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Abstract—1In this paper, we develop new fast algorithms for
2-D integer circular convolutions and 2-D number theoretic
transforms (NTT). These new algorithms, which offer improved
computational complexity, are constructed based on polynomial
transforms over Z,; these transforms are Fourier-like transforms
over Z,[r], which is the integral domain of polynomial forms
over Z,. Having defined such polynomial transforms over Z,,
we prove several necessary and sufficient conditions for their
existence. We then apply the existence conditions to recognize
two applicable polynomial transforms over Z,: One is for p
equal to Mersenne numbers and the other for Fermat numbers.
Based on these two transforms, referred to as Mersenne number
polynomial transforms (MNPT) and Fermat number polynomial
transforms (FNPT), we develop fast algorithms for 2-D integer
circular convolutions, 2-D Mersenne number transforms, and 2-
D Fermat number transforms. As compared to the conventional
row—column computation of 2-D NTT for 2-D integer circular
convolutions and 2-D NTT, the new algorithms give rise to
reduced computational complexities by saving more than 25 or
42% in numbers of operations for multiplying 2‘, / > 1; these
percentages of savings also grow with the size of the 2-D integer
circular convolutions or the 2-D NTT.

1. INTRODUCTION

N THE applications of image/video processing and cod-

ing, the computation of 2-D (linear) convolutions are of
considerable importance [1], [2]. For instance, in the well-
known subband image coding scheme, a full-band image is
split into subbands by means of 2-D filter bank before the
encoding operations [3]. Due to the huge number of data
samples associated with these applications, direct-computation
of 2-D convolutions is obviously impossible, and, thus, various
fast algorithms are used [4], [5]. A popular technique for
computing 2-D convolution is to convert the original 2-D
convolution into a 2-D circular convolution, and to utilize fast
transform algorithms to compute the 2-D circular convolution
[4]. In this paper, we will develop new transform-based fast
algorithms for the computation of 2-D circular convolutions.

In the digital signal processing applications, the values of
signal samples are typically represented using a finite alphabet.
Because of this finite resolution, the number system of finite
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rings, e.g., Z, = {0.1.---.p — 1} [6]. can be used for the
calculations in digital signal processing. More precisely, in
the case of a convolution':

Yi = Z hgri_i
3

where h; and z; assume integer values, the output y; also
assume integer values. Supposing the absolute valubs of y; are
upper bounded by a positive number M, then if M < p/2,
the output, v; = ), hizi_x mod p. of the same convolution
operated on Z, can be translated uniquely to y;:y; = v; if
v; < p/2; y; = v; —p if v; > p/2. Performing the calculations
such as convolutions on Z, rather than on the ordinary integer
set has several advantages:

i)  The residue arithmetic associated with the operations
on Z, can be implemented relatively cheaply and
performed very efficiently. especially in parallel and
pipeline systems [7].

There are no round-off errors.

There exist very efficient algorithms (e.g.. number
theoretic transforms (NTT’s)) [4]. [5]. [8]. and more
efficient algorithms, such as the ones for 2-D circular
convolutions presented in this paper. can be developed.

In this paper, we focus on the development of polynomial
transforms over a specific finite ring. namely. Z,. [6] whose
definition will be stated later on, and the fast algorithms associ-
ated with these transforms for 2-D circular convolutions. These
polynomial transforms over Z, are Fourier-like transforms
over Z,[z] of polynomial forms [6]. An existence theorem for
such Fourier-like transforms over arbitrary finite commutative
rings with unity is given by Dubois and Venetsanopoulos
[9] with applications for 1-D circular convolutions. However,
the condition of the existence theorem in [9] is in general
difficult to apply, due to the computational difficulty of various
parameters. Maher later pointed out in [10} that. in most
practical cases of concern, the rings may be characterized as
algebraic extensions of finite rings. and that in these cases
there is an existence theoremn which is much easier to apply as
compared to that of [9]. Maher also mentioned the computation
of 2-D circular convolutions as an application for such Fourier-
like transforms, motivated by polynomial transforms [11]: but
the algorithm is very briefly described based on a special case.

()

ii)

iii)

'The computational operations needed in a convolution are additions.
subtractions, and multiplications.
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and it is not clear whether or how much one can save in terms
of computational complexity by using the new technique as
compared with the existing algorithms such as 2-D NTT. In
this paper, we will follow the general direction of above while
concentrating on the application of 2-D circular convolutions.
We will define a group of Fourier-like transforms over Z,[z],
which are called polynomial transforms over Z,, and will
give several necessary and sufficient conditions for their
existence. These conditions will be applied in a rather straight
forward manner to obtain two specific groups of transforms,
namely, Mersenne number polynomial transforms (MNPT’s)
and Fermat number polynomial transforms (FNPT’s), which
are of direct applications to the computation of 2-D circular
convolutions. The complete algorithms will be provided along
with the computational complexity analysis and comparisons
against 2-D NTT. New fast algorithms for 2-D NTT are
also developed based on MNPT and FNPT. The results of
the complexity analysis show that new fast algorithms offer
reduced complexities in terms of numbers of computational
operations. More precisely, new fast algorithms give rise to
savings on the numbers of the operation for multiplying a
number by 2¢, ¢ > 1; these savings are more than 25 or 42%
(and are growing with the size of 2-D circular convolution
or 2-D NTT) of the numbers of such operations in the
conventional row—column computation of 2-D NTT. These
complexity savings of the new algorithms are also confirmed
by a simulation experiment on the actval computing time.

The paper is organized as follows. In Section II, polynomial
transforms over Z,, are defined, their necessary and sufficient
conditions of existence are stated, and then the MNPT and
FNPT are introduced. Applications of the introduced trans-
forms to the computations of 2-D circular convolutions and
2-D NTT are included in Sections III and IV. The analysis
and comparisons of computational complexity are presented
in Section V. Finally, Section VI contains a summary and
conclusions.

II. POLYNOMIAL TRANSFORMS OVER FINITE RINGS

In this section, we introduce the notations, define polyno-
mial transforms over Z, and provide several necessary and
sufficient conditions for their existence.

We denote the set of all integers by Z, and the commu-
tative ring: {0,1,---,p — 1} with addition and multiplication
modulo the integer p > 2 by Z, [6]. The equality of two
numbers a and b in Z, are denoted by a = b mod p. We also
use the notation (a), for the modulo p arithmetic on a, for
example, (4)3 = 1. A polynomial f(z) with its coefficients in
Z, is called a polynomial over Z,. The set of all polynomials
over Z, is denoted by Z,[z] (which is an integral domain
containing Z, [6]). The equality of two polynomials f(x)
and g(x) in Z,[z] are denoted by f(r) = g(z) mod p. If
f(z),9(z) € Z,[x] are congruent modulo h(x) € Z,[z], ie.,
f(@) — g(z) = h(z)m(z) mod p for some m{x) € Z,[x],
we write

J(z) = g(z) mod p, h(x). 2
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We will use “|” to denote the divisibility, e.g., a | b means
b = ac for integers a, b and c; and alb mod p indicates
b = ac mod p for a,b and c in Z,.

Definition I1.1: Let M(z), g(x)€ Z,[x), and {H,(2)} 24
C Zp[z]. We call

N-1
Y Hal(@)[g(@)]™* mod p, M(z),

m=0

Hk(.’L‘)

k=01,-- . N-1 (3

a polynomial transform over Z, (or simply, a polynomial
transform) of {H,,(z)}Z4 mod p, M(z). Its inverse trans-
form is defined by

N-1
Hyz) = N"' " Hi(e)lg(2))™ mod p, M(z),
k=0

1=0,1,-,N—-1 (@

where N™!N = 1 mod p and [g(z)]"*[g(2)]* = 1 mod p,
M(z). We denote such a polynomial transform by
(N, g(z), p, M(z)).

The following are three necessary and sufficient conditions
for polynomial transforms over Z,. Their proofs can be found
in the Appendix.

Theorem I1.2: Assuming p is prime, polynomial transform
(N, g(z), p, M(z)) exists if and only if

N-1
_ mq _ JN modp, M(z) ifg=0mod N
Sla) = mz::[)[g(r)] '= { 0O mod p,M(z) ifg#Z0mod N
)

and (p, N) = 1. Moreover, when the leading coefficient of
M(x) is the unity in Z, the above statement is also true for
p not being prime.

Theorem I1.3: Let M(z) = cb' ()b (z) - - - bl (x), bi(z),
1 £ ¢ £ s, be distinct irreducible polynomials with unity
leading coefficients, and ¢ be a nonzero constant. Then,
(N, g(x),p, M(z)) exists if and only if (i) [g(z)]V
1 mod p, M(z), (ii) the order of g(r) mod p,b;(z) is N,
for 1 €14 < s.

The next theorem is also a necessary and sufficient condition
like the above two, but only dealing with a special case of
Theorem I1.3, when M (x) is a product of distinct irreducible
polynomials mod p.

Theorem 114: Let M(z)=b1(x)ba(z) - - - bs(x)mod p,
and b;(x) are distinct irreducible polynomials. Then,
(N,g(z),p,M(x)) exists for some g(z), if and
only if N divides the greatest common divisor of
p™ — 1,p" — 1,--.,p" — 1, where n; is the degree
of b,-(z),l <11 < s,

The above necessary and sufficient conditions only tell us
that if a given set of numbers and polynomials: N, g(z), p and
M(z), satisfies certain conditions, then polynomial transform
(N, g(z),p, M(x)) exists; they do not describe what these
numbers and polynomials are. In the next two subsections,
we introduce two groups of such numbers and polynomials,
and then use the above conditions to show that they form
polynomial transforms over Z,.
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A. Mersenne Number Polynomial Transforms

Theorem 11.5: There is (N, z, My, (z¥ —1)/(x — 1)), for
each prime number N and Mersenne number My = 2N _1
Proof: Since (z™ — 1)/(x — 1) is a factor of 2™ — 1,

S(g) = SNZ4am = N mod My, (2N — 1)/(z - 1),
when ¢ = 0 mod N. On the other hand, when q # 0 mod
N, {{mg)n}NZ _0 is a permutation of {m}m (lJ, thus S(q) =
0 mod My, (z™ —1)/(x — 1). We have (Mx,N) = 1 since
2N —2 = 0 mod N by Fermat theorem [13], i.e., N|(MN -1).
Thus, based on Theorem I1.2, we have (N,z, My, (2™ —
1)/(x—1). d

The above polynomial transforms (N, z, My, (x¥ —1)/(z—
1)) are MNPT’s whose applications will be described in the
next two sections.

Example 1: For N = 3, we have (3,,7, (x3-1)/(x—1)).
Given polynomial sequence Ho(z) =z + 1, Hi(z) =2 —1
and Hy(z) = x, the corresponding MNPT are

2
Hy()= Y Hu(z)e™ mod 7,2 +2+1  (6)
m=0
for k = 0,1,2. The results are Ho(x) = 3z, Hi(r) = 6z + 1
and Hy(x) = = + 2. It can be easily verified that

Hi(z)=3" ZHk

Yo ¥ mod 7,2% 4+ 2 +1 N

for | = 0,1,2, where 37! = 5 mod 7 and z~! = (6z + 6)
mod 7,22 + z+ 1.
B. Fermat Number Polynomial Transforms

Theorem I1.6: There are (27! & F;, 22 1),0<i<

t,and (207122 F,, x2 " +1),0 <4 <t — 1, for each positive
number ¢ and Fermat number F} = 22° + 1.

Proof: We prove the case for (207! & F, 22 +1),
0 < i < t; the other case can be similarly proved. When

g=0mod 2~ since (22 ' —1) = (27 +1)(x2 ' -1),
we have
ot—i+l_y
S(@= Y ™ =2"""mod F,2" +1 (8)
m=0

for 0 < i < t. When ¢ # 0 mod 2¢~+1, S(q) =
1)/(z? — 1). Since x> "'% — 1 has factors Lq — 1 and
227 — 1, if we can show that %~ 1 and 227 41 are
coprime, then S = 0 mod F;,22  + 1. Indeed, we have

(I21—|+1q _

(q 2t=i+1) < 2t~ in this case. Thus, (24 — 1,22 —1) =
—1witha<t—i [13] Therefore, 27 — 1 and 2 + 1
are coprime because 2 — 1, a < t — i, and 2 + 1

are coprime (see cor. C.5 of {21]). In addition, we have
(2t=1+1)=1 = 92" =(t=i+1) mod F,. Based on Theorem 11.2,
(2071 ¢ Fy 22 4+ 1) exists for 0 < i < £. a

The above polynomial transforms (2t=i+1 . Fy, 22 +1),
0<i<tand (222 Fpa?  4+1),0<i<t-1are
called Fermat FNPT’s; their applications will be investigated
in the next two sections.
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Example 2: Fort = 1and i = 0, we have (4,z,5,2% +1).
Given polynomial sequence Ho(z) = z + 1, Hy(x) =z - 1,
Hy(z) = z and H3(x) = 1, the corresponding FNPT are

3
= Z H,(x)z™*
m=0

for k = 0, 1, 2, 3. The results are Ho(z) = 3z+ 1,
Hy(x) = 3z, Hy(z) = z+ 1 and Hs(x) = 2z+ 2. It can
be easily verified that

mod 5,22 + 1 )

mod 5,22 +1  (10)

3
Hy(x)=47" " Hi(z)z™™

k=0

forl =10, 1,2, 3, where 4~ =4 mod 5 and z~! = 4z mod
5 224 1.

HI. FAST ALGORITHMS FOR 2-D CIRCULAR CONVOLUTIONS

We now use the polynomial transforms over Z, to develop
new fast algorithms for the computation of 2-D circular
convolutions (CC). Let us consider a 2-D N x N CC

N-1N-1
Yu= Z Z hm)"q(l‘m>Nw("—")N
m=0 n=0
Lu=01,--,N—1 (1)
of 2-D data {h; ;} and {¢; ;}, 4,5 =0,1,---, N — 1, which

are assumed to be integers without loss of generality in digital
signal processing practice. Apparently, this integer 2-D CC
can be performed on Z, if p is large enough; choices of p
are given by

N-1N-1
= > min { [ . E z Igrs|s
r=0 s=0
~1N-1
lgr.s o Z Z |hm,n|}. (12)
n=0 m=0

This 2-D integer CC can be also written as a 1-D polynomial
CcC

N-1
le(-”) = Z Hm(I)Q(l—m)N(I) mod 2 ‘TN -1 (13)
m=0
where
H, (z)= thnf m=20,1,---,N -1,
n=0
Qr(2) =Y groa®. r=0,1,---,N -1,
s=0
N-1
Yi(z) = Zy,,ua:“. 1=0,1,---,N—1. (14)

u=0

The above conversion from 2-D CC to 1-D polynomial CC
can be easily verified [12]. Thus, we can perform 2-D CC by
evaluating the corresponding 1-D polynomial CC, which, in
turn, can be computed using polynomials transforms over Z,
as described in the following.
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A. Circular Convolution Property of Polynomial
Transforms Over Finite Rings

Consider a 1-D polynomial CC as defined in (13) with
N — 1 being substituted by M (z):
N-1
= Z Hm(x)Q(l—m)N(z) mod p,M(.’I]) (15)
m=0
and assume that N, g(z),p and M(z) form a polynomial
transform (N, g(z), p, M(x)). Define the corresponding trans-
formed polynomials of {Y;(z)},{H;(z)} and {Q;(z)} by

{¥i(x)},{Hi(x)} and {Q;(z)}, respectively. Then
Yi(z)= Z Yi(z)[g(z)]* mod p, M(x)
=0
N—-1N-1
= Hon(2)Q 1y v (@) g ()] ™
=0 m=0
X [ z)]™ mod p, M(z)

1]
MZ

Hm(x)[g(wn’"’“

N-1
X Z Qi—myy (#)g(@)]" ™" mod p, M(x)
1=

= Hk(z)Qk(x) mod p, M (z) ’ (16)

where the fact [g(z)]Y = 1 mod p, M(z) from The-
orem II.2 (see (A.1)) is used to recognize the summa-
tion Ez—o Qu=myn (@)[g(2)]¢"™* as Qi(), for k =
0,1,---, N — 1. Thus, in this case, the 1-D polynomial CC in
(15) can be computed by evaluating

i)  two polynomial transforms for { H;(z)} and {Q;(z)}

ii) N polynomial products { H;(z)}{Q;(z)} mod p, M(x)

iif) one inverse polynomial transform for {Y;(z)} from

{Yi(2)}.

Using the above circular convolution property, we develop
two classes of fast algorithms for 2-D integer CC, or equiv-
alently for 1-D polynomial CC, in the next two subsections.
The first class is related to MNPT, and the second to FNPT.

<

3

B. Fast Algorithms for 2-D Circular
Convolutions Based on MNPT

For a Mersenne number M, we consider a 1-D polynomial
CC of length N and modulo My, z™ — 1 as given in (13):

=Y B

m=0

2)Q(=m)y (x) mod My, 2™ — 1. (17)

Because we do not have polynomial transform for this poly-
nomial CC, we decompose it into two 1-D polynomial CC’s
as follows:

N-1

Z Hl,m(w)Ql,(l—m)N (Z)

m=0

Yu(x) =

N _
= Y(z) mod MN,”L 11,
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N-1
Yo = Z Hem Q2 (1—m)n
m=0
=Y(z) mod My,(z-1), [=0,1,---,N~-1
(18)
where
N -1
Him(z) = Hyn(z) mod My, —x_—l;
N -1
Q1,-(z) = Q-(z) mod My, =T

Hym = Hy(2) mod My, (x — 1);
QZ,'r = Qr(z) mod MNv (-T - 1) 19)

for m,r = 0,1,---,N — 1. Note that {Y2,} is simply a
1-D integer CC of length N which can be computed using
Mersenne Number Transform (MNT) [4]. The computation of
{Y1,(z)} can be done by using MNPT (N,z, My, (zN —
1)/(z — 1)) as follows:

N-1

_ N_1

Qi(z) = ;er(z)zrk mod My, =——— —

B N-1 .’L'N—l

Hk(:c) = mz_:OHl,m(l').’L'mk mod M]\r7 ﬁ’

_ _ _ N -1

Yi(z) = Qr(z)Hi(z) mod My, w1
k=0,1,---,N -1,

Yia(z) 1ZY() d My, S

1,I\T k(x)x™ mo N, z_1"

1=0,1,---,N—1. (20)

We recover {Y;(z)} based on a Chinese Remainder Theorem
(CRT) on Z,[z| [21] from {Y;;(x)} and {Y2,}:

Yiz) = Yu(x)(N - %)N—l

N _

T N Umod My,zV =1 (21

for ] =0,1,---,N — 1. The above is summarized in Fig. 1,
where the 2-D data {g, .} are arranged into polynomial forms
Q.(z) at the beginning of the algorithm (14).2 Then {Q; -(z)}
and {Q} are generated (19). The {Q2.} are convolved
with {H2,} to obtain {Y5;} using MNT as indicated above.
Polynomials {Q; (z)} are transformed into {Qx(z)} (20)
among which Qq(z) is the direct summation of {Q; .(z)},
and the others are computed first modulo =V — 1, then
modulo (™ — 1)/(z — 1). The inverse polynomial transform
procedure is similar to that for direct polynomial transform.
The products {Qx(z)Hi(x)} can be efficiently computed by
(i) computing them modulo = — 29, for j = 1,---, N — 1 and
(ii) reconstructing based on the CRT on Z,[z]. The proof and
the details of the above procedures can be found in [21]. The
following is an example of computing 2-D integer CC with

2Note that the data array {h,, .} are treated as the impulse response of

the corresponding 2-D filter; thus all the polynomials related to- {h,,,.,, } and
used in the algorithm are computed beforehand.
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lars} . .
arrange into polynomial form

Q, (x)

mod M, (xP-1)/(x-1)
lq,m®

MNPT (p, x, My, (xP-1)/(x-1))
| &

p products of polynomials
mod M, (xP-1)/(x-1)

mod Mp, x-1

Q |

CC of length p

Hm

H, (0

f—

Y, (%)

Inverse MNPT
(p, X, Mp, (xF -1)/(x-1))

Y.
Yl,l x)

reconstruct Y; (x)

by

Fig. 1. Block diagram of the algorithm for computing 2-D integer circular
convolution using MNPT.

the above fast algorithm based on MNPT. Referring (11), the
2-D data array are given in the following,

010 0 1 -1
{hm,n}:—l 0 0 {(Ir,s}: 1 -1 0 22)
00 1 -1 0 1

and we want to compute

2 2
Yeu = Z hm,n(I([—m)g,(u—n)g

m=0n=0
for £,u = 0,1,2. We choose N = 3 and M3 = 7 for the
modulo arithmetic, which satisfy the requirement (12). Now
we use MNPT to compute y,,, mod 7 as follows, where the
notations are based on the those defined above.

N 'Hypm:2 5 5 Qo0 0 0

0 1 1 2
Hym(z): -1 0 Qir(z): 1 -1
-1 -1 -2 -1
0 0 -2 0
Qr(x):3 —1 Hi(x): 0 1 (23)
0 0 2 2
T(x)N'=(—2—-2)5=2(zx+2) mod 7
21
(N—1)2T(:E)FI)C(.’I7)Z 4 3
-1 5

where T(z) = (N — “—”I’V_—‘ll)/(x—l), and the (N ~1)2 in front of
T(z)Hy () are the N~ s in the inverse polynomial transform
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(20) and in the CRT reconstruction (21); they are combined
with { H(z)} to reduce the number of operations.

00
(N~ T(2)Yi(x) = Qu(x)(N 12T (x)Hi(z):1 1.
00
(24)
Then, we get
1 1
N7'T(z)Yie(z): 0 —1. (25)
-1 0
Obviously, we have Y5 ,: 000. Applying (21)
Yo(z) = N71T(2)Y1 e(z)(x — 1)
+ Yo p(x? + x4 1) mod 7,28 -1
for £ = 0,1, 2, from which we obtain
-1 0 1
{yeud: 0 1 —1. (26)
1 -1 0

C. Fast Algorithms for 2-D Circular
Convolutions Based on FNPT

For a Fermat number F;, we consider a 1-D polynomial CC
(13) of length N = 2¢+1 and modulo F;,z™ — 1:

N-1
Yi(@) = Y Ha(2)Quom)y () mod Fy,z — 1. (27)
m=0
Define
N-1
Yi(z) = Z Him(2)Q1, (1-myw (%)
m=0
= Yi(x) mod Ft,xzt +1,
N-1
Yo(z) = Z H 1o (7)Q2,(1-m) v (%)
m=0
= Y(z) mod Fpz? — 1,
1=0,1,---,N—1 (28)
where

Him(z) = Hy(z) mod Fy, 2% +1,
Q1,-(z) = Q,(z) mod Ft,zzt +1,
Hom(z) = Hy(z) mod Fy, 2% — 1,
Q2.-(z) = Q,(x) mod Fy, 2% —1,

rrm=01,---,N-1. (29)

{Yi(z)} can be computed from {Y;;(z)} and {Y2,(z)} by
the CRT:

Yi(z) = 1/1,1(35')221—1(1'% - 1)

+ Yo (a)22" (“"2! + 1) mod F,, %" — 1,
l=0,1,---,N-1. (30)
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We use FNPT (2141, z, Fy, 22" 4+ 1) 1o compute {Y7;}:

N-1
z) = Z Q1r(z)z

™ mod Fy,z2 +1,

r=0
N-1

Hy(z) = Z Hy pn(z)z™ mod Fy 22 +1,
m=0

?k(.’L) = Qk(m)ﬁk(x) mod Ft,.’L‘Zt + 1,

k=0,1,---,N -1,
N-—
Yi(z) = Z @)z mod Fy, 2% + 1,

1=0,1,---,N-1 (31)

where N=1 = (2t+1)-1 = 22" =(t+1) mod F;. For {Y2,},
we recognize that {Ya, l}‘ 5! corresponds to an N x (N/2)
2-D integer array with each row expressed in a polynomial
form, and is the result of an N x (N/2) 2-D integer CC (see
[21]); this N x (N/2) 2-D integer CC can be also expressed
as an (N/2) x N 2-D integer CC and, thus can be written
as a 1-D polynomial (of degree N — 1) CC of length N/2,
denoted as follows:

2t -1

E:H

2!+l

Q(l m)'( )mOdFt,l' —1,

1=0,1,---,2t -1 (32)

where the data array corresponding to {Y/(x)}, {H},(z)},
and {Q';(z)} are just the transposes of those for {Ys(x)},
{Hzm(z)}, and {Q2,;(z)}, respectively. Again, define

2t—1
Yu Z H1 m( Q1 (l—m),e (z)
=Y, (z) mod Fy,z? +1,
2'-1
Yzl,t(ﬂﬂ) ZOHzm Qz R m)z,( )
=Y/ (z) mod Fy,z® — 1,
=0,1,---,28 - 1. (33)

{Yll,(x)} can be computed by FNPT (22,2¢, Fy, 2% + 1):

2t-1

Qk Z Q. ~(2)2*™* mod Fpz® +1,
r=0

R 2t—1

H,(z) = Z lem(w)mzm’c mod Fy,z? + 1,
m=0

Y, (z) = Q,(z)H,(z) mod F,,z +1,

k=0,1,---,2t -1,
2‘—1
Yy, (z) = (24 Zymmrmmﬁ+L

1=0,1,---,2t = 1. (34)

{Yzl‘l(a:)} corresponds a 2* x 2! 2-D integer CC and, thus,
has a similar computation process as described above. The
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I ——-I arrange into polynomial form |

Q™ Q%)
FNPT Reorganizing
(@) x, F, x2'+1) length 2t
l ék(") mod F,,x*-1
2*Iproducts of | Q)
polynomlals Hk(x) | mod F,, x2+1 ]-—-[ mod F, x#-1
mod F,x%+1 1
Qi,r(x) Q’l,r(x) . .
| Y FNPT
Inverse FNPT @', x4 F,, x%+1) 2-DCCof | -
& x, R, x2+1) = size:2'by2! | .
| G
2' products of | _ 3
polynomlals H;(x)
mod F,,x%+1
| %
Inverse FNPT
Yu® @', %2, F, , x%+1)
{Y,_u}

|
{mconstmct Y, (x) I-m‘ reconstruct Y, (x) J

Fig. 2. Block diagram of the algorithm for computing 2-D integer circular
convolution using FNPT.

above computation procedures are summarized in Fig. 2. The
procedures of FNPT and its inverse are based on a decompo-
sition process using the fact that z2' "' = 1, 227" = —1,
mod F,, 227" + 1. The products of two polynomials modulo
2% +1 are computed using FNT [4]. However, FNT can not
be applied directly here; the polynomials in the product are
modified by substituting = by 22'y. Then, the product of the
modified polynomials are computed with FNT. The details of
these procedures are in [21] and are omitted here to reduce
the size of the paper.

IV. FAST ALGORITHMS FOR 2-D
NUMBER THEORETIC TRANSFORMS

In this section, we develop fast algorithms for direct com-
putation of 2-D MNT and 2-D FNT’s [4], [8] by using MNPT
and FNPT. The traditional way for computing 2-D NTT of
a 2-D data array is to apply the corresponding 1-D NTT to
each row and then to each column (or vice versa) of the 2-
D data array. The computational complexity comparisons of
the new technique presented in this section and the traditional
row—column scheme is given in the next section.

A. Fast Algorithm of 2-D Mersenne Number
Transforms Using MNPT

Consider a 2-D MNT of size N x N, where N is a prime
number
N—1N-1
Qkiks = ) D dnymy 212%™ mod My,
n1=0ny=0
klakz = 0717"'

,N—-1. (35
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Define
N-1
Qn, ‘E Z Qnyn, T "2 mod My,
ny=0
n=0,1,---,N-1,
B N-1
le(ﬂf) = Z in(iﬁ)znlkl mod MN,.’L‘N -1,
n;=0
ki=0,1,---, N-1 (36)
then
ley"& = Q’Cl ('T) mod Mvi - 2k21
ke =0,1,---,N-1. (37)
When k3 = 0
~ N-1
le,O = Z(Qm(fl)) mod MN,IL‘— 1)2nlk1 mod MN7
n1=0
ky=0,1,---, N—-1 (38)
which is a 1-D MNT.
When k; # 0, define
' oV —1
Qn, () = Quy (&) mod My, ==,
ny :0117"',N_1a
2)2"* mod M. ol
Q k (2) = ZOQM mo Ny T
ny=
kr=0,1,---,N—-1 (39
then
Ok, ks = Q’kl(x) mod My, z — 2F,
ke=1,2,---,N—-1. (40)

Since {(k2k1)n} is a permutation of {k;} when k2 # 0

N-1
Q (ko) (B) = Y Qp (z)2m1 00k
n;=0
N-1 N
. -1
= Z Q. (z)z™* mod My, A
gy z—1
kl:0717"'1N_1 (41)

which is an MNPT [21].

B. Computation of 2-D Fermat Number
Transforms Using FNPT

Consider a 2-D FNT of size 2t+! x 2t+!

2ttl_qot+l_g

le ks = Z E Gy ms 2k11112k2111 mod Fh

n1=0 n,=0

k17k2:0517”’72t+1

~1. (42)
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Define
2t+l_g
in 37) Z q'nl,n)-L 2 "1:0713"'722+1"17
ny=0
ottl_g
Pt ()25 mod F,x 2 1,
Qr(z)= Y Qulx)
ny=0
ki =0,1,---,2t41 -1 (43)
then
Qi ks = Qi (@) mod Fy,x — 252 ky ko = 0,1,---, 281,
44)
When ko = 2u+ 1,4 =0,1,---,2t — 1
anl(a:) = Qn, (z) mod F, 22 +1,
ny=0,1,---, 241 — 1,
2ttt
@ (k) () = Y Qn, (z)2kem
n, =0
2t+l g
= 3 Q,,(z)"™ mod F,a® +1,
ny=0
ky=0,1,---,2t41 — 1. (45)

When ky = 2u,u = 0,1,---,2t = 1

2ttl_q 2t—1

C?k,?“(m) = Z Z (qnl,nz + in,n2+2z)2kl"1 92un;

n;=0 n,=0

x mod Fy, wu,k1=0,1,---,2t71 — 1.
(46)
Define
ot+1_q
an ('1 Z (q’ﬂl >3 + qn,, nz+2‘)z l
n; =0
ny =0,1,---,2t - 1,
2t -1 .
.
Qau(z Z Qn,(2)2™ mod Fp,x 7,
ny,=0
u=0717...72t_. 1. @D
Then
Qk, 20 = Qau(x) mod Fr,z — 281,
ky=0,1,---,2041 — 1. (48)

In this case, for k1 = 2v+ 1,v =0,1,---,2! — 1, we define

Q... () = Qn,(z) mod F,, 2% +1
ng =0,1,---,2t = 1,
- 21 ,
Q ut)yn = P Qu,(#)2™™ mod Fz® +1,
n,=0
w=0,1,---,2t =1 (49)

where in the last equation is FNPT (2¢, 22, Fi,z¥ +1). Then
we compute [21]

le,(2ukl),_,,+1 =Q (2uky), 1sy (®) mod Fy,x — 2k (50)
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forky = 2v+1,v=201,---,22~1. Fork; = 2v, v =
0,1,--+,2t = 1,

2t-1 21
Qav,2u(7) = Z Z [(gnyms + Gnymatat)
n1=0n,=0

+ ((In1+2‘,nz + Gy 42ty +2 )]221)"122“"2

mod Fy, v,u=0,1,---,26—1 (51

which is a 2-D FNT of size 2* x 2%, and can be computed
similarly.

V. COMPUTATIONAL COMPLEXITY AND COMPARISONS

The computational complexities for the algorithms in the
last two sections will be described in terms of numbers of
~ multiplications (M), additions (A) and shifts (S), where shifts
are the operations of multiplying a number by 2¢ for some
i > 1. Note that this definition of shifts is slightly different
from the regular one which corresponds to multiplying a
number by 2. One shift (x2%) here is actually 7 consecutive
regular shifts. Therefore, we will treat shifts and additions as
if they are in the same category in the following for simplicity.

Now we summarize the results of the analysis of computa-
tional complexities as follows, whose details can be found in
[21]. To compute an N x N 2-D integer CC using MNPT, we
need to perform the following numbers of operations:

M = N?,
S =2N3—4N? +2,

A=4N3 - N2 - 10N +8. (52)

To compute a 2t+1 x 2t+1 ¢ > 1, 2-D integer CC using
FNPT, we have the computational complexity:

t
M=1+) 3x2%,

=0

t
S:ZSquZ“,

=0

t
A=) (3% gx 2%V 4 2%0H),
q=0

(53)

We compare the above computational complexities with
those for computing the same 2-D integer CC’s using the
corresponding NTT with row—column scheme in Tables I and
II. In Table I, the first two columns under “Parameters” are
the sizes N of 2-D integer CC’s and the Mersenne number
My = 2V —1 used. The next two groups of three columns are
the computational complexities for MNPT and 2-D MNT with
row—column scheme, respectively. Notice that both algorithms
need the same number of multiplications; using MNPT saves
some numbers of shifts, listed in column “S” of the last three
columns, and needs more numbers of additions which are
listed as negative numbers in the last column “A”. However,
the saving on shifts for MNPT are much larger and growing
faster with N than the corresponding spending on additions
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TABLE [
COMPARISON OF COMPUTATIONAL COMPLEXITY FOR
CoMPUTING 2-D INTEGER CIRCULAR CONVOLUTIONS USING
MNPT AND 2-D MNT witH ROW—COLUMN SCHEME

Parameters MNPT 2-D MNT (row-column | Savings by using MNPT
scheme)

N| My | M S A M S A s A S+A

3 7 9 20 77 9 48 2 28 -5 23 (48%)
5 31 25 | 152 433 [ 25 | 320 400 168 33 135 (42%)
7 127 49 | 492 1261 | 49 | 1008 1176 516 -85 431 (43%)
13| 8191 1169 | 3720 | 8497 | 169 | 7488 8112 3768 |-385 | 3383 (45%)
17 [ 131071 | 289 | 8672 | 19201 | 286 | 17408 18496 8736 | -705 | 8031 (46%)
19 | 524287 | 361 | 12276 | 26893 | 361 | 24624 25992 12348 | -901 | 11447 (46%)

TABLE 11

COMPARISON OF COMPUTATIONAL COMPLEXITY FOR
COMPUTING 2-D INTEGER CIRCULAR CONVOLUTIONS USING
FNPT AND 2-D FNT witH Row—COLUMN SCHEME

Parameters FNPT 2-D FNT (row-column | Savings by
scheme) using FNPT
] R [ M]s | A [ M|s A s
1 5 4 16 12 128 16 16 128 4 (25%)
2 17 3 64 108 | 768 64 150 768 52 (33%)
3| 257 | 16 | 256 | 684 | 4096 | 256 | 1088 | 4096 | 404 (37%)
465537 | 32 | 1024 | 3756 | 20480 | 1024 | 6272 | 20480 2516 (40%)

in terms of numbers of operations. To get an approximate
overall comparison between these two algorithm, we subtract
the extra-spendings on additions from the saving on shifts for
MNPT and enter the resulting numbers in the last column
under “S + A” along with their percentages with respect to the
corresponding numbers of shifts for the row—column scheme.
With the above simplification, we conclude that using MNPT
saves more than 42% of shifts as compared with the other
algorithm.

In Table II, which is similar to Table I in style, we compare
the computational complexities of FNPT and 2-D FNT with
row—column scheme. The numbers of multiplications and
additions are the same for both algorithms, whereas less
numbers of shifts are needed for FNPT; the savings are more
than 25% and are growing when ¢ is increasing (see Table II).

The computational complexity of an N x N 2-D MNT using
MNPT is

S=N3—-2N%+1,
A=2N3—N?2_4AN +4 (54

where S is half of the S in (52), and A is less than half of
the A in (52) by an amount of 0.5N2 — N. The computational
complexities®, S and A, for computing the same N x N 2-
D MNT using row—column scheme are halves of those for
N x N 2-D integer CC’s, and thus can be obtained directly
from Table 1. The conclusion for the computational complexity
comparison is similar to the one for N x N 2-D integer CC’s.

The computational complexity of a 2t+1 x 2t+1, ¢ > 1, 2-
D FNT using FNPT are exactly halves of those in (53), and
the savings of using FNPT with respect to the row—column

3There are no multiplications for computation of NTT.




RAN AND LIU: FAST ALGORITHMS FOR 2-D CIRCULAR CONVOLUTIONS
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Fig. 3. Computing-time comparison for calculation of 2-D FNT using FNPT
and the row—column scheme.

scheme are the same as those percentages in Table II. We
have conducted a simulation experiment in which 2-D FNT
are programmed in FORTRAN with the algorithm of FNPT
and with the row—column scheme. We use general integer
multiplications in FORTRAN to realize the shift operations
in the algorithms. Since the general integer multiplication
are more time-consuming than addition, the difference of the
computing times for the above two programs to complete the
same 2-D FNT can be an indicator for the difference of shifts
used in the two algorithms. The resulting computing-times, on
a personal computer, as a function of the sizes of 2-D FNT
are shown in Fig. 3 which indicates that using FNPT reduces
computing-times by about 50%. This matches with the above
computational complexity assessment for these cases.

VI. SUMMARY AND CONCLUSION

In this paper, we developed new fast algorithms for 2-
D integer circular convolutions and 2-D NTT. These new
algorithms are constructed based on polynomial transforms
over Z, introduced here. Several necessary and sufficient
conditions for the existence of polynomial transforms over Z,
are stated and proved. By applying these existence conditions,
we have obtained two important polynomial transforms over
Zp: MNPT and FNPT, based on which we then developed
fast algorithms for 2-D integer CC’s, 2-D MNT and 2-D FNT.
Comparing to the conventional row—column computation of 2-
D NTT for 2-D integer CC’s and 2-D NTT, the new algorithms
save more than 25 or 42% of numbers of operations for
multiplying 2%, i > 1; these percentages of savings also grow
with the size of the 2-D integer CC’s or the 2-D NTT. These
complexity savings of the new algorithms are also indicated
by the computing-time results of a simulation experiment on
computer.
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APPENDIX A
PROOF OF THEOREM 11.2
For p being prime, the following is the “if” part:
When (5) holds (assuming N > 1)

N-1
o))" = 1= (g(x) = 1) Y [9(x)]" = 0 mod p, M(x).
k=0

(A1)
Thus, [g(z)]~! = [g(z)]¥~! mod p, M(z). Now, substitute
(3) into (4), and define

N-1 N-1
Ri(z) = 3 Hu(@)N' Y @)™ mod p, M(z)
m=0 k=0
(A.2)
forl = 0,1,.--, N— 1. From the conditions in the theorem,
we have
Ry(z) = Hi(z), 1=0,1,---,N—1. (A.3)

The following is the “Only if” part:

Suppose (N, g(z),p, M(z)) exists, i.e., (A.3) holds. Then
the second case of (5) is true. Otherwise, there is some
t,1 <t < N -1, such that S(¢) # 0 mod p, M(z). Then
(A.3) can not always hold, e.g., let Hy(z) =1 and H;(z) =0
for i # t, then (A.2) becomes

N-1
Ri(x)=N! Z [9(2)]¥t=Y mod p, M () (A4)

k=0

forl =0,1,---, N—1. Thus, Ro(z) = S(¢) Z 0 mod p, M(x),
and this is a contradiction. From the second case of (5) and
(A.1), we have [g(z)]V = 1 mod p, M(z), i.e., the first case
of (5) holds. Finally, since the inverse transform exists, N 1
exists, thus (p, N) = 1, because, otherwise, (p, N) = a > 1,
i, p = bya and N = bea for some b; and bo; from
NN-! =1 mod p, we have NN~' — 1 = ¢p for some c,
ie., boaN™1 — 1 = chia or (boN~! — chy)a = 1 which is
a contradiction.

When p is not a prime number, the whole proof is valid if
we can carry out arithmetic modulo M (xz) on Z,, and this is
guaranteed if the leading coefficient of M(x) is the unit of
Zp. O

APPENDIX B
PROOF OF THEOREM 1.3

The decomposition expression of M(x) is supported [21].
From i), we get S(0) = N mod p, M (z). We denote the degree
of b;(x) by n;, for 1 < i < s. Obviously, n; > 1. From (ii),
we have N | p™ — 1, ie., p™ — 1 = Nk; [21]. Thus, p
does not divide N, for otherwise, N = pkq for some ko, and
then, p™ — 1 = pk; ko, which is not true. When g Z 0 mod N,
([9()]?=1)S(g) = [9()]"" —1 = 0 mod p, M (). From (ii),
we also have ([g(z)]?—1, M(z)) = 1, mod p. Thus, S(g) =0
mod p, M (z), if ¢ # 0 mod N. Therefore, (N, g(z), p, M(x))
exists, from Theorem I1.2.

On the other hand, when (N, g(z), p, M (z)) exists, from (5)
and (A.1), we have [g(x)]Y = 1 mod p, M(z), [g(=)]¥ =1
mod p,b;(z), and S(g) = 0 mod p,b;(x), for ¢ # 0 mod
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N. Thus, [g(z)]? — 1 £ 0, mod p,b;(z), for ¢ 0 mod
N for otherwise, p | N, and this contradicts the requirement
(p,N)=1. O

APPENDIX C
PROOF OF THEOREM I1.4

Suppose (N, g(z),p, M(z)) exists for some g(z). Then,
from Theorems IL.3 we know N | (p™ —1),1 < i < s [21].
Conversely, from N divides the greatest common divisor of
pm—1,p*2—1,--- ,p"—1,wehave N | (p" —-1),1<i<s.
For each i, there is g;(z) with order N mod p,b;(x) [21].
Thus, we have g(z), such that, g(z) = g;(z), mod p, b;(x),
from the CRT. Since [g;(x)]Y = 1, mod p, b;(z), [g(=)]N =1,
mod p, b;(z). Thus [g(z)]Y¥ = 1, mod p, M(z). Then based
on Theorem IL.3, we proved this Theorem. O
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