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Abstract—To leverage the benefits of multiple-input multiple-output in
high-mobility communications, this paper proposes a broad beamforming
approach (BBA), which focuses a broad beam on a moving user on the
basis of the moving user’s current location and velocity information. So,
the moving user can be covered and tracked by the broad beam and is able
to achieve high received signal-to-noise ratio (SNR). An optimization prob-
lem is formulated to minimize the required power by jointly optimizing
the transmit and the receiving beam vectors, while guaranteeing the de-
sired information rate of the moving user. Since the problem is with infinite
constraints and has no known solution, we design an efficient algorithm to
solve it, where the transmit and receiving beam vectors are optimized by
using semidefinite relaxation alternatively in an iterative manner. Simula-
tion results show that by using our proposed BBA, the desired information
rate of the high-mobility user can be guaranteed. Compared with existing
schemes, with the same power consumption, our proposed scheme can en-
hance the SNR greatly within the moving region of interest. Besides, by
increasing the number of transmit antennas, the required power can be
further decreased.

Index Terms—High-mobility wireless communications, high-speed rail-
way, beamforming, multiple antennas.

I. INTRODUCTION

In Multiple-Input multiple-output (MIMO) systems, when the trans-
mitter knows channel state information (CSI), system information
transmission performance can be greatly enhanced by employing beam-
forming/precoding, which fully exploits the spacial diversity and mul-
tiplexing gains. With beamforming, the transmitted energy is focused
on the receiver with a directional beam, which greatly improves re-
ceived signal-to-noise ratio (SNR). The larger the number of transmit
antennas, the sharper the energy beam [1]—[3]. If one desires to exploits
the benefits of beamforming to provide high-quality and stable com-
munication for a moving user, the beam has to be updated periodically
to track the moving user.

Owing to the advantages of MIMO technique, in the past
decades, beamforming design for high-mobility scenarios has attracted
increasing interest [1], [3]-[8]. In [1], multiple antennas were equipped
on the train to achieve receiving diversity but how to design the beam-
forming was involved. In [3], the optimal beam was selected from
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Fig. 1. System model: (a) Traditional narrow belaboring method (b) Our
proposed broad beamforming method.

predefined beams where how to optimize the beam vector was not con-
sidered. In [4]-[8], location information-assisted, opportunistic and
multi-stream beamformings were respectively investigated. However,
full CSI was required, which may be unavailable in high-mobility.

In this paper, we also focus on the beamforming design for high-
mobility communications. The contributions of our work are summa-
rized as follows. Firstly, we present a broad beamforming approach
(BBA), where beams are updated periodically along with the move-
ment of the user. Different from existing works [5]-[8], our proposed
BBA is able to generate a broader beam to cover and track the high-
mobility user, so that the beam can last for a much longer time to provide
the desired information rate of the moving user, avoiding calculating
and updating the beam configuration very frequently. Moreover, our
proposed BBA only requires the position of the moving vehicle at the
start time, the moving speed, and the channel gain variance rather than
the perfect CSI, so it is more practical for high-mobility scenarios, as
the perfect CSI may not be available due to the feedback delay and
the fast varying high-mobility channels. Secondly, we formulate an
optimization problem for our proposed BBA, which jointly optimizes
the transmit and receiving beam vectors to minimize the power con-
sumption while guaranteeing the user’s QoS requirement for a given
time period 1. Thirdly, as the problem is with infinite constraints and
cannot be directly solved, we design an efficient algorithm to optimize
the transmit and receiving beamforming vectors alteratively by using
semi-definite relaxation (SDR) method. Finally, simulation results are
provided, which show that using our proposed BBA, the required SNR
of high-mobility user is guaranteed. Compared with existing schemes,
with the same power consumption, the SNR within 7" (or the interest
region) can be greatly enhanced. Besides, by increasing the number of
transmit antennas, the consumed power can be reduced, and it continues
to decrease but more slowly as the number of transmit antennas grows.

Notations: CM*N THM*N "RMN are the sets of M x N complex,
Hermitian and real matrices, respectively. © denotes the element-wise
multiplication between two matrices. E[-] represents the expectation
operator. || - || is the Frobenius norm. Tr(X) is the trace of matrix X.
vec(+) and ® are the vectorization and the Kronecker-product operators,
respectively. Re {-} is the real-part extraction operator of a complex
number. Iy is a IV x N identity matrix.

II. SYSTEM MODEL

Consider a communication scenario as shown in Fig. 1, where a
vehicle with Ny antennas moving at speed v is receiving information
from a roadside Base Station (BS) with Ny antennas. Transmit and re-
ceiving beamforming are performed periodically. For each time period
T, it is assumed that v is constant and the moving track is a straight
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line!. For clarity, we set a reference coordinate system as shown in
Fig. 1, where the direction of v is considered as the positive direction
of the z-axis and the vehicle is moving along the x-axis. Dy, denotes
the distance of the BS from the x-axis.

For the BS, its antennas are numbered along with the positive di-
rection of v as 1, 2, ...., N, where the distance between its two neigh-
bouring antennas is LgA.. For the vehicle, its antennas are numbered
along with the negative directionof v as 1, 2, ...., Ny, where the distance
between its two neighbouring antennas is Ly A.. Lg and Ly are two con-
stants and A, is the carrier wavelength. d; ; (¢) represents the distance
between the i-th antenna of the vehicle and the k-th antenna of the BS at
time ¢. ¢; j (¢) is the angle of departure (AOD) and 6; ;. (¢) is the angle of
arrival (AOA). As LgA., LyvA, < d; 1 (t), both 8; ;. (¢) and ¢; j, (¢) can
be regarded to be the same foralli = 1,..., Ny andall k = 1, ..., Np.
Thatis 6; ;. (t) = 0(t). and ¢; ;. (t) = ¢(t). If we define do(t) = d; ()
as a reference distance, it can be given by do(t) = -2 fi5. De-
fine £y (t) £ Ly cos(t) and &g(t) £ Lyh. cos ¢(t). Via projecting
d; 1, (t) onto d, 1 (t), d; ;. is approximately calculated by

According to the wave propagation, the channel coefficient associated
with the line-of-sight (LoS) link between the BS’s k-th antenna and the
vehicle’s ¢-th antenna at time ¢ is

WS (6) = g (6) exp {2 20} @

where g; j (¢) is the distance-dependent large-scale path channel gain
with g; 1. (t) = Bd; x (t)” 2. Bisacoefficient, depending on the antenna
gains advocated with both the transmit and receiving antennas. « is the
pass loss factor. Thus, the MIMO channel matrix associated with the
LoS can be given by

H™(t) = G(t) ® H, (1), 3

where G(t) = {gi 1 (¢) } nyx J\B The channel specular component
matrix H,(t) = exp (]27rdl il >)(1(19(16))(1(q25(2&))T with a(¢(t)) =
[1,exp(j27E5 (1)), .. exp(2n(Ng — DEs()]Y  and  a(6(t)) =
[l,exp(ijfv(t)),...,exp(]27r(NV —1)&y(t))]F are the specular
array responses at the BS and the moving vehicle, respectively.
Besides LoS, wireless channel is also affected by the multi-path
fading, which can be regarded as a random part of the MIMO channel,
denoted as H™-Pa ' A narrow band system is considered, so the en-
tries of FL(M!i-P2M) are characterized by independent complex Gaussian
random variables with unit variance [10]. By using real-data measure-
ment, the maximum power gain &2 path associated with multi-path
fading can be determined. Thus, || H™ 020 |2< e (L
Moreover, the doppler effect caused by the mobility of vehicles is
also taken into account. Denote f; ; (¢) as the Doppler shift between the
BS’s i-th antenna and the vehicle’s k-th antenna at time ¢. According
to [6], it is given by f; 1 (£) = fumax €08 0; 1 (t) = finax cOs O0(t), where
fmax is the maximum Doppler frequency, determined by fumux = = fe.
Let x(t) be the vehicle’s position on z-axis at time ¢. With z(0)
and v, it can be calculated that x(¢) = z(0) + vt and cos(t) =
—@tvl) __ Forashortt,cos 0(t) ~ ——9)__ — ¢os6(0).

(2(0)+vt)2+ D3y V(2(0)24 D%,

As a result, f; ;(t) = fmax cos#(0), which means that for each 7,

'In practical communication systems, the channel probing interval or each
round of information transmission is often not more than hundreds of millisec-
onds. In such a short time period 7", v cannot be changed obviously both at the
value and its direction, and the moving track can be regarded to be a straight
line. Therefore, this assumption is reasonable and can be applied to any shape
of moving tracks.
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the doppler shift can be treated to be time invariant, so it is able
to be compensated by using some standard frequency offset pre-
correction methods as [9] based on the vehicle location information at
time 0.

According to the analysis above, the channel matrix between the BS
and the moving vehicle at time ¢, can be modeled by

H(t) _ exp\(/@mx) (\/7H(LOS)( + o (multi- palh)(t)> 7 )
where exp (727 fmax) is used to characterize the phase change caused
by Doppler effect. K > 0 is the Ricean factor, representing the ration
of the LoS energy to the scattered energy. When K = 0, the channel
follows Rayleigh fading and when K — oo, it corresponds to a pure
LoS channel.

To enhance the system information transmission performance, a
transmit beam and its corresponding receiving beam are generated on
the basis of (0) and v at the beginning of each T". The estimated
symbol at the moving vehicle can be represented by a linear model
as j(t) = q(t)? <H(t)w(t)s(t) + n(t)), where s(t) is the transmit-
ted signal symbol from the BS with E[|s(t)[*] = 1. w(t) € CVsx!
is the transmit beamforming vector. q(t) € CNV*! is the receiving
beamforming vector, satisfying that || q(t) ||>= 1. n(t) € C"v*lisa
circularly symmetric complex Gaussian noise vector with zero mean
and covariance matrix o2 I, i.e., n(t) ~ CA(0,02I). At a certain time
t, q(t)®, H(t) and w(t) is determined, so the received SNR at the
moving vehicle is

_ E(am"H@w(O)s(0)2) _ Ja" B)w ()L (s (1)]2)
SNR(t) = E(m (O = E(In(0)[)
H w 2
_ L HOw P )

Tn

III. PROBLEM FORMULATION

In order to provide reliable communication, it is critical to design
a beamforming patten that can support the required QoS requirements
for any time ¢ € [0, T).

In practical systems, 2(0) and v is able to be obtained via some
location techniques, e.g., GPS. So, H®*9(0) can be determined by
(3). Also, one can calculate x(T") = z(0) + vt, so that H®(T) is
predicted at 2:(0) by (3). In our proposed BBA, the goal is to calculate
the transmit and receiving beam vectors, i.e., w(0) and gq(0) at time 0,
and then use them to transmit information from the BS to the moving
user during [0, 7']. That is, for each 7', the system just calculates the
beam vectors only once and then sets q(¢) = q(0) and w(t) = w(0)
for information transmission. The BBA provides a wide beam coverage
but it is by no means that the user’s QoS requirement is neglected, so
the beamforming vectors {w (0), q(0) } should be designed to meet the
data rate requirement of the moving vehicle V¢ € [0, 7] by consuming
as less power as possible. If we denote Ry, as the minimal required data
rate of the moving vehicle and define w £ w(0) and q £ q(0), the
joint transmit and receiving beamforming design optimization problem
can be formulated as

min || w HZ
{w.q}

st. [al=1,

log, (1 + nq”l—igz)wuz

n

) > Ry, YVt €10,T]. (6)

Via such a design, within each 7', the required communication QoS of
the moving user can be guaranteed. Compared with traditional beam-
forming, our proposed BBA generates the beam vectors at time 0 and
the coverage of its beam is broader. It is observed that problem (6)
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is with infinite constraints, which cannot be solved directly, we shall
transform it into some equivalent ones and then design an algorithm to
solve it efficiently in Section IV.

IV. PROBLEM TRANSFORMATION AND SOLUTION

A. Problem Transformation
Denote v(t) =|| g H(t)w ||? and v, = o2 (2F» — 1). Problem (6)
can be rewritten as

min [ w? s =190 =9 0.7 @)

Define Yumin = mincpo, 7 || a? H(t)w || (7) can be further equiv-
alently expressed by mingy o3 | W [* st [[a =1, Ymin > Yin-
Since itis very hard to determine 7y,;, over an inﬁnite setT = {v(¢) =||
q’H(t)w H2 V € [0, T}, we adopt the following method to deal with

it. Letr;, | £ HR(T) — h<L°S)( )|- As B9V (¢) is a complex num-
ber, 1, ; denotes the half distance between AD(T) and K5 (0)
on the complex plane. Define h(L"S) 2 L(hW9(T) + 1%(0)). HEL;)S)
denotes the midpoint on the line between h(L"S)( ) and h{"7>(0). If
h,E-VL;’S> as the radius and then

we adopt as the central point and 1y, ;

generate a circle over the complex plane, for a given 7', h?lflgs)(t) is
bounded within the circle, i.e.,

WS () = B <y, 2 e,V €[0,T], ®)

Moreover, let AH®9(t) =
{}L(LOS)} NyxNg- Vit € [0 T]
AHO() [|< /30 el
bining it with (4), we obtain (9).

H®S(t) — H®S,  where HWS —
we have || HIS () — H™ ||=||

Let Hy = H(t) — H™, Com-

I H(t) - H™ ||=| Ha |= &= (] KH™(2)

+ Jy(multi-path) KI:I(LOS) H)

< KLH I AH(LOS)( )l +A+1 [ g (multi-path) I

1 2 A o2
_ i T i emuipan” = & )

Since || Ha [|[< &? also can be equivalently expressed as
Tr(HA Iy, HY) < E2[11], (9) indicates that H(¢) is bounded by a
hypersphere with central point H S As H®™ and £ can be pre-
dicted at time O in terms of EELTS) and (9), we transform problem (7)
into

mingw q || w |

ty =] g (HYS + Hao)w [>> va, Tr(HaIy,HY) < €2,
(10)

where || q ||= 1. So, it is with finite constraints and possible to solve.

B. Iterative Optimization

Nevertheless, (10) is still not convex w.r.t both w and q. For better
understanding, we solve it as follows. Firstly, with a given q, we find
the optimal w. Then, with the obtained w, we find the optimal q. By
updating the optimal w and q alteratively, we then get the jointly global
optimal {w*, g*}, when it converges. The detail process is described
as follows.
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1) The Optimization of w for a Given q: Defining Q £ qq”!
and W £ ww? | we get the following Proposition 1.
Proposition 1: It satisfies that

vec(HIH) " (Q @ W)vec(HH ) 4 vec(WH™ Q) vec(H )
+ VGC(HZI )Hvec(WI:I(L"S)Q) + Tr(I:I(L"S)W(I:I(L“S))H Q)
(11
Proof: The proof of can be seen in Appendix A. |
Lemma 1: (s-lemma [12]) Let A; € CN*N | B, c CcN =t cj €
RYN where j € {0,1}. If there exists an X € CN*! such that
xAox? + 2Re{x* By} + ¢y < 0. The following two statements are
equivalent to each other: 1) x A, x" + 2Re{x B} + ¢; > 0 for all

x € CN*Uwhile x AgxT + 2Re{x" By} + ¢y < 0; 2) There exists a
W such that

—Yn > 0.

{Al Bl} (12)

Ay By
B{{ (@]

= 0.
BOH C():|70

According to the matrix theory, we have that Tr(Ha INBHZI) =
vec(HY ) vec(Iy, HY ) = vec(HE ) (I, ® Iy, )vec(HY) < £2.
That is,

vec (HE ) Ly, (HY) - £* <. (13)

If we regard vec(HY)?, Ly,, 0 and 0 as x, Ao, B, and
¢o respectively, and Q @ W, vec(W (H™)# Q) and Tr(H®
W(I:I(L"S))HQ) — v as Ay, By and ¢, respectively, according to
(13), (11) and Lemma 2,

QW vec(W (HLS)H Q)
Vec(W(I:I(LoS))H Q)H Tr(I:I(Los>W(I:I(Los))H Q) — Y

I o
+p {0 782} = 0.

Therefore, for a given q, by using SDR [12] and dropping the rank-1
constraint Rank(W') = 1, (10) can be relaxed to be

(14)

mingw ,; Tr(W)

QoW +ul  veo(W(H™)H Q) =0
VeC(W(I:I(LoS))H Q)H r — Y,

p =0, 15)

where [ £ Tr(H®SW (HE)H Q) — ~y — p&2 (15) is a convex
problem, so the optimal W* can be derived by using standard CVX
tools [12]. Note that, the goal is to find the optimal w* rather than W*.
Thus, w* should be derived with the obtained W *. When Rank(W*) =
1, the unique w* can be easily obtained by solving the equation W* =
(w*)(w*)¥ . When Rank(W*) > 1, the principle eigenvector of W is
adopted to approximate the optimal w*.

2) The Optimization of q for the Obtained w*: To achieve
the efficient utilization of transmit power, for a given w*, q should be
designed to maximize the Yy, i.€.,

Ymin St || Ha || &2 (16)

maXijq|=1

By introducing a new variable 6 > 0 and by using s-lemma, (16) can
be relaxed to be

maXHQ |=1,6>0,1>0 1)

QW + ul
Vec(W(I:I(L"S))HQ)H

vec(W (HES)H Q)

=0 17
P =0, (17)

p=0,
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Algorithm 1: Finding the joint global optimal {w*, q*}.
1:  Initialize Py, = +inf and Py = Ppe— A, where A> 0;
Initialize q with the left principle singular vector of H0S);

while Py, < Py.do
P, pre — Py
Solve problem (15) to obtain W* and w*;
P = tr(W*);
Solve problem (17) to obtain Q* and q*;
end while
Return {w*, q*}.

PRI NELD

which is convex and the optimal Q* also can be solved by using CVX
tools. As the goal is to find the optimal q* rather than Q*, q* should
be derived with the obtained Q*. Similar to the case of w*, when
Rank(Q*) = 1, the unique g* can be easily obtained by solving the
equation Q* = (q*)(q*)”, and when Rank(Q*) > 1, the principle
eigenvector of Q* is selected to approximate the optimal q*.

3) The Joint Optimization of {w*,q"*}: The above two steps
can be iteratively executed to arrive at the joint global optimal®
{w*,q*} as shown in Algorithm 1.

Convergence discussion: In the n-th round of iteration, T
firstly obtained based on q*l"). Then, Pc[fr] is calculated with w*["],
After this, q*[”] is updated to be q"["+ 1] by maximizing ., which
means that Wmm(w*["] , q*["]) > 'ymin(w*[”] Lqlnt l]). In the (n + 1)-
th round of iteration, w*l"*! is firstly obtained based on q*I"*.
Then, PI"" is calculated with w*"* 1. As w*"* 1l is obtained by
minimizing the total transmit power, it holds that P < Pi). That
is to say, the total transmit power is decreased with the increment
of the number of iteration. Moreover, as vy, is bounded by Vi, Peyr
can not be decreased infinitely, which guarantees the convergence of
Algorithm 1.

V. SIMULATION RESULTS AND DISCUSSION

This section provides some simulation results to discuss the perfor-
mance of our proposed BBA. In the simulations, the frequency was set
t024GHZ. Ly = Ly = 1.T = Is,v = 108 km/hand Ny = 2.Thelo-
cation of the moving vehicle is denoted by 6, where § = arg cot };—Xn)
Therefore, § € (0, 7), where when 6§ — 0, it means that the vehicle is
at —oo and when 6§ = 7, it means that the vehicle is at +o0 on the x-
axis. Ry = 1 bit/s. Note that, these parameter settings will not change,
unless otherwise specified.

Figs. 2 and 3 compare the received SNR of our proposed BBA with
traditional method and the narrow beamforming method presented
in [6] v.s vehicle location for Ng =4 and Ny = 32, respectively.
Ymin = 0 dB. 2(0) = —600 m, i.e., #(0) = 0.6947. In the traditional
method, equal weights are allocated over both the transmit and the
receiving beams. In the narrow beamforming method, the beam is gen-
erated based on z(0), where (T") is not predicted. In BBA, it is calcu-
lated that (T") = —570 m, i.e., §(T") = 0.7201. It shows that by using
our BBA, the SNR is greatly enhanced to be higher than ~v,,;, within the
interval of € [0.6947,0.7201], which is termed as the moving region
of interest (MROI) in the sequel. By contrast, with traditional method,

2By using the SDR, for a given q, the relaxed optimization problem is convex
w.rt W = ww! and for a given q and for a given w, the relaxed optimiza-
tion problem is also convex w.r.t Q = qq” . Therefore, the global optimum
{W*, Q*} exists and is unique, which yields the corresponding unique global
optimal {w* and q*}. The detailed process to find out the optimal W* and Q*
can be found in Section III-B.
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Proposed broad beamforming method
---------- Traditional non-beamforming method
Narrow beamforming method in [6]
0 ’Ymm
10
o
P4
) broad beam
8 0
.02) 10 D
81070 narrow beam
o
068 07 072
0ok NB=4, NV=2, V=108km/h, x(0)=-600m, K=1 i
0 0.5 1 2 25 3

1.5
Vehicle position 0

Fig. 2. Comparison of the received SNR versus vehicle position (i.e., ) with
N = 4.
Proposed broad beamforming method
min e Traditional non-beamforming method
/ m Narrow beamforming method in [6]
10°
oo 7
= H % H i
[T N H H H ]
[T} H b¥oad beaj
[o) f H
o { Y -] E
l l " 068 07 0.72\':' narrowgoeam
oo B Ng=32, N, =2, v=108km/h, x(0)=-600m, K=10
i . . . . L "
0 0.5 1 15 2 25 3
Vehicle position ¢
Fig. 3. Comparison of the received SNR versus vehicle position (i.e., §) with
N =32
10° T T T
X(0)=-400m
X(0)=-500m
x(0)=-600m
100 |t min W B
[
b4
»
B 10°f 1
= x(0)=-300m x(0)=-100m
3
& X(0)=-200m
10—10 L 4
1015 [l Ng=16,N,=2, V=108km/h,K=10 i
L L L
0 0.5 1 1.5
Vehicle position ¢
Fig. 4. The received SNR for different moving region of interests.

the SNR within the MROI cannot be increased and with the narrow
beamforming method, the SNR is only enhanced at x(0).

Fig. 4 shows the received SNR verus vehicle locations. It shows
that within each MROI, the SNR is enhanced above the threshold vpn,
which indicates that if the BBA is executed periodically for successive
adjacent MROIs, the QoS requirement of the moving vehicle can be
guaranteed when it goes through the whole coverage region of the
BS. Fig. 5 plots the results of the required power versus the number
of transmit antennas, where with growth of the number of transmit
antennas, the required power is decreased, but it decreases more slowly
with the growth of . Fig. 6 shows that our proposed method is able
to broaden the beam width.
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Number of transmit antennas

Fig. 5. The impact of the number of antennason the required power.
270 broad beam
300 240 narrow beam
330 210
180
150
X(0)=-175m
X
width 60 15 120 D in=100m
90 v=255km/s
Fig. 6. Comparison of beam pattern.

0.14 T T T T T
—— x(0)=-600m v=144km/h
—&— x(0)=-600m, v=108km/h

—6— x(0)=-570m, v=108km/h

0.12

0.0157 233
0.02 o o /o o o
© o— e
o . . . . . .
0.5 1 1.5 2 25 3 35 4
R, (bit/s)

Fig. 7. The required power v.s. R.

Fig. 7 provides the minimal required power v.s. Ry, It is seen that
with the increment of Ry, the required power increases. The smaller
x(0) is, the less power is required and the smaller of the growth rate
of the required power is, because a smaller 2:(0) indicating a shorter
distance between the vehicle and the BS. Besides, Fig. 7 also shows
the one-to-one mapping relationship between the minimal consumed
power and the supported information rate. Thus, for a given x(0) and
v, by using BBA, one can generate a figure or a table on the map-
ping result between the minimal consumed power and the supported
information rate. By doing so, one can find how much information rate
is able to be supported by the system for a given power. For exam-
ple, for 2:(0) = —600 m and v = 108 km/h, when the system power
is 0.08 Watt, the maximal supported reliable information rate is about
2.33 bit/s.
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VI. CONCLUSION

This paper proposed a broad beamforming scheme. An optimization
problem was formulated and solved to minimize the consumed power
by jointly optimizing the transmit and the receiving beam vectors.
With our proposed BBA, the required SNR of a high-mobility user
within a given time period can be guaranteed and with the same power
consumption, the SNR within the interest region is greatly enhanced
by our scheme compared with traditional methods.

APPENDIX A
THE PROOF OF LEMMA 1

Since

v= ld"Ht)w |P= q" (H™ + Hy)W(H™ + Ha)" g

_ qH I:I(LOS)WHZq + qH HAW(I:I(LOS))Hq
4 qH I:I(LOS)W(I:I(LOS))Hq 4 qH HA WHIA{q
= Tr(H, W (H") Q) + Tr(HY QH" W)

+ Tr(H™YW (H™) P Q) + Tr(HY QHA W) (18)

according to some disciplinary results of matrix theory, e.g.,
Tr(AZB) = vec(X)? vec(B) = vec(B)# vec(A), Tr(ABCD) =
Tr(BCDA) = Tr(CDAB), Tr(ABC) = (CT @ A)vec(B) and
vec(AB) = (I® A)vec(B) = (BT ® I)vec(A), (18) can be further
expressed by v = vec(HZ )7 vec(WH™Q) + vec(WHLS
Q)" vec(HH ) + vec(HY )" (Q ® W)vec(HY ) + Tr(H®MS

W (HS)H Q). From (10), v < 7. Therefore, Lemma 1 is proved.
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