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A Unified Square-Root-Free Approach for QRD-
Based Recursive Least Squares Estimation

S. F. Hsieh, K. J. R. Liu, and K. Yao

Abstract—Givens rotation is the most commonly used method in per-
forming the QR decomposition (QRD) updating. The generic formula
for these rotations requires explicit square-root (sqrt) computations
which constitute a computational bottleneck and are quite undesirable
from the practical VLSI circuit design point of view. So far, there has
been more than ten known sqrt-free algorithms. In this correspon-
dence, we provide a unified systematic approach for the sqrt-free Giv-
ens rotation. By properly choosing two parameters, p and v, all pre-
viously known sqrt-free, as well as new methods, are included in our
unified approach. This unified treatment is also extended to the QRD-
based recursive least squares (RLS) problem for optimum residual ac-
quisition without sqrt operations.

[. INTRODUCTION

The Givens rotation, which requires a square-root (sqrt) opera-
tion in the generic formulation, is a versatile method in performing
many signal processing algorithms involving matrix computations,
such as the QR decomposition (QRD), the singular value decom-
position, and the eigendecomposition [7]. While many researchers
have worked on reformulating algorithms suitable for parallel com-
puting and VLSI architectures, current VLSI architectures still dis-
approve if not prohibit sophisticated computations. A noticeable
example is the sqrt operation, which may occupy much area in a
VLSI chip or may also require many cycles to accomplish such
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computation. In addition, a recent simulation study presented in
[14] by Proudler et al. showed that a finite-precision implementa-
tion of a sqrt-free lattice algorithm achieved better numerical re-
sults than that using the conventional Givens rotation method.

Thus, much effort has been spent on minimizing or even elimi-
nating the sqrt operation from these algorithms. One well-known
example is the sqrt-free Givens rotation first proposed by Gentle-
man [5]. Hammarling generalized his results briefly [9]. Later,
other versions of the sqrt-free Givens rotations were also proposed
[1], [21, [8). All of the above algorithms only focus on the sqrt-
free Givens rotation itself and/or its applications in solving a least
squares (LS) problem. McWhirter {13] was the first to apply the
sqrt-free Givens rotation to recursive LS (RLS) problems in com-
puting the desired optimum residual without solving explicitly for
the LS coeflicients. Closely related to the Givens rotation method
is the modified Gram-Schmidt (MGS) orthogonalization, which is
another approach in performing the QRD. Ling ez al. [11], [12]
and Kalson and Yao [10] independently developed the sqrt-free
MGS methods for the RLS filtering problems. A rank-one updating
of Cholesky factorization without sqrt’s has also been reported in
the literature [3]. Recently, Chen and Yao [4] summarized the
works done on the sqrt-free RLS filtering and proposed another
more efficient sqrt-free method. So far, there has been more than
ten known sqrt-free algorithms [1], 2], [4], [5], [8]-[11]. How-
ever, all of the previously known derivations were based on heu-
ristic approaches. There is no known systematic way of generating
the sqrt-free algorithms. Motivated by these works, we wish to
understand the fundamental relationships among these sqrt-free al-
gorithms. One of the contributions of this correspondence is that
these fundamental relationships are characterized in simple man-
ners through only two parameters.

The prototypes of generalized sqrt-free algorithms are given in
Section II, where all of the sqrt-free algorithms are found by the
selection of two parameters. We proceed in Section III to seek a
sqrt-free optimum residual of the RLS filtering problem. A brief
conclusions is given in Section IV.

II. THE uv FAMILY OF SQUARE-ROOT-FREE ALGORITHMS

A Givens rotation matrix as given by

]

is used to premultiply a two-row matrix

I:a, az'--ozp}
By ﬁz"'ﬁp

to zero out the element at the (2, 1) location such that it becomes

{a{ @ oz,ﬁi!
0 8- 8K

where
c=o/Jal + B, ands=g/Vei + B )
ai = Vol + B @
o = ca; + 5B, j=2,-",p. 3)
B; = —soy + B, @
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In VLSI circuit design, sqrt operation is expensive, because it
takes up much area or is slow (due to many iterations). Therefore,
it is advantageous to avoid or minimize sqrt operations.

By taking out a scaling factor from each row, the two rows under
consideration before and after the Givens orthogonal transforma-
tions is denoted by

[a, az'--ap}_{\/k—a 0}{a| az“-a,,} )
B By By 0 vk, Lb, by -+ b,

[a{ az’"'a,;}_[\@ OHa; a2’"~a!;:| .
052'"'65—0 VEllo by p ©)

r

and

where k,, k,, k;, and k;, are the scaling factors resulting in sqrt-free
operations, and «; and 8; are the updated «; and 3; when 8, is
zeroed out.

Now, our task is to find the expressions for k;, ki, aj, {(a],
bj),j =2, ,p},interms of k,, ky, {(a;, b)), j =1, -+, p},
such that no sqrt operation is actually needed. The sqrt expressions
of \/k_u \/1;;, \/k_; and s/k—,’, in (5) and (6) are used for representa-
tional purposes only and are not actually performed.

Replacing o; = vk,a;, 8; = vk b;, o = Vk,a}, B} = Vkjb!, j
=1, -+ ,p,in (1)-(4) leads to

Vi, a, q Viyb, ;
C = T, an S = _—=
k@& + kb Vi at + kb M
a, = Jk,d + kb)) /k, (8)
U S Ik + kbbbl j=2 p
a = a@14; b 010; J =24, ,p.
N N e ! !
()
, “kukb
b = [—b\aj + a\b,], (10)

L VK Ve d + kb

To avoid sqrt computation, we need to determine &, and k; such
that aj, a; , and b/ will not require sqrt operation. It is clear that if
we choose k;, and kj, as

ka2+kb2
l; a®l . bY1 (11)
k. k,
ky = ab (12)

V(k,at + kyb?)

where p and v are parameters that will be determined later to be
any sqrt-free function of k,, k,, @,, and b,, then (8)-(10) can be
computed without sqrt operation. We then have the following up-
dating formulas without sqrt operation:

k= (koal + kpbd)/p? 13)
koK kaky
K, = — = ]
b Pk, + kB pbk (14
ap = p (15)
k,a,a; + k,bb
I a1ty oYY
= kaa; + kb = ———— (16
YT @ + kbt e+ bt e (16
b = v[—bia; + ab)] 17)
c = (a/wk,/k., and s = (b /p) vk, /k,. (18)

Notice that the sqrt operations disappear in our formulas of (13)-
(17), while they are needed in the Givens rotations. Also, the ¢ and

s expressions in (18) are not explicitly needed in the computation
of (13)-(17). The use of the rotation parameter c in (18) (with one
sqrt operation) will be further considered in Section III when the
optimum residual e is desired. Furthermore, Section Il will show
that it is possible to obtain e without any sqrt operation and the
explicit computation of the rotation parameter ¢ can be bypassed.
To avoid repetitive computations and take the advantage of previ-
ously computed results, (14), (16), and (18) use the newly updated
k; of (13). As stated earlier, we are free to choose those two pa-
rameters p and ». Different choices of p and v will affect the num-
ber of multiplications and divisions, as well as the numerical sta-
bility and parallelism of these computations.

It can be easily shown that this unified view can generate all of
the previously known sqrt-free algorithms via a proper choice of u
and ». In fact, there has been more than ten sqrt-free algorithms
known so far. Among them are Gentleman [5], Hammarling [9],
Bareiss {1], Kalson and Yao [10], Ling er al. [11], [12], Barlow
and Ispen [2], Chen and Yao [4], Gotze and Schwiegelsohn [8].
For example, if we choose p = 1 and » = 1, it becomes the sqrt-
free algorithm proposed by Gentleman in [5] and can be updated
as follows:

ki = k,a? + k,b} 19)
ky = koky /K (20)
a; =1 @2n
aj = (k,aa; +kybib)/ky  j =2, p
bl = —ba; + ajb;. (22)
To check that these results are correct, we find that
k,a\a; + k,b,b;
a = Vi = — 2L
VK,
a; + 6,6
=———— =co + 56 (23)
Vai + 8
and
Vk kyb!
aKp D)
B! = kb, =
a]ﬁj - 5101/
=———— = —so; + ¢f3; (24)

which are consistent with the results in (3) and (4). For the systolic
array implementation described in [13], we choose a; = 1 and de-
fine the generalized rotational parameters

¢ =k, /K, and 5 = k,b, /k,. (25)
Then we have
K, =k, + k,bi (26)
al = ca; + EbJ 27
bl = b — ba;. (28)

7

These results are consistent with the works by Gentleman [5] and
McWhirter [13]. The details of the systolic implementation can be
found in [13].

In Table I, we list various sqrt-free algorithms and the corre-
sponding choices of g and ». Hence, this class of sqrt-free algo-
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TABLE I
SOME KNOWN SQRT-FREE ALGORITHMS OF THE pr FAMILY

" v Authors (Year) Remark
1 1 Gentleman (1973) a =1
k,at + k,b? -1 .,
kyb, b,
k@ + Ky} 1 ,
k,a a;
koai + kyb? 1
T a— Hammarling (1974)
a1l 1
k,a@ + k,b? =1 .,
k.a, by
k,a; + k,b? k,b, .,
ki koat
1 .
1 2 Bareiss (1982)
1
a, + k,b? 1 .
—‘al e Ling (1989), Kalson/Yao (1985) k,a; =1
k.at + k,b? 1
T ra . Chen/Yao (1988) k,a, =1
a1 1
k,al + k,b}
BT 1 Gotze/Schwiegelshohn (1989)
a b
27k, a3 + kyb?) bis Barlow/Ispen (1987) Scaled
k 2 2 _1—_ =
241 + kb o + b New algorithm

TABLE 11
COMPARISONS OF COMPUTATIONAL COMPLEXITY OF SOME MEMBERS IN p» FAMILY
Multiplication Division Addition Square Root
Givens Rotation 4p 1 2p —1 1
pu=1r=1 4p + 3 1 2p — 1 0
koai + kb -l 2p + 6 2 2p -1 0
= Tl _
T kb, b, F b
k,al + k,b? 1
=l Tl s o + 2 -1 0
® ka v a 2p + 6 2p
1
u=1,u=a— 4p + 4 2 2p -1 0
1
1
u=a,+kbb%,v=m (ka; = 1) 4p + 5 1 2p -2 0
k.at + k,b?
ﬂ=—#—l.v=1 4p + 6 2 2p -1 0
a™b
1
= k& + kbl v = ——— + 2p -1 0
BE T RO Y kb ap + 4 ! 4
rithms is called the up family of sqrt-free Givens rotation algo- 1
. p = —
rithms. koai + kybi

Now, not only can we generate those known sqrt-free algo-
rithms, but we are also able to find new sqrt-free algorithms by
choosing new pairs of (u, v) parameters. As an example, let us
choose

then we can readily verify that this is a new sqrt-free algorithm. In
fact, the new sqrt-free algorithm is among the best in the list of
Table I in terms of number of divisions, e.g., it only requires one
division and no square root. In principle, there are unlimited choices
of p and » for sqrt-free algorithms. Table II shows comparisons of
u = k,a + k,b? computational complexity of some algorithms listed in Table I.
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III. SQRT-FREE TRIANGULAR ARRAY UPDATING AND OPTIMUM
RESIDUAL ACQUISITION

Solving a full rank LS problem Aw ~ b (4 € R"*", m = n)
without the sqrt operation can be easily achieved [5). Let the QRD
of A be Q"4 = R, where R is an upper triangular matrix, then

o'l b] =[R "}
0 v

and the optimum weight vector can be obtained by solving RWw =
u. Now, starting with a full dense augmented matrix \/.I?[A b}, a
series of sqrt-free rotations can be applied to zero out the subvector
below the main diagonal of the underlying matrix to obtain

Al

29

0 v
where\ﬁ(=diag(~/k—,"',«/Z;)andR=\/E§,u=\/Ei.

Since the explicit computation of VK is not required, the optimum
weight vector can be obtained without the sqrt operation by
solving R% = .

In the following, we will apply the developed prototypes of sqrt-
free rotations developed before to the QRD-based RLS estimation
problem where we are only interested in the optimum residual. How
to obtain the optimum residual by using the systolic array [13] has
been well known. To be specific, we are interested in updating

from
to .
xTy o v

It has been shown [13] that the p X p upper triangular matrix R’
can be obtained through a sequence of p Givens rotations, and the
optimum residual e for the newly appended data {x7 y] is given

by
(£ o)

with ¢; representing the cosine value of the ith rotation angle.
Factoring out the scaling constants into the premultiplying di-
agonal matrix leads (30) to the form of

(30

e =

Bh

iy T "t rp U vk,
Iy 27t Ny W \/E
Fop Uy vk,
X X cctx, Yy vk,
an ap 4y Gy pyg
an a’p al.p+1
pp Gpp+i
b b by by
(32)

Unlike the previously developed formula, where we are only in-
terested in updating k;, a;;, to ;, a;; and zeroing out all the b;’s,
this time we also need to know the cosine values explicitly as re-
quired in the optimum residual given in (31).
After the first rotation, b, will be zeroed out and we have
ka}, + k,bi

K = ——— (33)
: ui
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k(l) — klkq (34)

T Wik

apy = (35)

1 .

aj; = < [kiana; + kbib),  j=2,---,p+1 (36)
Ky

b = nl=ba; + aybl, 37
a /kl

o =— 17 (38)

: M ki

with (g, v,) being the parameter pair which are still free to be
chosen later. Note the close analogy of (33)-(38) to those of (13)-
(18). Similarly, after the ith rotation (1 < i < p), we have

kol + K Opi
ki = ——;2_— (39)
i
ke
b= wiviki “0)
A = pis @1
1 N .
afy =~ Wiagay; + K0pi e j=2, p L
42)
b = vt/ "a; + aiby "1, @3)
. 1k
¢ = ‘;— \/;— (44)
Finally, after p rotations are finished, (32) becomes
Vi aly ap - oal, ai,a
\/E aéZ o aép aé»p*l
\/k—,’; Qp Gppii
Jig | Lo o 0 Bl
45)
which has the form of
\:R’ u’]
o v
in (30). The optimum residual e in (31) now becomes
= ﬁ ﬂ & ,/k(ﬂ) b(P) 46
N et w N ki a Tprt “6)

where kﬁf’ is defined in (40). To further simplify the expression in
(46), we notice that ki’ can be computed recursively as follows:

J 2
< kp/kl’> k;”‘l)

kﬁf’ = e A7
p°p
- <\/k”/k’;>2 (\/kp‘,/k,’,,,>2 JITa) (48)
l"p Vp ”’p~ le* 1 !
P N 1\ 2
= 'H. <k—/k> ]kq (49)
i= HiVi

where (40) is used in the recursion.
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With (49) substituted into (46), we have
d ok
e = _<‘I_]1 _flL__'> \/Ebr(rpi]_

uiv; ki

Because \@ by, by~ s by by (] = [x1, X2, - -+, X, Y] s the
appended new data row, we are certainly free to choose k, = 1 to
reduce the arithmetic complexity and simplify the expression in
(50). Therefore, a lemma on obtaining the sqrt-free optimum re-
sidual is given below.

Lemma 1: (Sqrt-free Optimum Residual): The optimum residual
e can be computed with no sqrt operations and is given by

P

i ki (p)

o (fi By,
i=

/‘iz v; ki
if k, is chosen to be unity. ]
McWhirter [13] successfully employed Gentleman’s proposition
[5] in computing the residual e without sqrt operations. By choos-

(50)

(5D

ingp; = v, =a; = 1,1 =i < p, the optimum residual can be
reduced to
Lok Lo
€= - <’l}1 k_[> bl = ~ (,-1;11 Ci) b
(Gentleman/McWhirter) (52)

where ¢; is defined in (25). This result is again consistent with the
work by McWhirter [13].

Another example can be taken from Hammarling’s suggestion
[9] as follows:

kiap + ki~ VBT

53
kiaj; ©3)

" , i=1,,p.

v = 1/a;, (54)

Then it follows that k/ = k;a;;/p; and the Hammarling optimum
residual is given by

P .
e= —<_H “2—i> b (55)

i=1piv; Gy
mo

o (f )
i=1 Wiv;
p

- —<H “—> oy (57)
i=1 aj

1V. ConcLusioNs

The Givens rotation is the most commonly used method in per-
forming QRD updating. Most of these rotation-based methods re-
quire explicit sqrt computations which are undesirable from the
practical VLSI circuit design point of view. Our work is the first
effort to establish basic understanding of all known sqrt-free QRD
algorithms, from which the basic criterion is seen to be simple. We
have shown that all the current known sqrt-free algorithms belong
to the uv family. New sqrt-free algorithms can be easily obtained
from this pv family. The issue of choosing optimal parameters p
and v in terms of computational complexity (hardware and soft-
ware) and numerical properties still remains an open question. This
unified approach also provides a fundamental framework for the
sqrt-free RLS algorithm, which is essential for fast operations and
practical VLSI implementations.

REFERENCES

[1] E. H. Bareiss, ‘‘Numerical solution of the weighted least squares
problems by G-transformations,”’ Tech. Rep. 82-03-NAM-03, Dep.
Elec. Eng. Comput. Sci., Northwestern University, Evanston, IL,
Apr. 1982.

{21 J. L. Barlow and I. C. F. Ipsen, ‘‘Scaled Givens rotations for the
solution of linear least squares problems on systolic arrays,”” SIAM
J. Sci. Stat. Comput., vol. 8, no. 5, pp. 716-733, Sept. 1987.

[3) G. J. Bierman, Factorization Methods for Discrete Sequential Esti-
mation. New York: Academic, 1977, p. 44.

[4] M. J. Chen and K. Yao, ‘‘Comparisons of OR least squares algo-
rithms for systolic array processing,”” in Proc. Conf. Inform. Sci.
Syst., Mar. 1988, pp. 683-688.

[5] W. M. Gentleman, ‘‘Least squares computations by Givens transfor-
mations without square roots,”” J. Inst. Math. Appl., vol. 12, pp.
329-336, 1973.

{6] W. M. Gentleman and H. T. Kung, ‘‘Matrix triangularization by sys-
tolic arrays,”” Proc. SPIE Int. Soc. Opt. Eng., vol. 298, pp. 19-26,
1981.

[7]1 G. H. Golub and C. F. Van Loan, Matrix Computations, 2nd ed.
Baltimore, MD: Johns Hopkins Press, 1989.

[8] J. Gétze and U. Schwiegelshohn, **An orthogonal method for solving
systems of linear equations without square roots and with few divi-
sions,”” in Proc. IEEE ICASSP, 1989, pp. 1298-1301.

[9] S. Hammarling, ‘‘A note on modifications to the Givens plane rota-
tion,”" J. Inst. Math. Appl., vol. 13, pp. 215-218, 1974,

{10] S. Kalson and K. Yao, ‘*Systolic array processing for order and time
recursive generalized least squares estimation,”’ Proc. SPIE Int. Soc.
Opt. Eng., vol. 564, pp. 28-38, 1985,

[11] F. Ling, D. Manolakis, and J. G. Proakis, ‘A recursive modified
Gram~Schmidt algorithm for least squares estimation,”’ IEEE Trans.
Acoust., Speech, Signal Processing, vol. ASSP-34, no. 4, pp. 829-
836, Aug. 1986.

[12] F. Ling, “‘Efficient least squares lattice algorithm based on Givens
rotations with systolic array implementation,’’ in Proc. IEEE ICASSP,
1989, pp. 1290-1293.

[13] J. G. McWhirter, ‘‘Recursive least squares minimization using a sys-
tolic array,”’ Proc. SPIE Int. Soc. Opt. Eng., vol. 431, pp. 105-112,
1983.

[14] 1. K. Proudler, J. G. McWhirter, and T. J. Shepherd, ‘‘The QRD-
based least squares lattice algorithm: Some computer simulations us-
ing finite wordlength,”’ in Proc. IEEE ISCAS, New Orleans, May
1990, pp. 258-261.

[15} S. F. Hsieh, K. I. R. Liu, and K. Yao, ‘‘A unified sqrt-free rank-1
up/downdating approach for recursive least squares problems,”” in
Proc. IEEE Int. Conf. Acoust., Speech, Signal Processing (ICASSP),
Toronto, May 1991, pp. 1017-1020.

Phase Retrieval Using a Window Function

Wooshik Kim and Monson H. Hayes

d.

Abstract—In this corresp e, we ider the problem of recon-
structing a signal from the Fourier intensity of the signal and the Four-
ier intensities of two windowed signals: one by a window w (r) and the
other by its complementary window [1 — w(n)]. We develop several
conditions under which a signal can be uniquely specified to within
several trivial ambiguities such as sign, translation, and time reversal
from the given conditions. We present a pessible reconstruction algo-
rithm derived from the Gerchberg-Saxton algorithm.
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