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Abstract—In this paper, we consider the outage probability works with NN relay nodes in which each node helps the
analysis of multi-node amplify-and-forward relay network source by amplifying the the signal it receives from the
with N relay nodes helping the source. We consider a system source only. In [2], the outage probability of the single relay

in which each relay node amplifies the source signal only. We . . .
obtain an approximation for the outage probability which is amplify-and-forward network was obtained by considering

tight at high signal-to-noise ratio (SNR). This tight outage the high SNR behavior of the outage probability based on
approximation shows that the system can achieve a maximum the limiting behavior of the cumulative distribution func-
diversity of order N+ 1. For the case of N = 1, our approach  tion (CDF) of certain combinations of exponential random
gves the same IreS“'t obtained previously by Laneman et. al. \5riaples. We use a simpler approach to find the outage
or the single relay scenario. probability of amplify-and-forward relay network withV

I. INTRODUCTION relay nodes. We also consider the high SNR behavior of

Severe attenuation, due to fading, in wireless networkd® outage probability. The case analyzed in [2] can be
causes a high degradation in the received signal qualifpnsidered as a special case of our system with= 1
This makes diversity achieving techniques crucial for tri"d our result is consistent with that in [2] for that simple
future wireless services. Diversity can have a lot of formfe@S€: We will prove that the system in which each relay

such as spatial diversity, temporal diversity, etc. Spatig"Plifies only the source signal will achieve full diversity

diversity has gained much more interest because it can §feorder (IV + 1) in this case.

easily achieved without any delay or rate loss. Achievin Notations Lower case and upper case bold letters stands
the transmit diversity at the mobile users is limited by theﬁ%r vectors and matrices, respectively. An exponential ran-
space limitations, which makes it difficult to have more thafiom variable = with rate A is a random variable with
one antenna at the mobile units. In this case, the transifpbability density function (pdf) given by p.(a) =
diversity can be achieved througlde cooperatiofil], [2], A¢ "% @ = 0.

in which the nodes try to form a virtual multiple element

transmit antenna. In [3], the classical relay channel model Il. SYSTEM MODEL

based on additive white Gaussian noise (AWGN) channels ) ) ) ]

was presented. The techniques of cooperative diversity havd? this section, we introduce the multi-node source-
been introduced, for example, by Sendonaris in the cont@@!Y amplify-and-forward system model. The time frame
of CDMA systems [4], [5]. In [2], different protocols were Structure of that system is shown in Fig. 1. We consider
proposed to achieve spatial diversity through node coop@r-COOPerative strategy with two phases, In phase 1, the
ation. Among those protocols was the amplify-and-forwargPurce transmits its information to the destination, and
protocol, which has the advantage of simple processing %g to the broadcast. nature'of the wlreless channels the
the received signal at the relay node. It was shown in [2] th3gighbor nodes receive the information. In phase Z,

the single relay amplify-and-forward protocol will achievé/Sers help the source by amplifying the source signal.
full diversity of order two in terms of outage probability. " both phases, we assume that the users transmit their

In this paper, we consider the outage probability fgpformation through orthogonal channels (refer to Fig. 1)

more general multi-node amplify-and-forward relay ne@nd perfect synchronlzatlon between .the cooperating nodes.
We focus on one cooperation scenario, however, nodes can

1This work was supported in part by CTA-ARL DAAD 190120011. interchange their rules as source, relay or destination.
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Fig. 1. Time frame structure for the multi-node amplify-and-forward relafig. 2. The multi-node amplify-and-forward relay network system model.
network.
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he matrix approach in [2]. The system is shown in Fig. 2.

In phase 1, the source broadcasts its information to t e output of the MRC detector can be given by

destination andNV relay nodes. The received signals q

and y, -, at the destination and ttith relay can be written N
respectively as r= s+ Y il d; ®)
i=1
Ys,d = V Pshs,dx + MNs,d> (1)
Ys,r; = V Pshs,m:r + MNs,ris Vi € {la 25 ceey N}? (2) Where Gs = PShS’d/NO and
where P, is the transmitted source powety, 4 and 7., VPsfihy, gh .,

Q; =

denote the additive white Gaussian noise (AWGN) at the
destination and thigh relay respectively, and, 4 and h; ..,
are the channel coefficients from the source to destinati
and theith relay, respectively. Each relay amplifies the
received signal from the source and re-transmits to the= (

(B|hs,al* +1)No”

Wp can now write r in terms of z as

N
Ps|hs d|2 Psﬁz|hr d|2|hs r»|2
) +Z i i ,Ti

VPshY
)‘T+ : Ns,d

2 2
destination. The received data at the destination in phase No = (B7lhri.al> +1)No No
2 due to thdth relay transmission is given by N P.Bihx "
+ Z 2 h 2“ 1 7N (nri,d + hm,dﬁins,m)-
Yrid = hrp aBiVisr, + Ny ds 3) i=1 (ﬂl| T"”d| +1)No
(6)

and g; satisfies the power constraint, that is
The SNR at the MRC detector output is [7]

P,
b < \/—2 @ N
Ps|hs,m + No SNRMRC:’YS+Z%’ (7)

where P; is theith relay power. The channel coefficients =t
hsa o {hsr 3y and {h, 4}l are modeled as zero-where v, = P,|h, 42/Ny, and

mean complex Gaussian random variables with variances

074 {02,,3, and {57, ;}/, respectively. The channel v = Py e al*[ s i .
coefficients are assumed to be available at the receiving (B2 |hy,al? + 1) Ny
nodes but not at the source. The noise terms are modeled

as zero-mean complex Gaussian random variables witht can be easily shown that is a sufficient statistics for
variance Ny /2 per dimension. x, that is

2

8)

py/x,r(y/xar) :py/r(y/r)7 (9)
IIl. M ULTI-NODE AMPLIFY-AND-FORWARD RELAY

NETWORK MUTUAL INFORMATION where py,, .(y/z,r) is pdf of y given z and r, and

In this section, we find the mutual information bet\NeeﬁY/’”_(Y/T) 'Sf the pdf. c?f y g|ver1 r
the source signal and the signals received during the dif-Since 7 is a sufficient statistics forz, then the mutual
ferent phases. Let us define afiv + 1) x 1 vector y = information betweenz and y_equals the mutual information
[We.ds Urs s s Yrn.a) 7. We apply a simple trick to get the Petween z and r [11], that is
mutual information betweern: and y by applying maximal
ratio combiner (MRC) detector oy which is different from I(z;r) = I(zy). (20)



Then the average mutual information satisfies Define w1 = \h57d|2SNR and Wit1 =

(|he,r; >SNR)(Jhry a| SN R) ,
Iyp < I(z;7) B PSNRF T, :|SNR7 Vi € [1,N]. The outage

probability is now given as

Plheal> = PoB2|hy al? b |?
5,|(1+Z(ﬂz| 1,d||sw|)

< IOg(l + 2 2 ) N+1
No 57 |hri,d| + 1)N0 out(SNR R ~ Pl" Z w; < 2(N+1)R )] (17)
(11) <
with equality for = zero-mean, circularly symmetric com-The random variablew; is an exponential r.v. with rate
plex Gaussian [6]. M= 5 52 . To calculate the outage probability in (17),

It is clear that (11) is increasing in terms of;’s, so
to maximize the mutual information, the constraint in (4
should be satisfied with equality [2], yielding

it is qU|te challengmg to follow the approach in [2]. We
onsider an alternative approach based on approximating
the harmonic mean of two exponential random variables to

Iar =log(1 + |hsal>SNRs 4 be exponential random variable.
N (12) The w;'s for j € [2, N + 1] are the harmonic mean of
+ Zf(|h&”|25NRS vis [ d| >SN Ry, ), two exponential random variables. The CDF fof, j =
=1 ' 2,...,N + 1 is given by [8]
where SNR;q = SNR;,, = Ps/No Vi € [[,N] and P, (w)=Pr{w; <w}
S Hna = RifNo et A and — 1= 20/GuGae O O 20/ GiGa),
f(vvu) = L (18)
u+v+1

where ¢;; = Paz , Gjo = 572 and K1(.) is
the first order mOdIerd Bessel function of the second kind
defined in [13]. The functioni;(.) can be approximated
Iap = log(l+ |hsql>*SNR as Ki(z) ~ X for small z [13] from which we can
N approximate the CDF of; at high SNR as
+ > Fhar

Let P, =P, = P, Vi € [1, N] and define SNR = P/Ny,
then we can write

2SNR,|h,, 4/>*SNR)). (13)

p Py, (w) = Pri{w; <w} ~1- e~ w1 tG2) (19)
IV. OUTAGE ANALYSIS OF THE MULTI-NODE which is the CDF of an exponential random variable of rate
AMPLIFY-AND-FORWARD RELAY NETWORK A= P 512\’0 + 5 gf; . We will check the validity of
—1

—1

In this section, we perform the outage probability analysigis apprOX|mat|on in the S|mulat|on section by comparing
of the multi-node amplify-and-forward relay network withthe exact moment generating function (MGF) expressions
N relay nodes helping the source by amplifying the sourger both random variables at high SNR.
signal only. The outage probability for spectral efficiency Define the random variableV = ZNT wj, the CDF

R is defined as of W, assuming the)\;’s to be dlstlnct can be obtained
to be
PS#(SNR,R) = Prl——lar < B, (14)
1 N+41 N+1 A\
and the 1/(N + 1) factor comes from the time frame Pr[W <w]= > 1T ﬁ (1—ew).
structure in Fig. 1. Equation (14) can be rewritten as k=1 \m=1,m#k """ g 20)

The outage probability can be expressed in terms of the

N
out 2
H(SNR, R) = Pr{(|h, o 'SNR+ (15) CDF of W as

i=1

F(hsr 2SNR, |y, a?SNR)) < (2WFDE _1)]. P{Y(SNR,R) ~ Pr[W < 2WNFTDE _ 1)) (21)
At high SNR we can neglect the 1 term in the denominatqthe CDf of W can now be written as
of the f(.,.) function [8]; So we can write the outage N4l
probability as, Pr[W < w] = Z
(’“t(SNR R) ~ Pr[(|hs.a|*SNR+ k=1
(|hori 2SN R) (|, a2SNR) RE D R
5,75 r;,d m n+lyn W
: i o(NH+DR _ 1], | (Q_=D)"TTAR )+H0T
; hor PSNR -+ [y, PSNR) = ) S vesry DY

(16) (22)



where H.O.T. stands for the higher order terms. Rearran@f the a vector can be given as

ing the terms in (20) we get

1

e
+

PriWW <w] =

3
Il
s

N+1

D

k=1

N+1

I1

m=1m#k

)\m n ( 1)n+1

_— H.O.T.
o + 0.

(23)

To prove that the system has diversity order ¢V + 1)
we need to have the coefficients ef” to be zero forn €

[1, N]. This requirement can be reformulated in a matrix

form as

M Anar

2 2 N+1 A
A /\N+1 it mee 3225 0

N+1 N1 N )
A A _ Am C
1 N+1 H?n:l Am —AN+1 1

v q

(24)

a; =
_{\N+i—1 N+1
( 1) (szl,j?éi
N+1
(Hj:l )‘j)
(—l)N N+1 1

N (A5 = A)

N+1 N+1
)\J) Hk:ﬁ,k;ﬁz Hmikﬂn#z()\m - )‘k)

N+17N+1
k=1 Hm>k-(>\7” - )‘k)

(29)
From (27), it is clear thatq = ¢;a where
N+1

-V IT M
i=1

(30)

The outage probability can now be expressed as

PSY(SNR, R) ~ Pr [W < (2W+DR _ 1)}

N+1
(H A ) (2<N+1>R _ 1)N+1 +HOLT.
(31)

Substituting for the A;’s, we have

To prove (22), consider the following system of equations 1 1

(25)

and prove thatq = c;a for some constantc;. Noting that

the columns of the V matrix are scaled versions of the
it is a nonsingular
matrix, the solution for the system of equations in (23) can

columns of a Vandermonde matrix, i.e.,

be found as

a=Vlc= adj (V)c. (26)

det(V)

ouf N
F(SNR,R) ~ (N+1)1"82,

N 5§T1+52 o(N+1)R _
11 62 ( SNR

i=1 S sTi

1)z\r+1
(32)
For the special case of single relay nod® (= 1) we have
11 62, +62 4 (223— 1)
2'53@. 62,02 d SNR ’
(33)

which is consistent with the result obtained in [2] for single
relay amplify-and-forward network.

ouf(SNR R)

The determinant of a Vandermonde matrix is given by [12] From the expression in (30), it is clear that the multi-node

1 1 .. 1
A Ao AN+1 N+1N+1
det . . H H — )\k
: : : k=1 m>k
AV A AN 41
(27)

from which we can express the determinant of ¥enatrix
as

N+1 N+1N+1
det(V) = H )\j H H (/\m - Ak) (28)
j=1 k=1 m>k

amplify-and-forward network with N relay nodes helping
the source by amplifying the source signal only will achieve
full diversity of order N + 1.

V. SIMULATION RESULTS

In this section, we present simulations to prove the theo-
retical analysis presented in the previous sections. First, we
compare the exact expression of the MGF of the harmonic
mean of two exponential random variables in [9] with the
MGF of an exponential random variable. In Fig. 3, all the
channel variances are taken to be 1 and the SNR is taken
to be SNR = 10, 20 and30 dB. From Fig. 3 it is clear
that approximating the harmonic mean of two exponential

Due to the structure of thes vector, we are only interestedrandom variables to be an exponential random variable is
in the last column of theadj (V) matrix. Theith element tight at high SNR.
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Fig. 4 shows the outage probability for one and two relgy;

nodes helping the source vers$8V R, defined as [10]
SNR

SNRnorm = oR _ 1’

(34)

8
which is the SNR normalized by the minimum SNFg]

required to achieve spectral efficiencyR for complex

additive white Gaussian noise (AWGN) channel [10]. I

the simulations, we usedR = 1 (small R regime). For

Exact MGF of the harmonic mean of two exponential rando

Outage probability for one and two nodes ampIify-and-forwarEﬂ

probability bound is tight at high SNR and that the multi-
node amplify-and-forward system, in which each relay only
amplifies the source signal, will achieve the full diversity
offered by the system which i§N + 1) in the case of N
relay nodes helping the source.

VI. CONCLUSION

In this paper, we have performed the outage analysis for
the multi-node amplify-and-forward relay networks wifk
relay nodes helping the source. We considered a system in
which each relay node amplifies only the source signal. We
found an outage probability bound which is tight at high
SNR. From the obtained bound, it is clear that the system
can achieve a maximum diversity ordeN + 1, without
the need o use other relays forwarded copies of the source
signal. We have used a simple approach by approximating
r{he harmonic mean of two exponential random variables
to be the minimum of the two random variables (that it
is approximating the harmonic mean to be an exponential
random variable) to prove that the multi-node amplify-and-
forward system, in which each relay only amplifies the
source signal, can achieve full diversity. The result obtained
by Lanemaret. el.for the simple case of single relay node
helping the source can be considered as a special case of
our approach and can be obtained by substitutiNg= 1
in the outage probability bound we derived.
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