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Abstract—1In this letter, a novel approach for outage probability
analysis of the multinode amplify-and-forward relay network is
provided. It is shown that the harmonic mean of two exponen-
tial random variables can be approximated, at high signal-to-noise
ratio (SNR), to be an exponential random variable. The single relay
case considered before is a special case of our analysis. Based on
that approximation, an outage probability bound is derived which
proves to be tight at high SNR. Based on the derived outage prob-
ability bound, optimal power allocation is studied. Simulation re-
sults show a performance improvement, in terms of symbol error
rate, of the optimal power allocation compared to the equal power-
allocation scheme.

Index Terms—Amplify-and-forward protocol, outage proba-
bility, wireless relay networks.

1. INTRODUCTION

UE TO THE fading nature of the wireless channels, the
Dtransmitted signal undergoes severe degradation and this
leads to the increased interest in diversity achieving techniques.
Diversity means to deliver more than one copy of the transmitted
symbols to the destination. Diversity can be achieved through
different techniques such as frequency diversity, time diversity,
and spatial diversity. Recently, there has been much interest in
modulation techniques to achieve transmit diversity motivated
by the increased capacity of multi-input multi-output (MIMO)
channels [1].

Due to space constraints of the mobile units, the use of
multiple antennas is limited. This gave rise to what is known as
cooperative diversity, in which the nodes try to form a virtual
multiple element transmit antenna. In [2], different protocols
were proposed to achieve spatial diversity through node coop-
eration. Among those protocols are the decode-and-forward
and amplify-and-forward protocols. The decode-and-forward
protocol suffers from the error propagation problem. The
amplify-and-forward protocol does not suffer from the error
propagation problem but noise accumulates with the desired
signal along the transmission. It was proved that the am-
plify-and-forward protocol with one relay node achieves full
diversity of order two based on outage probability analysis.
Note that the multinode decode-and-forward scenario has been

Manuscript received June 2, 2006; revised September 22, 2006. This work
was supported in part by CTA-ARL DAAD 190120011. The associate editor
coordinating the review of this manuscript and approving it for publication was
Dr. Erik G. Larsson.

K. G. Seddik, A. K. Sadek, and K. J. R. Liu are with the Department of Elec-
trical and Computer Engineering and Institute for Systems Research, University
of Maryland, College Park, MD 20742 USA (e-mail: kseddik@eng.umd.edu;
aksadek @eng.umd.edu; kjrliu@eng.umd.edu).

W. Su is with the Department of Electrical Engineering, State University of
New York (SUNY) at Buffalo, Amherst, NY 14260 USA (e-mail: weifeng@eng.
buffalo.edu).

Digital Object Identifier 10.1109/LSP.2006.888424

considered in [3], in which power and resource allocations
were analyzed.

In this letter, we provide an outage probability analysis for
the multinode amplify-and-forward protocol with N relay nodes
helping the source. In [2], the outage probability of the single
relay amplify-and-forward network was obtained based on the
limiting behavior of the cumulative distribution function (cdf) of
certain combinations of exponential random variables. For the
multinode amplify-and-forward protocol, the expression for the
SNR will yield a summation of harmonic mean random vari-
ables. In [4], an expression for the outage probability for the
multinode case was given without a proof. In this letter, a novel
approach, based on approximating the harmonic mean of two
exponential random variables by a single exponential random
variable, is presented. The case of single relay amplify-and-for-
ward protocol in [2] can be considered as a special case of our
analysis with NV = 1. Based on the derived outage probability
bound, optimal power allocation is studied for the multinode
amplify-and-forward protocol.

II. OUTAGE ANALYSIS OF THE MULTINODE
AMPLIFY-AND-FORWARD PROTOCOL

In this section, we describe the system model for the
multinode amplify-and-forward protocol in which each relay
only amplifies the source signal. We consider a cooperative
strategy with two phases. In phase 1, the source transmits its
information to the destination, and due to the broadcast nature
of the wireless channel the neighbor nodes receive the infor-
mation. In phase 2, NV users help the source by amplifying the
source signal. In both phases, we assume that the users transmit
their information through orthogonal channels (through fre-
quency division or time division multiplexing) and perfect
synchronization between the cooperating nodes. We focus on
one cooperation scenario, however, nodes can interchange their
rules as source, relay, or destination.

In phase 1, the source broadcasts its information to the desti-
nation and N relay nodes. The received signals y 4 and y ., at
the destination and the sth relay can be written, respectively, as

Ys,d =V I)shs,(la7 + Ns,d (1)
Ysry =V Pshs,r,$+ns,r77 Vi = 1727~-~7N (2)

where P is the transmitted source power, 75 ¢4 and 7, ., denote
the additive white Gaussian noise (AWGN) at the destination
and the 7th relay, respectively, and h, 4 and h; ., are the channel
coefficients from the source to destination and the sth relay, re-
spectively. Each relay amplifies the received signal from the
source and retransmits to the destination. The received signal
at the destination in phase 2 due to the :th relay transmission is
given by

Yrid = hm,dﬂiys,m + Nr;,d (3)

1070-9908/$25.00 © 2007 IEEE



and [; satisfies the power constraint [; <
/P;/(Ps|hs )2 + No) [2], where P; is the ith relay
power. The channel coefficients hy 4, hs,,, and h,, q are
modeled as zero-mean complex Gaussian random variables
with variances 62 ;, 62, , and 67, > respectively. The channel
coefficients are assumed to be available at the receiving nodes
but not at the source node. The noise terms are modeled as
zero-mean complex Gaussian random variables with variance
Ny /2 per dimension.

The outage probability for spectral efficiency R is defined as

Pout(R) = PI‘{ Iarp < R} “4)

1
N+1
where I 4 is the mutual information between the transmitted
and received signals. The 1/(N + 1) factor comes from the fact
that the relays help the source through N uses of orthogonal
channels. To calculate the mutual information between z and
Y = [Ys.ds Yry ds - - Yry.d] | the system can be represented in a
matrix form as [2] However it will become highly involved to
get a closed-form expression for the mutual information using
that approach. We apply a simple trick to get the mutual in-
formation between x and y by applying maximal ratio com-
biner (MRC) [5] to y. The output of the MRC can be given by
P = Qed + Yooe, Qi .4, Where o, = VP.h% ;/No and

a; = P.pih}. 4 i ... /(87 |hr, al* +1)No). We can write  in
terms of x as

X P b al s
No i=1 ( 2 |heyal” + 1) No
L VPR, \/17 h 4 i VEBib:, b,
= (82 el + )N
X (Mryd + by dBiNs,r.) - &)

I)s|hs,d|2

Due to the orthogonality of the relays transmissions, the SNR
at the MRC output is SNRyre = s + 2171 ~;, where
vs = Ps |hq 4|?/No is the SNR due to the source transmission
and v; = PyfB2he,al*|hs.ri?/ (B2 hesal®> + 1)Np) is the
SNR due to the :th relay transmission. The probability density
function (pdf) of y given x and the channel coefficients repre-
sents an exponential family of distributions [6]. Hence, it can
be easily shown that r, given the channel coefficients, is a suffi-
cient statistics for z, that is py /, . (y/, 1) = py/r(y/7), Where
Py /2 (¥/,7) is the pdf of y given  and » and py,,.(y/7)
is the pdf of y given r. Since r is a sufficient statistics for z,
the mutual information between z and y equals the mutual
information between z and r, that is I(z;7) = I(x;y). Hence,
the average mutual information satisfies

Tap=I(z;7)

PS h’“ 2 al PS 2 hr 2 he'r ?
SlOg 1+ | "d| _1_2 /Bz | 7,ai| | 5,7 (6)
Y

/6L2 |hri,d|2+1) NO

with equality for = zero-mean, circularly symmetric complex
Gaussian random variable [1]. It is clear that (6) is increasing
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in 3;’s. Hence, to maximize the mutual information, the power
constraint should be satisfied with equality, yielding

IAF = log (1 + |hs,d|2SNRs,d

N
+37 (|hs7m > SNRu ., [y SNRmd)> %)
=1

where SNR; 4 = SNR,,, = P;/No,Vi = 1,...,N and
SNR,, 4« = P;/No,Vi € [1, N] and f(v,u) = wv/(u+ v+ 1).

Let the vector p = [Py, P1, Ps, ..., Py]|T. At high SNR, we
can neglect the 1 term in the denominator of the f(-, -) function
[7]. Equation (4) can be rewritten as

Pout( R)
2 p;
N0| sl N,

N ), d|2
~pr{(_|;sd|2+ o . )
i— 1]\_7|}ST1 +1\_r|hhd|

< (2(N+1)R B 1)} . ®
(Ps/No)|hs,al? and wi; =

Define the random variables w; =
((Pa/No) s, [Py [ NO) i, ) /(P No) o, +
(P;/No)|hy,.a|*), Vi € [1,N]. The random variable w; is
an exponential r.v. with rate Ay = Ny/(Ps62 ;). To calculate
the outage probability, we consider an approach based on
approximating the harmonic mean of two exponential random
variables by an exponential random variable.

The w;’s for j € [2, N 4 1] are the harmonic mean of two
exponential random variables. The cdf forw;, j =2,..., N+1
is given by [7]

P, (w) =1 = 2w\/{j1Gioe™ " T Ky (2w1/Giaja) (9)

where (j1 = No/Ps62,. |, (o = No/Pj_16%, ., and Ki(.)
is the first order modified Bessel function of the second kind
[8]. The function K (.) can be approximated as K; (z) ~ (1/x)
for small z [8] from which we can approximate the cdf of w;
at high SNR as P, (w) = Pr{w; < w} ~ 1 — e_w(<j1+<j")
which is the CDF of an exponentlal random variable of rate \; =
(No/ P62, )+(No/P; J,l.d) Defining the random vari-

able W = ZA tl wj, the CDF of W, assuming the A;’s to be
distinct, can be obtained to be

N+1 N+1 A
Pr{WV <w}~ > 11 : jA (1 — ™ w).
k=1 \m=1,mzk ™ "k
(10)

The outage probability can be expressed in terms of the cdf of
W as P33 (p, R) = Pr{W < (2N +DR

Expanding the expression in (10) and rearranging the terms,
the cdf of W can be written as

N+1 N+1 N+1 )\
Priw <wp~ | > | I | M
n=1 \ k=1 \m=1,mzk "™ 7k
X (— 1)“+1 +HOT (11)

where H.O.T. stands for the higher order terms. To prove that
the system achieves a diversity of order (N + 1) we need to
have the coefficients of w™ to be zero for n € [1, N] (since if
we assume equal power allocation and define SNR = P, /Ny,
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substituting for the A;’s we get the factor 1/SNR™ multiplying
w™). This requirement can be reformulated in a matrix form as

N+1 _Ap
)\1 R /\N+1 Jl\:[m 2 A —A1 0
2 2 +1 Am
)\1 T /\N+1 Hm 1,m#2 )\m—A2 _ 0
N+1 N+1 N : Ao .
)\1 — /\N+1 , Hm:l Am—ANL1L “
v a
(12)
To prove (12), consider the following system of equa-
tions Va = ¢, where ¢ = [0,0,...,1]7 and prove that

q = cia for some nonzero constant c;. Noting that the
columns of the V matrix are scaled versions of the columns
of a Vandermonde matrix, i.e., it is a nonsingular matrix,
the solution for this system of equations can be found as
a = V7lc = (1/det(V))adj(V)c, where adj(V) is the
adjoint matrix of V. The determinant of the V matrix can be
expressed as det(V) = (Hf:l Aj) ;CV=+11 Hi\gi(/\m — k)
[9]. Due to the structure of the c vector, we are only
interested in the last column of the adj(V) matrix.
The ith element of Jthfl a vector can be obtained as
a; = (=DN/\) II;= 1]7,57(1/( — ;). It is clear that
q = c1a, where ¢; = ( 1y HN+1 Ai. The outage probability,
substituting for the A;’s, can now be expressed as

1 1
(N+1)! Po2,
P2,
W

i=1 8,1 1 ,d

Pout( R) ~

N 2
. P6 1Né\7+1.

(2(N+1)R 1 (13)

N+
For the special case of single relay node (N = 1) and letting

SNR = P;/Ny = P /Ny, we get
11 82, +062 4 (22R —1\?
P33 (SNR, R 14
MR ~ ot (Bt ) 09

which is consistent with the result obtalned in [2] for that simple
case of single relay amplify-and-forward protocol.

From the expression in (13), let P be the total power and
let P, = a.P and P; = a;P where a, + S0 a; = 1,
as > 0, a;, > 0,1 = ., N. Define the SNR
as SNR = P/N,, the diversity order of the system,
based on the outage probability, is defined as d9% =
limsNR—oo —(log P2 (SNR, R))/(logSNR) = N + 1.
Hence, the system achieves a diversity of order IV + 1, in terms
of outage probability.

III. MULTINODE AMPLIFY-AND-FORWARD
OPTIMAL POWER ALLOCATION

The optimal power allocation is based on minimizing the
outage probability bound in (13) under a total power constraint.
Removing the fixed terms from the outage probability bound,
our optimization problem can be written as

N
Popt = argmm ! H P2, + Pib} 4
opt PN+1 Pi I
N
subjectto P+ Y P, <P, Pi>0, Vi (15
1=1

where p is as defined in the previous section and P is the max-
imum allowable total power for one symbol transmission.
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It can be easily shown that the cost function in (15) is convex
in p over the convex feasible set defined by the linear power
constraints. The Lagrangian of this optimization problem can
be written as

NP(S2

= PN+1 H
) N
+A (PS+ZPi—P) +Zui(0—Pi) (16)

=1 =1

where the i’s serve as the slack variables. To minimize the
outage bound, it is clear that we must have P; > 0 Vi. The
complementary slackness imply that since P; > 0 then pu; =
0 Vi. Knowing that the log function is a monotone function and
defining the (N + 1) x 1 vector a = [as,ay,...,an], where
as = P;/P and a; = P;/P Vi € [1, N], the Lagrangian of the
optimization problem in (15) can now be given as

[ T

a_(sriad) +)\(a :I.]\/Z{,l—l)7

f=—logas+ Zlog( ”1
a7)

where 141 isanall 1 (N +1) x 1 vector. Applying first-order
optimality conditions, a,p¢ must satisfy

+P5T,d

af of .
= =0, V 1,N 18
90 = 9q =0 Vi€LN] (18)
fromw ich we get 52
L 1+Z w _1 L
as 02 4 aep2 62 Coag |62, 4+ =82 |
j=1 rj, ER as Ti,

(19)
Since as > 0 and a; > 0, then we can easily show that a, > a;
i.e., Ps > P; Vi € |1, N]. This is due to the fact that the source
power appears in all the SNR terms in (13) either through the
source-destination direct link or through the harmonic mean of
the source-relay and relay-destination links.
Using (18), we have

1 62, 1 62, .
ﬁ =— 2—02 ;o Vi g
I L
(20)
Define ¢; = (a;/as) = (P;/Ps),¥i = 1,---, N and using (19),
we get
63 d 2 .
61 c;+ei—c=0,Vie[l,---,N] 21

ER

for some constant c. From (19), ¢ should satisfy the following
equation:
1
f(c) =Cc— N 62
1 A R wvas
+2 5= C e —

(@) %5,r;

=0.

(22)

Since P; < Ps, Vi, then ¢; < 1, Vi. Hence, using (21), we
have ¢ € (0,1 + min, (67 ;/62,.). So we have reduced the
(N + 1)-dimensional problem to a single dimension search
over the parameter ¢ which can be done using a simple numer-
ical search or any other standard method such as the Newton’s
method. Convexity of both the cost function and the feasible
set in (15) imply global optimality of the solution of (22) over
the desired feasible set. It is worth noting that minimizing the
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TABLE I
OPTIMAL POWER ALLOCATION FOR ONE AND TWO RELAYS
(62 ; = 1IN ALL CASES)

82, =102 ;=1 82, =102 4=10
relays close to the source | relays close to the destination
one relay P,/P = 0.5393 P,/P = 0.8333
Py/P = 0.4607 Py/P =0.1667
two relays P,/P = 0.3830 P,/P =0.75
P,/P=P,/P=03085| P,/P=P,/P=0.125
107 G

Outage Probability
>

:| —©— Simulation, 1 relay
—#— Bound, 1relay :
— © — Simulation, 2 relays |
10 7 k| — % — Bound, 2 relays :
-0 Simulation, 3 relays |:
%+ Bound, 3 relays )

0 5 10 15 20 25 30

Fig. 1. Outage probability for one, two, and three nodes amplify-and-forward
relay network.

outage probability bound derived in this paper will also result
in minimizing the SER upper bound derived in [10].

Table I gives numerical results for the optimal power alloca-
tion for one and two relays helping the source. From the results
in Table I, it is clear that equal power allocation is not optimal.
As the relays get closer to the source the equal power-alloca-
tion scheme tends to be optimal. If the relays are close to the
destination, optimal power allocation can result in a significant
performance improvement, in terms of SER, compared to the
conventional equal power-allocation scheme, as will be seen in
the simulation section.

IV. SIMULATION RESULTS

In this section, we present some simulations to prove the
theoretical analysis presented in the previous sections. Fig. 1
shows the outage probability for one, two, and three relay nodes
helping the source versus SNRo;m defined as SNR,, 5 =
(SNR/2% — 1), which is the SNR normalized by the minimum
SNR required to achieve spectral efficiency R for complex addi-
tive white Gaussian noise (AWGN) channel. In the simulations,
we used R = 1. For the single relay case, all the channel vari-
ances are taken to be 1. For the case of two relay nodes, all the
channel variances are taken to be 1 except for the channel be-
tween the source and the second relay for which the channel
variance is taken to be 63,,,2 = 10, which means that the second
relay is close to the source. For the case of three relay nodes, all
the channel variances are taken to be 1 except for the channel
between the source and the second relay for which the channel
variance is taken to be 5§_T2 = 10 and the channel between the
source and the third relay for which the channel variance is taken
to be 63,T3 = 5. From Fig. 1 it is clear that the bound in (13) is
tight at high SNR.
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1 00 SER for QPSK (relays are close to the destination)
R R > —o— 1 relay, equal power P,/P=0.5.
:{ —— 1 relay, optimal power PS/P=0.8333
10—1 | G -e- 2 relays, equal power PS/P=0.3333
(] — o — 2relays, optimal power F'S/F'=0.75
—2 ’
10
[any
L
]
=3
10 "¢
—4
10 '
=5 :
10 i i i i
0 5 10 15 20 25

PN, (dB)

Fig. 2. Comparison of the SER for QPSK modulation using equal power allo-
cation and the optimal power allocation for relays close to the destination.

Fig. 2 shows a comparison between the equal power and op-
timal power-allocation schemes for relays close to the destina-
tion (82, =62, = 1,62 ;=062 ,=10and 62, = 1).
From Fig. 2 we can see that, using the optimal power-allocation
scheme, we can get about 1-dB improvement for the single relay
case and about 2-dB improvement for the two-relays case over

the equal power assignment scheme.

V. CONCLUSION

In this letter, we provide outage probability analysis of the
multinode amplify-and-forward protocol. We derive an outage
probability bound for the multinode amplify-and-forward pro-
tocol which proves to be tight at high SNR. Based on the derived
outage probability bound, we determine the optimal power al-
location between the source and the relays that minimizes the
outage probability bound, which is also the optimal power allo-
cation based on minimizing the SER bound. We show that op-
timal power allocation can result in a significant performance
improvement compared to the conventional equal power alloca-
tion scheme.
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