveform, which will be used to modulate the time-reversed
waveform with input signal by convolving them together in
the following transmission phase.

During the recoding phase, the N intended users first take
turns to transmit an impulse signal to the BS (ideally it can
be a Dirac δ−function, but in practice a modified raise-cosine
signal can be a good candidate for limited bandwidth for
this purpose[5]). Meanwhile, the TRMs at the BS record the
channel response of each link and store the time-reversed
and conjugated version of each channel response for the
transmission phase. For simplicity of analytical derivation, we
assume in our analysis that the waveform recorded by TRM
reflects the true CIR, ignoring the small corruption caused by
thermal noise and quantization noise. Such a simplification
was justified and based on the following facts shown in
literatures of time reversal:

• The thermal noise (typically modeled as additive white
Gaussian noise (AWGN)) can be effectively reduced to a

desired level by averaging multiple recorded noisy sam-
ples of the same CIR’s, provided that channels are slow-
varying, as shown in the real-life experiments [5]. This
would increase the portion (1−η) of the recording phase
in the entire duty cycle, leading to a increased channel
probing overhead; but the structure of the analysis for the
proposed system is not altered.

• The effect of quantization was studied by [26]. It was
shown that a nine-bit quantization can be treated as
nearly perfect for most applications; and even with one-
bit quantization, the TR system can work reasonably well,
demonstrating the robustness of the TR-based transmis-
sion technique.

C. Phase 2: Transmission Phase

After the channel recording phase, the system starts its
transmission phase. At the BS, each of {X1, X2, · · · , XN}
represents a sequence of information symbols that are indepen-
dent complex random variables with zero mean and variance
of θ. In other words, we assume that for each i from 1 to
N , Xi[k] and Xi[l] are independent when k �= l. As we
mentioned earlier, any two sequences of {X1, X2, · · · , XN}
are also independent in our model. We introduce the rate back-
off factor D as the ratio of the sampling rate to the baud rate,
by performing up-sampling and down-sampling with a factor
D at the BS and receivers as shown in Fig. 1. Such a notion of
back-off factor facilitates simple rate conversion in the analysis
of a TR system.

These sequences are first up-sampled by a factor of D at
the BS, and the i-th up-sampled sequence can be expressed
as

X
[D]
i [k] =

{
Xi[k/D], if k mod D = 0,

0, if k mod D �= 0.
(3)

Then the up-sampled sequences are fed into the bank of TRMs
{g1, g2, · · · , gN}, where the output of the i-th TRM gi is the

convolution of the i-th up-sampled sequence
{
X

[D]
i [k]

}
and

the TR waveform {gi[k]} as shown in Fig. 1, with

gi[k] = h∗
i [L− 1− k]

/√√√√E

[
L−1∑
l=0

|hi[l]|2
]
, (4)

which is the normalized (by the average channel gain) complex
conjugate of time-reversed {hi[k]}. After that, all the outputs
of TRM bank are added together, and then the combined signal
{S[k]} is transmitted into wireless channels with

S[k] =
N∑
i=1

(
X

[D]
i ∗ gi

)
[k]. (5)

In essence, by convolving the information symbol sequences
with TR waveforms, TRM provides a mechanism of embed-
ding the unique location-specific signature associated with
each communication link into the transmitted signal for the
intended user.

The signal received at user i is represented as follows

Y
[D]
i [k] =

N∑
j=1

(
X

[D]
j ∗ gj ∗ hi

)
[k] + ñi[k], (6)
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Fig. 2. The diagram of MISO TRDMA multiuser downlink system.

which is the convolution of the transmitted signal {S[k]}
and the CIR {hi[k]}, plus an additive white Gaussian noise
sequence {ñi[k]} with zero mean and variance σ2.

Thanks to the temporal focusing effect, the signal energy is
concentrated in a single time sample. The i-th receiver (user i)
simply performs a one-tap gain adjustment ai to the received
signal to recover the signal and then down-samples it with
the same factor D, ending up with Yi[k] given as follows (for
notational simplicity, L− 1 is assumed to be a multiple of D)

Yi[k] = ai

N∑
j=1

(2L−2)/D∑
l=0

(hi ∗ gj)[Dl]Xj [k − l] + aini[k], (7)

where

(hi ∗gj)[k] =
L−1∑
l=0

hi[l]gj [k− l] =

L−1∑
l=0

hi[l]h
∗
j [L− 1− k + l]√

E

[
L−1∑
l=0

|hj [l]|2
] (8)

with k = 0, 1, · · · , 2L − 2, and ni[k] = ñi[Dk], which is
AWGN with zero mean and variance σ2.

D. TRDMA with multiple transmit antennas

In this part, we generalize the basic TRDMA scheme into an
enhanced version with multiple transmit antennas. To maintain
low complexity at receivers, we consider a MISO case where
the transmitting BS is equipped with MT antennas together
with multiple single-antenna users.

Let h(m)
i [k] denote the k-th tap of the CIR for the commu-

nication link between user i and the m-th antenna of the BS,
and we assume it is a circular symmetric complex Gaussian
random variable with zero mean and a variance

E[|h(m)
i [k]|2] = e

− kTS
σT . (9)

In alignment with the basic SISO case, we also assume that
paths associated with different antennas are uncorrelated, i.e.
h
(m)
i [k] and h

(w)
j [l] are uncorrelated for ∀ i, j ∈ {1, 2, · · · , N}

and ∀ k, l ∈ {0, 1, · · · , L − 1} when m �= w, where m,w ∈
{1, 2, · · · ,MT } are the indices of the m-th and w-th antennas
at the BS.

For the MISO TRDMA scheme, each antenna at the BS
plays a role similar to the single-antenna BS in the basic
scheme. The block diagram for the MISO TRDMA is shown
in Fig. 2. The TR waveform {g(m)

i [k]} is the normalized (by

the average total energy of MISO channels) complex conjugate
of time-reversed {h(m)

i [k]}, i.e.

g
(m)
i [k] = h

(m)∗
i [L− 1− k]

/√√√√E

[
MT

L−1∑
l=0

|h(m)
i [l]|2

]
. (10)

As a result, the average total transmit power at the BS is

P =
N × θ

D
, (11)

which does not depend on the number of the transmit antennas
MT .

The resulting received signal at user i can be similarly
represented as

Yi[k] =
N∑

j=1

MT∑
m=1

2L−2
D∑

l=0

(
h
(m)
i ∗ g(m)

j

)
[Dl]Xj [k − l] + n[k], (12)

where n[k] is additive white Gaussian noise with zero mean
and variance σ2.

Hereafter, we define a modified received signal-to-noise
ratio (SNR) ρ for the

ρ =
P

σ2
E

[
L−1∑
l=0

|h(m)
i [l]|2

]
=

P

σ2

1− e
−LTS

σT

1− e
− TS

σT

, (13)

to rule out the potential multi-path gain in the system model
in the following performance evaluations.

In the following sections, we evaluate the system per-
formance of the proposed system in terms of the effective
SINR, the achievable sum rate, and the achievable rates with
ε−outage.

III. EFFECTIVE SINR

In this section, we evaluate the effective SINR of the
proposed system. Since the basic SISO scheme is just a special
case with MT = 1, we analyze the general MISO case with
MT as a parameter in this section.

Note that for
{
(h

(m)
i ∗ g(m)

j )[k]
}

in (12), when k = L− 1

and j = i, it corresponds to the maximum-power central peak
of the autocorrelation function, i.e.

(h
(m)
i ∗g(m)

i )[L−1]=

L−1∑
l=0

|h(m)
i [l]|2

/√√√√E

[
MT

L−1∑
l=0

|h(m)
i [l]|2

]
. (14)

Subject to the constraint of one-tap receivers, the i-th receiver
is designed to estimate Xi[k − L−1

D ] solely based on the
observation of Yi[k]. Then, the remaining components of Yi

can be further categorized into inter-symbol interference (ISI),
inter-user interference (IUI) and noise, as shown below:

Yi[k] = ai

MT∑
m=1

(h
(m)
i ∗ g(m)

i )[L− 1]Xi[k − L− 1

D
] (Signal)

+ ai

(2L−2)/D∑
l=0

l �=(L−1)/D

MT∑
m=1

(h
(m)
i ∗ g(m)

i )[Dl]Xi[k − l] (ISI)

+ ai

N∑
j=1

j �=i

(2L−2)/D∑
l=0

MT∑
m=1

(h
(m)
i ∗ g(m)

j )[Dl]Xj [k − l] (IUI)

+ aini[k]. (Noise)
(15)
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Note that the one-tap gain ai does not affect the effective
SINR, we consider it as ai = 1 in the subsequent analysis,
without loss of generality.

Given a specific realization of the random CIRs, from (15),
one can calculate the signal power PSig(i) as

PSig(i) = EX

⎡⎣∣∣∣∣∣
MT∑
m=1

(hi ∗ gi)[L− 1]Xi[k − L− 1

D
]

∣∣∣∣∣
2
⎤⎦ (16)

= θ

∣∣∣∣∣
MT∑
m=1

(
h
(m)
i ∗ g(m)

i

)
[L− 1]

∣∣∣∣∣
2

,

where EX [·] represents the expectation over X. Accordingly,
the powers associated with ISI and IUI can be derived as

PISI(i) = θ

2L−2
D∑

l=0

l �=L−1
D

∣∣∣∣∣
MT∑
m=1

(
h
(m)
i ∗ g(m)

i

)
[Dl]

∣∣∣∣∣
2

, (17)

PIUI(i) = θ

N∑
j=1

j �=i

2L−2
D∑
l=0

∣∣∣∣∣
MT∑
m=1

(
h
(m)
i ∗ g(m)

j

)
[Dl]

∣∣∣∣∣
2

. (18)

When there exists interference, the SINR is almost always
a crucial performance metric used to measure the extent to
which a signal is corrupted. It is especially the case for a
media-access scheme, where interference management is one
of the main design objectives. In this part, we investigate the
effective SINR at each user in this multi-user network.

We define the average effective SINR at user i SINRavg(i)
as the ratio of the average signal power to the average
interference-and-noise power, i.e.,

SINRavg(i) =
E [PSig(i)]

E [PISI(i)] + E [PIUI(i)] + σ2
, (19)

where each term has been specified in (16), (17) and (18). Note
that such defined effective SINR in (19) bears difference with
the quantity E

[
PSig(i)

PISI(i)+PIUI (i)+σ2

]
in general. The former

can be treated as an approximation of the latter quantity. Such
an approximation is especially useful when the calculation of
the average SINR using multiple integration is too complex, as
is the case in this paper and literatures such as [18], [28], [29].
The performance of this approximation will be demonstrated
in the numerical results shown in Figures 3, 4 and 5.

Theorem 1. For the independent multi-path Rayleigh fading
channels given in Section II, the expected value of each term
for the average effective SINR (19) at user i can be obtained
as shown in (20), (21), and (22).

Proof: Based on the channel model presented in Section
II, the second and fourth moments of h(m)

i [k] are given by[36]

E
[
|h(m)

i [k]|2
]
= e

−kTS
σT , (23)

E
[
|h(m)

i [k]|4
]
= 2

(
E
[
|h(m)

i [k]|2
])2

= 2e
− 2kTS

σT . (24)

Based on (23) and (24), after some basic mathematical deriva-
tions, we obtain the following expected values for ∀i ∈
{1, 2, · · · , N} in (25), (26), and (27).

Therefore, according to (16-18), (20-22) are obtained as
shown in Theorem 1.

From Theorem 1, one can see that the average interference
powers (i.e. ISI and IUI) in (26) and (27) do not depend on
MT , while the signal power level in (25) increases linearly
with the number of antennas, which is due to an enhanced
focusing capability with multiple transmit antennas leveraging
the multi-paths in the environment. The enhanced focusing
effects monotonically improve the effective SINR. Another
interesting observation is that a larger back-off factor D yields
higher reception quality of each symbol, which is especially
effective in the high SINR regime where interference power
dominates the noise power. The asymptotic behavior of the
SINR in the high SNR regime with varying D is given by the
following theorem.

Theorem 2. In the high SNR regime, when D is small
such that D � L and D � σT /TS, doubling D leads to
approximately a 3dB gain in the average effective SINR.

Proof: First note that the signal power does not depend
on D and that the noise is negligible in the high SINR regime.
Thus, we can focus on the interference powers.
• For Inter-Symbol Interference (ISI):

E [PISI(i,D = d)]

E [PISI(i,D = 2d)]
=

(
1 + e

− dTS
σT

)(
1− e

− (L−2+d)TS
σT

)
(
1− e

− (L−2+2d)TS
σT

) (28)

Since D � L, then

(
1−e

− (L−2+d)TS
σT

)
(
1−e

− (L−2+2d)TS
σT

) ≈ 1; and since D �

σT

TS
, then e

−dTS
σT ≈ 1. Therefore,

E [PISI(i,D = d)]

E [PISI(i,D = 2d)]
≈ 2.

• For Inter-User Interference (IUI):
E [PIUI(i,D = d)]

E [PIUI(i,D = 2d)]
=

(
1 + e

− dTS
σT

)
× (29)(

1 + e
− dTS

σT

)(
1 + e

− 2LTS
σT

)
− 2e

− (L+1)TS
σT

(
1 + e

− (d−2)TS
σT

)
(
1 + e

− 2dTS
σT

)(
1 + e

− 2LTS
σT

)
− 2e

− (L+1)TS
σT

(
1 + e

− (2d−2)TS
σT

) .

For similar reasons,

E [PIUI(i,D = d)]

E [PIUI(i,D = 2d)]
≈ 2.

Next, we present some numerical evaluation of the average
effective SINR. In this paper, we mainly consider the broad-
band systems with frequency bandwidth that typically ranges
from hundreds MHz to several GHz, which is much wider that
those narrow-band systems specified in 3GPP/3GPP2. In the
rich scattering environment, the underlying paths are so many
that the number of perceived multiple paths increases quickly
with the system bandwidth. For a system with bandwidth B,
the minimum resolvable time-difference between two paths
is TS = 1/B[4]. Keeping this in mind, we first choose
L = 257 and σT = 128TS from a typical range, and
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E [PSig(i)] = θ
1 + e

−LTS
σT

1 + e
− TS

σT

+ θMT
1− e

−LTS
σT

1− e
− TS

σT

; (20)

E [PISI(i)] = 2θ

e
− TS

σT

(
1− e

− (L−2+D)TS
σT

)
(
1− e

−DTS
σT

)(
1 + e

− TS
σT

) ; (21)

E [PIUI(i)] = θ(N − 1)

(
1 + e

−DTS
σT

)(
1 + e

− 2LTS
σT

)
− 2e

− (L+1)TS
σT

(
1 + e

− (D−2)TS
σT

)
(
1− e

−DTS
σT

)(
1 + e

− TS
σT

)(
1− e

−LTS
σT

) . (22)

E

⎡⎣∣∣∣∣∣
MT∑
m=1

(
h
(m)
i ∗ g(m)

i

)
[L− 1]

∣∣∣∣∣
2
⎤⎦ =

1 + e
−LTS

σT

1 + e
− TS

σT

+MT
1− e

−LTS
σT

1− e
− TS

σT

; (25)

E

⎡⎢⎢⎢⎣
2L−2

D∑
l=0

l �=L−1
D

∣∣∣∣∣
MT∑
m=1

(
h
(m)
i ∗ g(m)

i

)
[Dl]

∣∣∣∣∣
2

⎤⎥⎥⎥⎦ = 2

e
− TS

σT

(
1− e

− (L−2+D)TS
σT

)
(
1− e

−DTS
σT

)(
1 + e

− TS
σT

) , (26)

E

⎡⎢⎣ N∑
j=1
j �=i

2L−2
D∑

l=0

∣∣∣∣∣
MT∑
m=1

(
h
(m)
j ∗ g(m)

i

)
[Dl]

∣∣∣∣∣
2
⎤⎥⎦ = (N − 1)

(
1 + e

−DTS
σT

)(
1 + e

− 2LTS
σT

)
− 2e

− (L+1)TS
σT

(
1 + e

− (D−2)TS
σT

)
(
1− e

−DTS
σT

)(
1 + e

− TS
σT

)(
1− e

−LTS
σT

) . (27)
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Fig. 3. The impact of the number of antennas when D = 8, N = 5.

evaluate the average effective SINR versus ρ under various
system configurations in terms of N (the number of users),
MT (the number of antennas) and D (the rate back-off
factor). In Fig. 3, Fig. 4 and Fig. 5, with L = 257 and
σT = 128TS, the solid curves are obtained according to the
analytical results given by Theorem 1, and the dashed curves
are collected from simulation which numerically computes
E
[

PSig(i)
PISI (i)+PIUI(i)+σ2

]
. One can see that the results shown

in Theorem 1 approximate well the empirical means obtained
by simulation, which demonstrates the effectiveness of the
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Fig. 4. The impact of the rate back-off factor when N = 5, MT = 4.

definition of effective SINR in the system of interest in this
paper.

Fig. 3 is plotted with D = 8 and N = 5, demonstrating the
impact of the number of antennas MT to the effective SINR.
From Fig. 3, one can see that approximately a 3dB gain is
attained as MT is doubled within a reasonable range. The
impact of the rate back-off to the effective SINR is shown
with N = 5, MT = 4 in Fig. 4. Both analytical formulas
and simulation results show that a lager D can reduce ISI
and IUI while maintaining the signal power. In the high SNR
regime where interference powers dominates the noise power,
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approximately a 3dB gain in effective SINR can be seen when
D is doubled in Fig. 4, as predicted in Theorem 2. In Fig.
5, we investigate the impact of the number of users with
D = 8, MT = 4. Due to the existence of IUI, increasing the
number of co-existing users will result in higher interference
between users. That implies a tradeoff between the network
capacity (in terms of number of serviced users) and signal
reception quality at each user, as indicated in Fig. 5.

Furthermore, to demonstrate the usefulness and practical
importance of TRDMA, we apply the proposed scheme to
more practical channel models, the IEEE 802.15.4a outdoor
non-line-of-sight (NLOS) channels, operating over bandwidth
of B = 500 MHz (TS = 2 ns and the typical channel length
L ∼ 80 to 150 taps) and B = 1 GHz (TS = 1 ns and the
typical channel length L ∼ 200 to 300 taps) , respectively. Fig.
6 shows the performances of the proposed TRDMA scheme
over the two aforementioned more practical channel models

with MT = 4. Such two practical channel models have
comparable system bandwidth and channel lengths with the
systems which TRDMA is designed for. From Fig. 6, one can
see that the performances for the practical channel models well
preserve the system performances obtained for our theoretical
model, especially in high SNR regime. Note that in Fig. 6, we
set D = 4 and 8 for the channels with TS = 2 ns and TS = 1
ns, respectively, to ensure that their baud rates (i.e. B/D)
are the same for a fair comparison of the two. As seen from
this comparison, a channel’s multi-path richness (or higher
resolution of perceiving multiple paths) due to the broader
system bandwidth, gives rise to better user-separation in the
proposed TRDMA scheme, which in essence increases the
degree of freedom of the location-specific signatures.

IV. ACHIEVABLE RATES

In this section, we evaluate the proposed TRDMA in terms
of achievable rates. We first look at its achievable sum rate.
Then, two types of achievable rates with ε-outage are defined
and analyzed. Finally, we derive the two-user achievable rate
region of the TR structure and compare it with its rake-receiver
counterparts.

A. Achievable sum rate

The achievable sum rate can be used as an important metric
of the efficiency of a wireless downlink scheme, which mea-
sures the total amount of information that can be effectively
delivered given the total transmit power constraint P.

When the total transmit power is P, the variance of each
symbol is limited to θ = PD/N, according to the simple
conversion shown in (11). For any instantaneous realization
of the random channels that we modeled in Section II, one
could obtain its corresponding instantaneous effective SINR
of user i with symbol variance θ using the following equation

SINR(i, θ) � PSig(i)

PISI(i) + PIUI(i) + σ2
, (30)

where each term is specified in (16), (17) and (18).
Then, under the total power constraint P, the instantaneous

achievable rate of user i can be calculated as

R(i) = η
TS×B×D

log2 (1 + SINR(i, PD/N))

= η
D
log2 (1 + SINR(i, PD/N)) (bps/Hz),

(31)

where η serves as a discount factor that describe the proportion
of the transmission phase in the entire duty cycle. We normal-
ize the sum rate with bandwidth B = 1/TS, presenting the
information rate achieved per unit bandwidth (often referred
to as spectral efficiency). It is also worth noting that in (31),
the quantity is divided by D, because of the consequence of
rate back-off.

Accordingly, the instantaneous achievable sum rate can be
obtained as

R =

N∑
i=1

R(i) =
η

D

N∑
i=1

log2 (1 + SINR(i, PD/N)) . (32)

Averaging (32) over all realizations of the random ergodic
channels, the expected value of the instantaneous achievable
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Fig. 7. The normalized achievable sum rate versus ρ.

sum rate is a good reference of the long-term performance
and can be calculated by

Ravg = E

[
η

D

N∑
i=1

log2 (1 + SINR(i, PD/N))

]
. (33)

In the following part of this section, without loss of gen-
erality, we use η ≈ 1, ignoring the overhead caused by the
recording phase in each duty cycle, which is valid when the
fading channels are not varying very fast.

The numerical evaluation of the average achievable sum
rate is shown with the CIR length L = 257 and delay spread
σT = 128TS in the system model. We plot this average achiev-
able sum rate (setting η = 1) in Fig. 7 with different system
configurations. To show how well the scheme performs in
more realistic environments, we also include a comparison of
the achievable-sum-rate performances for the channel model
(with L = 257, σT = 128TS, and MT = 4) introduced in
Section II and the IEEE802.15.4a Outdoor NLOS channel
model (with B = 1 GHz, TS = 1 ns, MT = 4) in Fig.
8.

From Fig. 7, one can see that the sum rate increases mono-
tonically with MT , as a result of improved SINRs achieved
by enhanced spatial focusing. From Fig. 8, one can see that
the IEEE802.15.4a channel model with comparable channel
length (L ∼ 200 to 300 taps) well preserves the achievable
sum rates of the theoretical channel model introduced in
Section II, especially in high SNR regime. This demonstrates
the effectiveness of TRDMA when applied to more practical
channels. From both Fig. 7 and Fig. 8, one can see that a larger
N gives rise to a larger achievable sum rate, and a larger D
discounts the achievable sum rate. The mechanisms of how D
and N affect the sum rate are summarized as follows:

• A larger N increases the concurrent data streams (or mul-
tiplexing order), while degrades the individual achievable
rate of each user due to stronger interference among
users. The SINR degradation is inside the logarithm
function in (32), but the multiplexing order multiplies
logarithm function, yielding a higher sum rate when N
is larger.
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Fig. 8. The normalized achievable sum rate for IEEE 802.15.4a outdoor
NLOS channel models.

• On the other hand, a larger D improves the reception
quality of each symbol as a result of reduced ISI, but
it lowers the symbol rate of the transmitter. For similar
reasons, the improvement of SINR inside the logarithm
function cannot compensate the loss of lowering symbol
rate.

Thus, a choice of the pair (D,N) can reveal a fundamental
engineering tradeoff between the signal quality at each user
and the sum rate of this network.

B. Achievable Rate with ε-outage

In this part, we look at the achievable rate with ε-outage
of the TRDMA-based multi-user network. The concept of ε-
outage rate[4], [30] allows bits sent over random channels to
be decoded with some probability of errors no larger than ε,
namely the outage probability. Such a concept well applies
to slow-varying channels, where the instantaneous achievable
rate remains constant over a large number of transmissions,
as is typically the case when the TR-structure is applied.

We first define two types of outage events in the TRDMA-
based downlink network, and then characterize the outage
probability of each type.

Definition 1. (Outage of type I (individual rate outage)) We
say outage of type I occurs at user i if the achievable rate of
user i, as a random variable, is less than a given transmission
rate R, i.e. the outage event of type I can be formulated
as
{

1
D log2(1 + SINR(i, θ)) < R

}
, and the corresponding

outage probability of user i for rate R is

Pout_I(i) = Pr

{
1

D
log2(1 + SINR(i, θ)) < R

}
, (34)

where SINR(i, θ) is given by (30) with the variance of each
information symbol θ = PD/N.

Definition 2. (Outage of type II (average rate outage))
We say outage of type II occurs if the rate achieved per
user (averaged over all the users) in the network, as a
random variable, is less than a given transmission rate
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R, i.e. the outage event of type II can be formulated

as

{
1
N

N∑
i=1

1
D log2 (1 + SINR(i, θ)) < R

}
, and the corre-

sponding outage probability for rate R is

Pout_II = Pr

{
1

D ·N
N∑
i=1

log2 (1 + SINR(i, θ)) < R

}
, (35)

where SINR(i, θ) is given by (30) with the variance of each
information symbol θ = PD/N.

We present the two types of outage probabilities as functions
of the transmission rate R in Fig. 9. Without loss of generality
(due to symmetry), we select user 1’s type-I outage probability
Pout_I as a representative of others. In Fig. 9, simulation is
made with L = 257 and σT = 128TS under the normalized
SNR level ρ = 10dB. As one can see, the slopes of curves
in Fig. 9 are all very steep before the outage probabilities
approach to 1. This indicates that the TR transmission tech-
nology could effectively combat the multi-path fading and
makes the system behave in a more deterministic manner due
to the strong law of large numbers. Such a property is highly
desirable in a broad range of wireless communications, where
link stability and reliability are prior concerns. Also, similar
discounting effect on the achievable rate of rate back-off D is
observed, and a larger N (number of users) would also reduce
the individual achievable rate with the same outage probability
due to its resulting larger IUI.

C. Achievable Rate Region Improvement over Rake receivers

In this part, we present TRDMA’s improvement of achiev-
able rate region over its counterpart, the rake receivers. Note
that in the single-user case, by shifting the equalization from
the receiver to the transmitter, time reversal bears some
mathematical similarity to the rake receivers whose number
of fingers is equal or close to the length of channel impulse
response. However, as shown in [5], for some broadband
communications with typically tens to hundreds of paths, the
complexity of rake receiver with such a large number of
fingers is not practical. We demonstrate the advantage of TR
structure over rake receivers in a multi-user scenario where
spatial focusing effect of TR structure plays an important role,
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Fig. 10. Two downlink systems.

with the derivation of the two-user achievable rate region (the
case of more users can be extended by defining a region
in higher dimensional space). Specifically, we look at the
TRDMA scheme and rake-receiver-based schemes in terms
of the amount of information delivered (mutual information
between input and output) within one single transmission,
measured by bits per use of the multi-path channel.

Consider a two-user downlink scenario, where the trans-
mitter has two independent information symbols X1 and X2

for two different receivers, respectively. The links between
the transmitter and each receiver are modeled as a discrete
multi-path channel with impulse responses h1 and h2 as
in Section II. Fig. 10 (a) shows a two-user single-antenna
TRDMA scheme as introduced in this paper; and Fig. 10 (b)
shows a two-user rake-receiver based downlink solution. As
we will show later, the proposed TRDMA scheme outperforms
the rake-receiver based schemes even when we assume that
the number of fingers can be equal to the length of channel
impulse response and that the delay, amplitude and phase of
each path can be perfectly tracked by the rake receiver.

1) Rake Receivers: For the ideal rake receivers in Fig. 10
(b), the equalized signals can be written as

Y1 = ||h1||2X + Z1; Y2 = ||h2||2X + Z2, (36)

where ||hi||2 =

√
L−1∑
l=0

|hi(l)|2 is the Euclidean norm of

the channel impulse response hi, and Zi is additive white
Gaussian noise with zero-mean and variance σ2

i . X is the
transmitted signal, which is the combination of the two
information symbols X1 and X2.

One of the most intuitive way of combining X1 and X2 is
to use orthogonal bases that allocate each user a fraction of the
total available degrees of freedom[31]. In the two-user case,
suppose that X(t) =

√
βX1c1(t) +

√
1− βX2c2(t) where

c1(t) and c2(t) are two orthonormal basis functions that assign
a fraction α ∈ (0, 1) of the total available degrees of freedom
to user 1 and (1 − α) to user 2. We consider the two-user
achievable rate region with a total transmit power constraint.
Specifically, let us assume that X1 and X2 are independent and
identically distributed (i.i.d.) random variables with variance
Φ, with the power allocation factor β such that the variance
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of X var(X) =
(√

β
)2

Φ+
(√

1− β
)2

Φ = Φ.
Then, for the ideal rake receivers using orthogonal bases,

the maximum achievable rate pair (R1, R2) in bits per channel
use is given by[30]

R1 ≤ α log2

(
1 +

β||h1||22Φ
ασ2

1

)
R2 ≤ (1− α) log2

(
1 +

(1−β)||h2||22Φ
(1−α)σ2

2

)
,

(37)

with all possible values α ∈ (0, 1) and β ∈ [0, 1] defining the
achievable rate region.

It has been shown that for the input-output correspon-
dence shown in (36), the optimal frontier of the concurrently
achievable rate pair is characterized by using superposition
coding[32]–[35]. Without loss of generality, we assume that

σ2
1

||h1||22 ≤ σ2
2

||h2||22 , i.e. User 1’s channel is advantageous to
User 2’s. Then the achievable rate region of the superposition
coding is given by[30]

R1 ≤ log2

(
1 +

β||h1||22Φ
σ2
1

)
R2 ≤ log2

(
1 +

(1−β)||h2||22Φ
β||h2||22Φ+σ2

2

) (38)

where β ∈ [0, 1] is the power allocation factor that defines the
achievable rate region.

2) TRDMA Scheme and Genie-aided Outer-bound: For
the TRDMA scheme with a single-tap receiver, when just
one single transmission is considered, the input-and-output
correspondence is reduced to

Y1 =
√
β||h1||2X1+

√
1− β (h1 ∗ g2) (L− 1)X2 + Z1;

Y2 =
√
1− β||h2||2X2+

√
β (h2 ∗ g1) (L− 1)X1 + Z2,

(39)

where gi(l) = h∗
i (L − 1 − l)/||hi||2 implemented by TRMs,

and (hj ∗ gi) denotes the convolution of hj and gi.
Then, the resulting mutual information is obtained as fol-

lows
R1 ≤ log2

(
1 +

||h1||22βΦ

|(h1∗g2)(L−1)|2(1−β)Φ+σ2
1

)
R2 ≤ log2

(
1 +

||h2||22(1−β)Φ

|(h2∗g1)(L−1)|2βΦ+σ2
2

) (40)

where β ∈ [0, 1] is the power allocation factor that defines the
achievable rate region.

Lastly, we derive a genie-aided outer-bound for the two-user
capacity region, in which case all the interference is assumed
to be known and thus can be completely removed. Such a
genie-aided outer-bound can be obtained with β ∈ [0, 1] as
follows

R1 ≤ log2

(
1 +

||h1||22βΦ
σ2
1

)
R2 ≤ log2

(
1 +

||h2||22(1−β)Φ

σ2
2

) (41)

3) Numerical Comparison: We present a numerical com-
parison of the capacity regions obtained in (37) (38) (40) and

(41). In particular, we set
Φ E[||h1||22]

σ2
1

= 10dB for User 1

and
Φ E[||h2||22]

σ2
2

= 5dB for User 2. In Fig. 11, results are
obtained by averaging over 1000 trials of multi-path Rayleigh
fading channels. Each time, channel impulse responses h1 and
h2 are randomly generated with parameters L = 257 and
σT = 128TS according to the channel model in Section II.

First, in Fig. 11, all the schemes achieve the same perfor-
mances in the degraded single-user case, which corresponds
to the two overlapping intersection points on the axes. This
is due to the mathematical similarity between TR and Rake
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Fig. 11. Achievable rate region for two-user case.

receivers in the single-user case and the commutative property
of linear time-invariant (LTI) system. On the other hand, in
most cases when both users are active, the proposed TRDMA
scheme outperforms all the rake-receiver based schemes as
shown in Fig. 11. Moreover, the frontier achieved by TRDMA
is close to the Genie-aided outer-bound. All these demonstrate
TRDMA’s unique advantage of spatial focusing brought by
the pre-processing of embedding location-specific signatures
before sending signals into the air. The high-resolution spatial
focusing, as the key mechanism of the TRDMA, alleviates
interference between users and provides a novel wireless
medium access solution for multi-user communications.

V. CHANNEL CORRELATION EFFECT

In the preceding sections, we assume a model of inde-
pendent channels, because for rich-scattering multi-path pro-
files associated with reasonably far-apart (typically, several
wavelengths) locations, they are often highly uncorrelated[19].
However, channels may become correlated when the environ-
ment is less scattering and users are very close to each other.
To gain a more comprehensive understanding of TRDMA,
it is also interesting and important to develop a quantitative
assessment of its performance degradation due to spatial
correlation between users.

A. Spatial Channel Correlation

Although there are many ways to model correlated channel
responses, we herein choose to obtain correlated channel
responses X̂ and Ŷ by performing element-wise linear combi-
nations of independent channels X and Y as follows[36]–[38][

X̂(i)

Ŷ (i)

]
=

[ √
ξ

√
1− ξ√

1− ξ
√
ξ

] [
X(i)
Y (i)

]
, (42)

where the coefficient ξ ∈ [0, 1].
Before we proceed, we give a definition to spatial correla-

tion of two multi-path channel responses.
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E
[
P̂IUI(i)

]
=
[
ξ2 + (1− ξ)2

]
E [PIUI(i)] + 2ξ(1− ξ)

(
E [PSig(i)] + E [PISI(i)] + θE

[
L−1∑
l=0

|hi[l]|2
])

= E [PIUI(i)] +
S2
ĥ1ĥ2

2

(
E [PSig(i)] + E [PISI(i)]− E [PIUI(i)] + θE

[
L−1∑
l=0

|hi[l]|2
])

, (46)

Definition 3. For two multi-path channel responses X̂ and
Ŷ , the spatial correlation of X̂ and Ŷ is defined as

SX̂Ŷ =

L−1∑
i=0

∣∣∣E [
X̂(i)Ŷ (i)∗

]∣∣∣√
L−1∑
i=0

E
[
|X̂(i)|2

]
·
L−1∑
j=0

E
[
|Ŷ (j)|2

] . (43)

Note that this definition assumes zero-mean channel re-
sponses without loss of generality, and SX̂Ŷ takes values
between 0 and 1. Particularly, when X̂ and Ŷ are identical
or additive inverse to each other, SX̂Ŷ = 1; when X̂ and Ŷ
are uncorrelated, SX̂Ŷ = 0.

B. Channel correlation among users

For simplicity, we look at a two-user SISO case with
correlated channel responses. We observe the impact of users’
spatial correlation to the system performances.

Let us consider two correlated CIRs ĥ1 and ĥ2 obtained
from the linear combination of two independent CIRs h1 and
h2, as shown in (42), where hi[k]’s are assumed as in Section
II to be independent circular symmetric complex Gaussian
random variables with zero mean and variance E[|hi[k]|2] =
e
− kTS

σT , for 0 ≤ k ≤ L− 1.
Then, the spatial correlation defined in (43) for ĥ1 and ĥ2

can be calculated by the simple form

Sĥ1ĥ2
= 2

√
ξ(1− ξ). (44)

Since the spatial correlation only affects the inter-user
interference power, here we focus on the change of the average
power of IUI as a result of channel correlations. Similar to
(18), the expected value of the new IUI power P̂IUI(i) at User
i in such a two-user SISO case (i.e. N = 2 and MT = 1) with
the correlated CIRs ĥ1 and ĥ2 can be written as

E
[
P̂IUI(i)

]
= θE

⎡⎣ 2L−2
D∑

l=0

∣∣∣(ĥi ∗ ĝj
)
[Dl]

∣∣∣2
⎤⎦ , (45)

where j �= i (i, j ∈ {1, 2}), and the TRM

ĝj [k] = ĥ∗
j [L− 1− k]

/√√√√E

[
L−1∑
l=0

∣∣∣ĥj[l]
∣∣∣2]

corresponds to User j with the CIR ĥj .
A direct calculation of (45) can be tedious. However, by

substituting uncorrelated h1 and h2 into (45) according to the
linear transform (42), we can utilize the existing results in
Section III and represent the expected value of P̂IUI(i) in
terms of E [PSig(i)] , E [PISI(i)] , and E [PIUI(i)] in (20-22)
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Fig. 12. SIR vs spatial correlation with N = 2 and MT = 1.

calculated with respect to uncorrelated h1 and h2, as presented
in (46).

Note that in (46), the second term(
E [PSig(i)]+E [PISI(i)]−E [PIUI(i)]+θE

[
L−1∑
l=0

|hi[l]|2
])

is always positive, which is a penalty to the system
performance due to the two users’ spatial correlation. When
Sĥ1ĥ2

= 0 (i.e. ξ = 0 or ξ = 1), ĥ1 and ĥ2 are uncorrelated,

and thus E
[
P̂IUI(i)

]
= E [PIUI(i)] . In the extreme case

when Sĥ1ĥ2
= 1 (i.e. ξ = 0.5) that maximizes (46), ĥ1 and

ĥ2 are identical, the IUI achieves its upper-bound

E
[
P̂IUI(i)

]
=

E [PSig(i) + PISI(i) + PIUI(i)]+θE

[
L−1∑
l=0

|hi[l]|2
]

2
.

(47)

Since E [PSig(i)+PISI(i)] =E [PIUI(i)]+θE

[
L−1∑
l=0

|hi[l]|2
]

at D = 1, (47) can be written as E
[
P̂IUI(i)

]
= E [PSig(i)]+

E [PISI(i)] , when there is no rate back-off.
The impact of the increased interference would be most

prominent in the high SNR regime, where the interference
power dominates the noise power. So we evaluate its impact
to the system performance in terms of signal-to-interference
ratio (SIR), as a close approximation of the effective SINR in
high SNR regime. Fig. 12 shows the influence of the spatial
correlation to the SIR with correlated CIRs ĥ1 and ĥ2 of length
L = 257 and delay spread σT = 128TS. As one can see in
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Fig. 12, the SIR degradation speed varies with different ranges
of Sĥ1ĥ2

. In the lower range of Sĥ1ĥ2
(e.g. from 0 to 0.2)

the SIR degrades very slowly. Also, the larger rate back-off
D tends to result in a faster performance loss due to spatial
correlation as shown in Fig. 12. However, even for Sĥ1ĥ2

up to 0.5 which is rare in real-life RF communications over
scattering environments, the degraded SIR is preserved within
3dB away from the performances of uncorrelated channels.
This demonstrates the robustness of the proposed TRDMA
scheme and provides a more comprehensive understanding of
its system performances.

VI. CONCLUSION

In this paper, we proposed a TRDMA scheme for the
multi-user downlink network over multi-path channels. Both
single-antenna and multi-antenna schemes were developed to
utilize the location-specific signatures that naturally exist in
the multi-path environment. We defined and evaluated both
analytically and numerically a variety of performance metrics
of including the effective SINR, the achievable sum rate,
and achievable rates with outage. We then demonstrated the
TRDMA’s improvement of achievable rate region over the rake
receivers and investigated the impact of spatial correlations
between users to the system performances. Based on the nice
properties shown in the analysis and simulation results of this
paper, the proposed TRDMA can be a promising technique in
the future energy-efficient low-complexity broadband wireless
communications.
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