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Abstract—This paper considers the problem of space-frequency the coding advantage, which determines the vertical shift of the
code design for frequency-selective multiple-input-multiple-output  error performance curve.
(MIMO) orthogonal frequency division multiplexing (OFDM) However, most existing ST codes were developed for
modulation. We show that space-time codes achieving full diver- f ' lecti flat) fadi h s | f
sity in quasistatic flat fading environment can be used to construct requency nonse ective (flat) _a !ng channels. In case 0
space-frequency codes that can achieve the maximum diversity Proadband wireless communication systems, the channel
available in frequency-selective MIMO fading channels. Since exhibits frequency selectivity (delay spread), resulting in inter-
the codes are constructed via a simple mapping from space-time symbol interference (ISI) that can cause serious performance
codes to space-frequency codes, the abundant classes of eX'St'naegradation. Among the various ISI mitigating approaches,

space-time block and trellis codes can be used for full diversity th | f divisi ltiolexi OFDM) i
transmission in MIMO-OFDM systems. The proposed mapping orthogonal frequency division multiplexing ( ) is one

provides a tradeoff between the achieved diversity order and the Of the most promising techniques as it eliminates the need for
symbol rate. Moreover, we characterize the performance of the high complexity equalization and offers high spectral efficiency
space-frequency codes obtained via the mapping by finding lower [14], [15].

and upper bounds on their coding advantages as functions of the = |, order to combine the advantages of both the MIMO

coding advantages of the underlying space-time codes. This result
will allow us to investigate the effects of the delay distribution and systems and the OFDMpace-frequencSF) coded MIMO-

the power distribution of the channel impulse responses on the OFDM systems have been proposedhere two-dimensional
performance of the resulting space-frequency codes. Extensivecoding is applied to distribute channel symbols across space
simulation results are also presented to illustrate and support the (transmit antennas) and frequency (OFDM tones). The first
theory. SF coding scheme was proposed in [17], in which previously
.Index Terms—Frequency-seIecFive fading channels, full diver- existing ST codes were used by replacing the time domain
igj’inM'“go'OFPM sysé(_ems, multiple antennas, space-frequency \yith frequency domain. Later works [18]-[21] also described
g. space-time coding. similar schemes, i.e., using ST codes directly as SF codes. The
resulting SF codes could achieve only spatial diversity and
|. INTRODUCTION were not guaranteed to achieve the full (spatial and frequency)

ULTIPLE-input-multiple-output  (MIMO)  systems diversity available in the MIMO frequency selective fading

employing multiple transmit and receive antennas Wiﬁhannels.

inarguably play a significant role in the development of future The performance criteria for SF-coded MIMO-OFDM sys-

broadband wireless communications. By taking advantaget8|mS were derived in [22]. The ultimate limits on the maximum

the larger number of propagation paths between the trans cfpievable diyersity order were also established. The agthors
and receive antennas, the detrimental effects of channel fad wed thaf[ In genera!, emspng ST codes cannot _epr0|t the
can be significantly reduced. It has been shown that MIM qguency dlverglty available in the frequency selective MIMO
systems offer a large potential capacity increase compag%annms' angl I ngzlshsuggtestt)ed dthatl a c(;)rfnplalel\l/lyongvl\:/;'\(;de
with single antenna systems. To exploit this capacity increa ,S|gn procedure witl have to be developed Tor i

a considerable number of MIMO modulation and coding?>tems: Later, in [.23]’ a const.ruc'qon el
methods, which are known ampace-time(ST) codes, have F codes was provided by multiplying a part of the DFT-ma-

been proposed, for example, in [1]-[13]. The performané@X _W'th the mpgt symbol vectors. The olbtalned SF codes
criteria for such transmission scenario were first derived in [ hieve full spapgl and frequency diversity at the expense
and [2], characterizing the ST codes with two quantities: tl ban(_JIW|dth eff|C|en(_:y. For example, for a system with tW.O

diversity advantage, which describes the asymptotic error r%@nsmlt antennas, eight tones, and a two-ray delay profile,

decrease as the function of the signal to noise ratio (SNR), a § coding r:?\te is only 1/4. Moreover, this approach relies on
the assumption that all of the path delays are located exactly

at the sampling instances of the receiver and that the power
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Fig. 1. SF-coded MIMO-OFDM system with/, transmit and\/,. receive antennas.

versity order was found to be the same as in [22]. Even thoulgttion of the performance criteria for SF-coded MIMO-OFDM
closed-form analytical expressions were derived in both [28)stems, which serves as a basis for our SF code design method.
and [24], they do not seem useful from the viewpoint of sy$n Section IV, we describe the main contribution of this paper.
tematic SF code design due to their complex form. We state and prove the main result: Using a simple repeti-
The idea of coding across multiple OFDM blocks, resultinlon mapping, full-diversity SF codes can be constructed from
in space-time-frequeng$ TF) codes, was first proposed in [25]any ST (block or trellis) code designed for quasistatic flat
for two transmit antennas and further developed in [26] for muRayleigh fading channels. In Section V, we characterize the
tiple transmit antennas. The method described in [26] providedding advantage of the resulting SF codes in terms of the
full diversity only if the number of encoded OFDM blocks wagoding advantage of the underlying ST codes by defining and
not smaller than the number of transmit antennas. Both workgaluating the diversity product for SF codes. The simulation
assumed that the MIMO channel stays constant over multipkesults are presented in Section VI, and some conclusions are
OFDM blocks, and the proposed STF coding schemes did mfptwn in Section VII.
offer any additional diversity advantage compared to the SF
coding approach within a single OFDM block. II. SYSTEM MODEL

In this paper, we address the problem of SF code design forWe consider an SF-coded MIMO-OFDM system witf,
MIMO-OFDM systems (i.e., coding within a single OFDIv'transmit antennad\/, receive antennas, arid subcarriers, as

block). We propose a systematic approach to design fu”'d'vef\;rﬁown in Fig. 1. Suppose that the frequency-selective fading

sity SF codes from ST codes for arbitrary power delay prOfiIeéhannels between each pair of transmit and receive antennas

it _codes s SF.COdEfS arc_a r(_alated |_n th‘_a S §\?eL independent delay paths and the same power delay
that ST codes achieving full (spatial) diversity in quasistatic fl trofile The MIMO channel is assumed to be constant over

fading environment can be used to construct SF codes that a1 OEDM block period. The channel impulse response from
achieve the maximum diversity available in frequency-selectiY . ) - i

: ) ) nsmit antennato receive antennacan be modeled as
MIMO fading channels. The relationship between the ST codes I V #

and SF codes is characterized by a simple mapping, which L-1

is independent of the particular properties of the applied ST hi j(T) = Z a; ;(D6(T —m) (1)
code. Thereforeany ST code (block or trellis) designed for 1=0

quasistatic flat fading channels can be used for full diversity ) )

transmission in MIMO-OFDM systems. The proposed magtherer is the delay of théth path, and; ;(/) is the complex
ping ensures full diversity at the price of symbol rate decrea@gPlitude of théth path between transmit antenrend receive
compared with the symbol rate of the underlying ST codedNtennaj. The a; ;(!)’s are modeled as zero-mean, complex
However, to our knowledge, the proposed SF codes have fRgussian random variables with variandésy; ; (1)|* = &,
best-known coding rate of all SF codes that are guaranteed™gereE stands for the expectation. Note that the time dejay

achieve full diversity. and the variancé; are the same for each transmit-receive link
We also characterize the performance of the SF codes (51362]7_[20]- The powers of thé. paths are normalized such that

tained via the mapping by finding lower and upper bounds q?w:_ol 8¢ = 1. From (1), the frequency response of the channel
their coding advantages as functions of the coding advantage$djiven by
the underlying ST codes. This result will allow us to investigate 1
the effects of the delay distribution and the power distribution ey CN\a—imfm s
of the channel impulse responses on the performance of the re- Hii(f) = Z (e d=veL @
sulting SF codes.

The rest of the paper is organized as follows. In Section NyVe assume that the MIMO channel is spatially uncorrelated,
we introduce a system model, taking into account arbitrang., the channeltaps; ;(!) are independent for differentindices
delay profiles. In Section IIl, we provide an alternative formug, 7).

=0
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The input bit stream (uncoded or coming from a channel [ll. PERFORMANCECRITERIA

encoder) is divided intd bit-long segments, formmgf-ary The problem of deriving performance criteria for SF-coded
source symbols. These source symbols are pgrsed into bloﬁhﬁ/lO—OFDM systems has been addressed by several authors
and m?pped onto a SF codeword to be transmitted ovebfhe |5, , [24]. In this section, we provide an alternative formulation
transmit ante_nnas. Each SF codeword can be expressed a% d on the results of [29]-[31]. This formulation will serve as
N x My matrix the starting point for the results to be discussed later.

The received signal (4) can be rewritten in vector form as

c1(0) c2(0) - ear,(0)
c1(1) co(l) - e (1) .
¢= : : . : ®) Y MtDH +z ©)
cl(N. —1) cz(N. —1) - e (N —1) whereD is anN M, x N M, M, matrix constructed from the SF

codewordC as in (7), shown at the bottom of the page, in which
wherec;(n) denotes the channel symbol transmitted over thg, — giag{c;(0),ci(1),---,c;(N = 1)}, i=1,2,---, M.
nth subcarrier by transmit antennaThe SF code is assumed ’ ' ’ (8

to satisfy the energy constraifi|C||z = NM;, where||C||[F  Eachp; in (8) is related to théth column of the SF codeword

is the Frobenius nortnof C. The OFDM transmitter applies (v The channel vectdH of size NM, M, x 1 is formatted as
an N-point IFFT to each column of the matrix. After ap-

pending a cyclic prefix, the OFDM symbol corresponding to the H=[H], - Hj,, Hl, --- Hy,
ith (1 = 1,2,---, M;) column of C is transmitted by transmit - HE,, - HJ\TL_M ]T (9)
antennai. Note that all of thel/, OFDM symbols are trans- o o

mitted simultaneously from different transmit antennas. where

At the receiver, after matched filtering, removing the cyclic Hi; =[H;;(0) H;j(1) --- Hi;(N— 1)]7. (10)
prefix, and applying FFT, the received signal at tlik subcar- ) ) _ o
rier at receive antennais given by The received signal vectd of size NM,. x 1 is given by
y Y =[y1(0) - yr(N = 1) 92(0) -+ y2(N = 1)
I coi v (N =117
vi(n) =37 2o cm i) 42 @ 920, 0) -+ e (N =) (D)
=t and the noise vectd: has the same form 8%, i.e.,
where Z=121(0) -+ 21(N — 1) 22(0) -+ 22(N — 1)
-1 c2a, (0) oz (N = 1) 17 (12)
—j2mnAfr ~
Hi j(n) = Z ai (e ®) Suppose thaD and D are two different matrices related
=0

to two different SF codeword§’ and C, respectively. Then,

is the channel frequency response atitiesubcarrier between the pairwise error probability betwedd andD can be upper
transmit antennaand receive antennfa A f = 1/7 is the sub- bounded as [29], [30]
carrier separation in the frequency domain, &hid the OFDM ,, -1 .

. . . - 2r—1 p
symbol period. We assume that the channel state information P(D—-D)< ( ) H%. <_> (13)
H; j(n) is known at the receiver but not at the transmitter. In (4), r 1 M;
zj(n) denotes the additive complex Gaussian noise with zer

> \ ; i D - D)R(D - D)™, v, 72, -
mean and unit variance at ti¢h subcarrier at receive antenna\{’f;err]zzlzsetrge;%gzsglues @;R—( D)R (])) ’_7;3)7%’ an’(]ﬁar_e

j'. The no‘ise samples;(n) are aﬁssum_ed to be uncorrelatgd foj@{HHH} is the correlation matrix oH. The superscripH
?Aze;\elg: ;ginglill Il?zr:?a;i%t?(recepi \{ yér:?er(ﬁaeinns d“;g:;gi tII)S/ ofst ands for the complex conjugate and transpose of a matrix.
. ' Based on the upper bound on the pairwise error probability in
number of transmit antennas. (13), two general SF code performance criteria can be proposed
2The Frobenius norm of' is defined as as follows.
* Diversity (rank) criterion The minimum rank of D —

i=

ICI2 = t(C7C) = tx(CC™) = Nil§|c 2. D)R(D — D)™ over all pairs of different codewords
' R S andC should be as large as possible.
Dy Dy --- Dy 0 O --- 0 --- 0 0O --- 0
0 0o --- 0O Dy Dy -+ Dy -+ 0 o --- 0
D= , : . : (7

0 0 0 0 0 0 -+ Dy Dy -+ Dy NM,xNM;M,
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* Product criterion The minimum value of the productwhereo denotes the Hadamard prodéddefining the matrixA
[1;_, v over all pairs of different codewords andC'  as
should be maximized. A N o
However, it is hard to design SF codes directly based on the A=(C-0)C-0) (20)
discussion on{D — D)R(D — D)™, which is related to an
N MM, x NM;M, correlation matrixR. In case of spatially
uncorrelated MIMO channels, i.e., the channel tapg({) are
independent for different transmit antenrend receive antenna OK M. — 1 K —M, —KM,
o< (M () ()
=1

and substituting (19) into (13), the pairwise error probability
betweenC andC can be upper bounded as

4,the correlation matriR of size N M, M, x NM, M, becomes P(C — C) < KM 7
r - t
R = E{HH"} = 1)
=diagRy.1, -+, Raas Rio, -+, Rago where K is the rank of A o R, and Ay, Aa,---, Ak are the
o Riat, -y Raoar) (14) nonzero eigenvalues & o R. As a consequence, we can for-
oo ST mulate the performance criteria as follows.

where « Diversity (rank) criterion The minimum rank ofA o R
Ri,=E {HL]HLH} (15) overall pairs of distinct signals andC should be as large
’ R as possible.
is the correlation matrix of the channel frequency response from * Pr?(duct criterion The minimum value of the product
transmit antennato receive antenna Using the notatiom = [Ii=, A over all pairs of distinct signal§’ andC' should
e~327Af from (5) and (10), we have also be maximized.
1 1 1 T According to a rank ir_lequglity on Hadamard products [33, p.
H, = Z ) Z i (Dw™ - Z aLj(l)w(N*l)T’ 307], we have the relationship
1=0 =0 1=0 rankA o R) < rank(A)rank R).
0 s KA o R) < rankA)rank(R)
Since the rank of\ is at mostM;, the rank ofR is at mostL,
where and the rank ofA o R is at mostN, we obtain
1 1 e 1
w™ w™ . wTL—1 rank(A o R) S min{LMt, N} (22)
W = ) )
: : . : Thus, the maximum achievable diversity is at most
wN=Dm0 qy(N=Dre gy (N | min{LM;M,, N M,}, which is in agreement with the re-
and sults of [22], [24] and [25].
Aij = [ j(0) i (1) -+ i j(L—1)]7. IV. ACHIEVING FULL DIVERSITY VIA MAPPING

Note that in general}y’ is not a unitary matrix. If all of the. In this section, we propose an approach to systematically de-

delay paths fall at the sampling instances of the receiver, theln full diversity SF codes from ST codes. We show that using

W is part of the DFT-matrix, which is unitary. Substituting (16 SIMPl€ repetition mapping, full-diversity SF codes can be con-
into (15), R ; in (15) can be expressed as structed fromany ST (block or trellis) code designed for qua-
]

sistatic flat Rayleigh fading channels.
R;; =E{WA; ;Al\W™} In the sequel, the SF encoder will consist of a ST encoder
=WE {Ai,jAz-.tj} wH and a mapping\;, as shown in Fig. 2. For eadhx M; output
] ) '2 ) N vector(gi1gs - - - gur,) from the ST encoder and a fixed number
=Wdiag (65,87, .65 _1) W = R. (17) I(1 <1 < L), the mappingM, is defined as
The third equality follows from the assumption that the path
gainsa; ;(1) are independent for different paths and different
pairs of transmit and receive antennas. Note that the correlatigherel;; is an all one matrix of sizex 1. The resulting x M,
matrix R is independent of the transmit and receive antenmaatrix is actually a repetition of the vect@y: g2 --- gars,) !
indices: andj. From (14) and (17), we obtain times. Suppose thdtl/; is not greater than the number of
R= T R 18 OFDM subcarriersV, and k is the largest integer such that
MM, @ (18) kIM, < N. Denote the output code matrix of the ST encoder
where® denotes the tensor product, ahg, s, is the identity by G. (For a space-time block encodéf,is a concatenation
matrix of sizeM; M, x M;M,. Therefore, combining (3), (7), of some block codewords. For a space-time trellis encd@er,
(8), and (18), the expression f@D — D)R(D — D) in (13) corresponds to a path of lengtid/; starting and ending at the
can be rewritten as

My (g1 92 9m,) = Lixi(g1 92+ - gu,) (23)

, 3Suppose thatt = {a; ;} andB = {b; ;} are two matrices of sizex x n.
M, H] TheHadamard producbf A andB is defined as
. )

5 N
(D-D)R(D-D)" =1y, ® iabia o al,nbl,n]

AoB=

U 1bm1 o Gmonbmon
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Fig. 2. SF encoder consisting of an ST encoder and a mapping.

zero state.) Then, the SF cofeof size N x M, is constructed  Using the performance criteria described in Section lll, the
as objective of the proof is to show that the matedxo R has a
rank of at least)M;. From (20) and (26), we have

O(N—kIM y - . 1H
(N—kIMy)x M, M (G-G) [MZ(G_G)} Ok x(N kM)

O (N — kM xkI M, O(N—kIMX(N—KIM;)
(28)

A=

where

M[(G) = [IkMt & 11X1]G. (25)
Thus, inA o R, all entries are zero, except fokdM; x kIM,

In fact, the SF cod€’ is obtained by repeating each row@fl submatrix. Denote thiskiM, x kIM, submatrix as
times and adding some zeros. The zero padding used here@o R)az, xkinz, -
sures that the space-frequency cadéas sizeN x M,. Typ- On the other hand, from (17), it can be verified that the entries
ically, the size of the zero padding is small, and it can be usefithe correlation matrix® = {r; ;}1<; j<n can be expressed
to drive the trellis encoder to the zero state. The following thas
orem states that if the employed ST cadéas full diversity for
quasistatic flat fading channels, the space-frequency code con-
structed by (24) will achieve a diversity of at le@sf{; M,..

Theorem 1:Suppose that an MIMO-OFDM system
equipped withM, transmit and}M, receive antennas ha¥  Therefore, from (26)—(28), we obtain
subcarriers and that the frequency-selective channelIhas
independent paths, in which the maximum path delay is les
than one OFDM block period. If an ST (block or trellis) code
designed forM; transmit antennas achieves full diversity for
quasistatic flat fading channels, then the SF code obtained from

L-1
rijg=» 62w 1< j<N.
s=0

A 0 R)wind, x kg, = {MZ(G e) [M,(G - é)]H} oP

- {[IkMi ® 111](G — G)(G — G)"

this ST code via the mappingt;(1 <! < L) defined in (25) X Uknt, ® Lixa] o P
will achieve a diversity order of at leastin{IM;M,, NM,}. ~ S
Proof: Since in typical MIMO-OFDM systems the - {[<G -GG -G) ]
number of subcarriersV is greater thanL.M,, we provide ®Lix;}o P (29)

the proof for thelM; < N case for a given mapping/,,
1 <1< L.IfIM, > N, the proof is similar to the one whereP = {p; j}i<i j<tin, iS @kiM; x kIM; matrix with
described below and is omitted for brevity. Assume thas entries
the largest integer such thatM; < N. 1
For two dlst|nctSFcodgvyord§ andC of sizeN x M, thgre pij = Z 652w(71—j)‘r_;7 1<i,j < kIM,. (30)
are two corresponding distinct ST codewotdand G of size ’ =
kM, x M, such that
. The last equality in (29) follows from the identiti¢$.,;, ®
C_é = [ Mi(G - G) ] 26) Local™ = T, ® Li and(4y © By)(As ® Ba)(As © Bs) =
O(AY—klA[f)X]\'[f (A1A2A3) ® (BleBg) [33, P. 251]
We further partition theilM; x kIM; matrix P into ! x [

in which .
submatrices as follows:
MI(G — G) = [Ika ® 1l><1](G — G) (27) Pl.l 131.2 Pl.k]\f[t
Since the ST code achieves full diversity for quasistatic flat Pay Pop v Do,

. 31
fading channelsi — G is of full rank for two distinctG and (31)

G, i.e. the rank ofG — G is M;. Portn Pt o Poa, i,
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where each submatrik,, ,, 1 <m,n < kM, is of sizel x . SinceAf is the inverse of the OFDM block peridt and the
Denoting the entries aPy, , aSpm.»(i,7), 1 < 4,7 < I, we maximum path delay is less thdh we haveAf(r; — ;) < 1

obtain forany0 < i < j <1 — 1. Thus,Wj is of full rank, and so is
L-1 Wy. It follows that for anym = 1,2, - - -, kM, the rank ofi¥/,,,
P (i,5) = Y zwllm=mHHE=ilme 1 < j <1 (32) sl
s=0 We now go back to (29) to investigate the rankoé R. For

As a consequence, each submattjx,,, 1 < m,n < kM,,can convenience, we use the notation
be expressed as

ai,1 a1,2 o a1,kM,

P = Wmdiag{ég, 5%7 . 5%_1} Wff (33) (G B G‘)(G B G)H a a2,1 a2 2 . a2 kM,
whereW,, is specified in (34), shown at the bottom of the page, : : : :
form=1,2,---,kM,.In(34),W,, can be further decomposed kM1 kM2t GkM, kM,
as andA = diag{¢Z,67,---,62_,}. Then, substituting (31) and

W, = Wldiag{w(m‘l)”o pm=Din 7w(m—1)ln71} (33) into (29), we obtain (37), shown at the bottom of the page.
(35) Since the rank oz — G'is M, there areM, linearly inde-
for1 < m < kM,, where pendent rows it — G. Suppose that thgth, 1 < f1 < f2 <
I < < fu, < kM, rows of G — G are linearly independent of

lT 1 o 1 each other. Then, the matrix
wTo le . wTL—l
Wy = ' (36) afi,f1 Afy,f2 afy,fu,
wl=Dm0 =D D e Qfz,f1 Qfs,fo 770 Ofy,fu,
Let us denote the matrix consisting of the firsblumns ofi/y : : :
by W,. We observe thadt/ is anl x [ Vandermonde matrix ih Ofn, fr Ofugf2 7 Ofug, fur,

variablesw™, w™, . - -, w " [33, p: 400]. The determinant of i » &b matrix of G — G)(G — G)™, and the rank ofd is M,.
W, can be calculated as follows:

Using the notation
def{Wy) = (w™ —w™) .
0§i<1;['§l—1 QO :dlag{Wf17 Wf27 WfMi}

= H [eﬂ'?ﬂf(frﬂ') — 1} e d2mAfTi from (37), we can see th&,{A ® A}Q¥ is aniM; x IM;
0<i<i<i—1 submatrix of(A o R)xin, xkinm, - Therefore, to show that the

w(m,—l)l‘ro w(m,—l)lTl . w(’m—l)lTL—l
w[(m—l)l—l—l]Tg w[(m—l)l—l—l]ﬁ . ,w[(m—l)l-i-l]‘r,‘,l
W = : : . : (34)

Wl =DHI=Dlr0  [m=DI+A=Dlry . lm=1)+(=D)]rs s

(A o R)pane, xkin,
a1,1 P11 a1,2P1 2 e a1k, Pr ko,
a1 1 a2 P o e a2k, Po ke,

Larar, 1 Prar, . arar, 2Pear2 o 6ria, kb, Prat, ko,
H H H
WlaLlAWl WlaLgAWz e WlaLkMt AWkMt
H H H
W20271AW1 W20272AW2 e W2a2,k]\/ﬂ AWkMt

H H H
L WkMtathlAWI WkMtathgAWQ e WkMtakMt,kJ\hAWk]\,[t

o{le-a@-arfer}or 37)

where

Q = diag{Wl7 W27 Tty Wkl\/ft} :
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rank of A o R is at least M, it is sufficient to show that the whereX,, Ao, - - -, Aras, are the nonzero eigenvaluesafo R
submatrixQo{A4 ® A}Q¥ has rank M. for any pair of distinct space-frequency codewofdsind C.

Since the rank o is M; and the rank of\ is L, according In the rest of this section, without loss of generality, we as-
to a rank equality on tensor products [33, p. 246], we have sume that the number of subcarrigysis not less tharl M,

i.e., LM, < N.

The relationship between the diversity products of the full
diversity SF codes obtained via the repetition mapping and the
underlying ST codes is characterized by the following theorem.
) ¢ Theorem 2: The diversity product of the full-diversity SF
Therefore, the rank afo{A ® A}Qf is IM;. This proves the code in Corollary 1 is bounded by that of the corresponding ST

theorem. L code as follows:
In addition, from the proof of Theorem 1, we can see that

the SF code obtained from a space-time block code of square

size via the mapping\;(1 < [ < L) will achieve a diversity

of IM,; M, exactly. Since the maximum achievable diversity is

upper bounded bynin{ LM, M,, NM,} [see (22)], we arrive where® = (I],~," 6,)*/£, and; andy;, are the largest and

at the following result. smallest eigenvalues, respectively, of the mafiix which is
Corollary 1: Under the assumptions of Theorem 1, the Séefined as

code obtained from a full diversity ST code via the mapping

rank A ® A) = rank A)rank(A) = M, L

so the matrix4A ® A is of full rank. Recall that for anyn =
1,2,---,kM,;, the rank ofW,, is [, so the rank of)g is [M;.

VL ®st < (sr,r < Vi Plst (40)

M, defined in (25) achieves the maximum achievable diversity H(0) H(1) H(L-1)"
min{LM,M,, NM,}. H(1) H(0) H(L-2)
The symbol rate of the resulting SF codes obtained via the = : : :
mappingM; (25) is 1/1 times that of the corresponding ST H(L -1 H(L—2 H(0
codes. However, to our knowledge, the proposed SF codes have ( ) ( ) ©) LXL(41)

the best known symbol rate of all SF codes that are guaranteg; ihe entries off are given by
to achieve full diversity. For example, for a system with two
transmit antennas, eight subcarriers, and a two-ray delay profile,
the symbol rate of the full-diversity SF codes introduced here is
1/2, whereas the symbol rate in [23] is only 1/4. In certain prac-
tical situations, this effect can be compensated by expanding the

constellation size, maintaining the same spectral efficiency. Fur-  prgof: In the following, we use the notation developed in

thermore, from a system performance point of view, there isge proof of Theorem 1 by replacing the repetition fadtasL,
tradeoff between the diversity order and the coding rate. Thgnce the full diversity is achieved in Corollary 1 by using the
orem 1 offers a flexible choice on the diversity order. mappingM .. For anyn x n non-negative definite matrid,

we denote its eigenvalues in a nonincreasing order aé4)g>
V. CODING ADVANTAGE eig,(4) > --- > eig, (A).

In this section, we characterize the coding advantage of the refor two distinct SF codewordS andC, there are two corre-
sulting SF codes in terms of the coding advantage of the und@ponding ST codewords and ' such that the relationship of

lying ST codes by defining and evaluating the diversity produéf — C @andG — G'in (26) and (27) holds. According to (22) and

for SF codes. We also analyze the effect of the delay distributi&Prollary 1, the rank ofA o R is exactly L. M,, which means

and the power distribution on the performance of the propos&ttA o I has totallyLM, nonzero eigenvalues, which are the
same as the nonzero eigenvalue$ifo R)yras, xxnn, - ThUS

SF codes.
Thediversity productwhich is the normalized coding advan-

L-1
E e ATy = 0,1,---, L — 1.
1=0

H(n)

tage of a full diversity ST code, has been defined for quasistatic 1 LM, 70
flat-fading channels as [8], [9], [31] (sp.r = Wi 322 L[l eig; ((A o R)krar, xxras,)
1 M, ﬁ 1 LM,
= mi ’ 38 = i eig, G-G) (G-
G = 5 77, s |11 @) sz 2in T eia (@ {[ (6 - &6 - 6]
where 31, B2, - - -, Bur, are the nonzero eigenvalues @ — ®A} Q)| P
G)(G — G)™ for any pair of distinct ST codewords andG'. 1 LM, } }
Based on the upper bound on the pair-wise error probability = ENaTA min H t;eig; ([(G -G)(G - G)H}
(21), the diversity product of a full-diversity SF code can be e e

defined as

1
LM, 2L My

g

i=1

where eig ., (QQ")

min

) (39)
c#£C

¢ _ 1
SF,R = SR

®A) | 2L11\1t (42)

S 0; S elgl(QQH) fori = 1727"'7

LM;. In (42), the second equality follows from (37), and the
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last equality follows by Ostrowski’'s theorem [32, p. 224]. Sinceays are very close compared with the duration of one OFDM

Q = diag{W, Wy, --- , Wi, }, we have symbolT’, the lower bound in (40) approaches zero. The sim-
- ) 7 " ” ulation results seem to suggest that the behavior of the coding
QQ™ = diag{W,W/*, WoWy", -+, Wiar, Wiy, } - advantage is close to the lower bound.

As a requirement of Ostrowski’s theorem, the matgixshould
be nonsingular, which is guaranteed by the fact that each matrix
W, is of full rank for anym = 1,2,---,kM,. Furthermore,  To illustrate the above analytical results, we performed some
from (35), we know that for any < m < kM, computer simulations for SF codes constructed from both ST
W wWH — W DDRWH — W wH block codes and trellis codes. The simulated SF block codes
mm = Wl = were obtained from orthogonal ST block codes for two and four
whereD = diag{w(™mDI70 y(m—DIm . gy(m-DIri-1}, transmit antennas. For two transmit antennas, the used2
From (36), it is easy to verify thdl/; W7t is the matrixH de- _orth_ogonal ST block code was Alamouti’s structure [3], which
fined in (41). ThusQQ™ = I.1;, ® H. Therefore, we can con- IS 9iven by
clude thateig(H) < ¢; < eig,(H) foranyi = 1,2,---, LM,.
Since the set of. M, nonzero eigenvalues G — G)(G — Ga = {
G)"] ® A can be expressed as [32, p. 246]

VI. SIMULATION RESULTS

T Tro
%) @)

} } The SF block code for four transmit antennas was obtained from
{eig ((G— G)(G—- G)H) -€ig;(A) : 1<i< My, 1<5< L} the 4x 4 orthogonal design (see [10] and the references therein)

(43) ry w2 w3 0
—z3 7 0 x3

substituting (43) into (42), we arrive at Gy= 2t 0 2t - (46)
LM, T 0 -y x5 1
(sp R = 1 min H 0 In both cases, the;s were taken from BPSK or QPSK constel-
’ VM GG\ lations. Note that the Z 2 orthogonal design could carry one

|-

channel symbol per subcarrier, while the 4} block code had a

_1
oM [ L

M 21 i
ro ~ ~ . symbol rate of only 3/4. For SF trellis codes, we used the two-an-
% H €19, ((G_ GG~ G)H) H eig;(A) tenna, four-state, QPSK space-time code, and the three-antenna,
=t 1 =t 16-state, QPSK space-time code described in [11].
LM, o [ 1 2 We simulated the SF block codes and trellis codes with dif-
= ( H 9i> H 512. (st (44) ferent power delay profiles: a two-ray equal power delay profile
i=1 j=1 and COST207 typical urban six-ray power delay profile. The

) ) subcarrier path gains were generated according to (5), indepen-
Sincenr < 0; < foranyi = 1,2,---, LM;, we have the qenily for different transmit and receive antennas. We present
inequalities in (40). D average bit error rate (BER) curves as functions of the average

From Theorem 2, we can see that the larger the coding &R per bit. Note that in our simulations for SF block codes,
vantage of the ST code, the larger the coding advantage of {ie compare the proposed full-diversity SF block codes with the

resulting SF code, suggesting that to maximize the performange o des using ST codes directly at a same spectral efficiency.
of the SF codes, we should look for the best known ST codes

existing in the literature. Moreover, the coding advantage of ti¢ Simulations With Two-Ray Delay Profiles
SF code depends on the power delay profile. First, it depends o
the power distribution through the square root of the geometﬂ

. _ L—1 1/L .
average of path powers, i.@,= (J[;Z, &)"/". Since the sum two cases: iy = 5 usandii)T = 20 us. The simulated commu-

of the powers of the paths is unity, this implies that the best Pelation system had/ — 128 subcarriers, and the total band-
formance is expected in case of uniform power distribution (i'ﬁlidth WasBW = 1 MHz. Thus. the OFDM block duration was

2 ) . ;
8i =1/L). Second, the entries of the matiik defined in (41) T = 128 us without the cyclic prefix. We set the length of the

are functions of the path delays, and_ thgrefpre, the coding clic prefix to20 us for all cases. The MIMO-OFDM systems
vantage also depends on the delay distribution of the paths. B one receive antenna. In all simulation curves, the dashed

exatmp;a'” Zi‘si of sNtwo_-ray dTIay .proflle (8= 2), the lines correspond to the = 5 us case, and the solid lines cor-
matrix /' in (41) has two eigenvalues: respond to the = 20 us case. The curves with square§1()

rI‘:irst, we assumed a simple two-ray, equal-power delay pro-
ﬁa, with a delay ofr us between the two rays. We simulated

7(T1 — To) show the performance of the full-diversity SF codes obtained by
M =2+ 2|cos 7 repeating each row of the ST codes two times. The curves with

(r1 — 7o) circles (“o”) show the results for the case of using ST codes di-
Mg =2 —2|cos ———= rectly as SF codes (i.e. no repetition).

Fig. 3 depicts the performance of the SF block codes obtained
Typically, the ratio of(my — 79)/T is less than 1/2; therefore, from the two-antenna orthogonal design. We used BPSK modu-
cosm(m — 79)/T is non-negative. Thus, the smaller the sepdation for the nonrepeated case and QPSK for the repeated case.
ration of the two rays, the smaller the eigenvalgelf the two Therefore, both systems had a spectral efficiency(d£8 x
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2 transmit and 1 receive antennas, 2 ray channel model 2 transmit and 1 receive antennas, QPSK, 4 states, 2 ray channel model

—0- ©=5 ps, QPSK, repeat 2 times o 1| =O— 1 = 5ps, no repetition
-O- © =5 ps, BPSK, no repeat N | -0~ 1=>5pus, repeat 2

-8~ 1=20 us, QPSK, repeat 2 times : e | —©— T=20ps, no repetition
**| - 1=20ps, BPSK, no repeat

Average Bit Error Rate
Average Bit Error Rate

4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14
Average SNR per bit [dB] Average SNR per bit [dB]

Fig. 3. Performance of two-antenna SF block codes with the two-ray chaniké. 5. Performance of two-antenna SF trellis codes with the two-ray channel
model. model.

3 transmit and 1 receive antennas, QPSK, 16 states, 2 ray channel model

107 = B = T

‘[ =0~ t = 5ps, no repetition
: s .| =0~ t=>5ps, repeat 2

-O- t=5ps, BPSK, no repeat ! *H L | == 1= 20us, no repetition

*1 8 1=20ps, QPSK, repeat 2 times . B O S —B— 1= 20us, repeat 2

—©- 1 =20 ps, BPSK, no repeat : :

Average Bit Error Rare
Average Bit Error Rate

10 12 14 10 12 14

8
Average SNR per bit [dB]

Fig. 4. Performance of four-antenna SF block codes with the two-ray Chanﬁgg;ae.l Performance of three-antenna SF trellis codes with the two-ray channel
model. model.

8
Average SNR per bit [dB]

1b)/((128 us+ 20 us) x 1 MHz))= 0.86 b/s/Hz. The figure was((128x3/4b)/((128 us+20 us)x 1 MHz))= 0.65 b/s/Hz.
shows that in case of = 20 us, the performance curve of theThe tendencies observed in Fig. 4 are similar to those observed
full-diversity SF code has a steeper slope than that of the cadd-ig. 3. In case of- = 20 us, the full-diversity SF code has
without repetition. We can observe a performance improvemensteeper performance curve than the SF code using ST without
of about 4 dB at a BER dfo—*. The performance of the full-di- repetition, and it has an improvement of about 1 dB at a BER
versity SF code degraded significantly from the- 20 s case of 10~%. In the case of = 5 us, the performance of the pro-

to ther = 5 us case, whereas the performance of the SF copesed SF code is a little worse than that of the SF code using
using ST code without repetition was almost the same for t&d code without repetition. The worse performance is due to
two delay profiles. This observation is consistent with the thetihe smaller coding advantage of the proposed SF code since, in
retical result in Section V that the coding advantage dependsander to keep the same spectral efficiency of the two schemes,
the delay distribution of the multiple paths. It is also in agreave used QPSK modulation for the proposed SF code and BPSK
ment with the result in [22] that using ST codes directly asmodulation for the nonrepeated code.

SF codes can exploit only the spatial diversity and cannot ex-The performance of the SF trellis codes for two and three
ploit the frequency diversity. Fig. 4 shows the performance @fansmit antennas are depicted in Figs. 5 and 6, respectively. We
the SF block codes obtained from the orthogonal ST code foain see thatthe full-diversity SFtrellis codes have better diversity
four transmit antennas. The full-diversity SF code with rep@rder than the nonrepeated codes in case of the longer delay pro-
tition used QPSK modulation, and the nonrepeated code udigl(i.e., = 20 us). AtaBER ofl0~3, there is an improvement
BPSK modulation. Thus, the spectral efficiency of both coded about 2 dB for the two-antenna case and an improvement of
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0.4— T T T T

about 1 dB for the three-antenna case. The modulation sche
was QPSK for all trellis codes; therefore, the nonrepeatt
codes achieved a spectral efficiency of 1.73 b/s/Hz, where
the repeated codes had a spectral efficiency of 0.86 b/s/t
Note that Figs. 5 and 6 demonstrate that the proposed SF ci
construction method can be used to produce a set of codes ' s}
have different rates and error correction capabilities, offerir
different tradeoffs between code rate and diversity order.
Based on the above simulation results, we can make so
observations. It is apparent that by repeating each row of t o1sp
space-time code matrix, we could construct codes whose er
performance curve is steeper than that of the codes withoutre  ®'f
tition, i.e., the obtained codes have higher diversity order. Ho\
ever, the actual performance of the code depends heavily on
underlying channel model. In all cases, both the absolute perf N
mance and the performance improvement obtained by repetit R oo iU A A
are considerably better in case of the longer delay profile (i.e.,
7 = 20 us), and the performance of the obtained full-diversity
SF codes degrade significantly in case of the delay profile with

0.3

Power

0.2

0.05

Fig. 7. COST207 Typical Urban (TU) six-ray power delay profile.

T = 5 us. These phenomena can be explained as follows. 102 l 2 ransmit and 1 receive antonnas, COST 6 ray chanel model .
The delay distribution of the channel has a significant effe: e 1 M, POk et

on the SF code performance. If the delays of the paths are lai [N 72 B = 4 Mz, QPSK ropeat 2 mes
W|th reSpeCttO one OFDM b|OCk periOd, thereWi" befaStVaria e AN e L B T
tions in the spectrum of the channel impulse response; therefc
the probability of simultaneous deep fades in adjacent subchi 42| ........

nels will be smaller. This observation is in accordance with Theg - R S
orem 2. As discussed in Section V, we should expect better BEZ [ SSUIURUSESUIPIRIN SN SN - N N SRS R
performance when transmitting data over channels with Iarg§ ........ ; O TP NS e e
path delays. On the other hand, if the two delay paths are veg """"""" B SR R RN

<

close, the channel will cause performance degradation. qoth

B. Simulations With the COST207 Six-Ray Delay Profile

The second set of experiments were performed usingamc¢ | g :
realistic channel model. The SF codes simulated in the pr | : :
vious subsection were tested over the COST207 Typical Urb 10 11 12 18 14 15 16 17 18 18 20
(TU) six-ray channel model [34]. The power delay profile of Average SN per bt <61
the channel is shown in Fig. 7. We simulated an MIMO-OFDN1i9: 8 Performance of two-antenna SF block codes with the COST six-ray
system havingV = 128 subcarriers with two different band-Channel model.
widths: i) BW = 1 MHz (denoted by dashed lines), and ii)
BW = 4 MHz (denoted by solid lines). The cyclic prefix wasthe OFDM block (128us), which means that there is little
20 ps long for both cases. In all of the simulations, the curvdeequency diversity available in the fading channel. From the
with squares (") show the performance of the SF codes obfigure, we observe that the performance of the repeated code
tained by repeating each row of the corresponding space-timavorse than the nonrepeated code, due to the smaller coding
codes two times, and the curves with circles”*show the advantage, which is a result of the larger constellation size.
results for the case of using ST codes as SF codes (withouThe rest of the figures show the BER curves of different SF
repetition). trellis codes. In case of the 1-MHz MIMO-OFDM system, the

The performance of the SF block codes from thex22 spectral efficiencies of the trellis codes were 1.73 b/s/Hz (no
orthogonal design with and without repetition are shown irepetition) and 0.86 b/s/Hz (repeat twice). The 4-MHz system
Fig. 8 for two transmit and one receive antennas. The repeajeelded the spectral efficiencies 0.43 b/s/Hz (no repetition)
code (using QPSK modulation) and the nonrepeated coaled 0.22 b/s/Hz (repeat twice). The performance of the QPSK
(using BPSK modulation) had the same spectral efficien&F trellis code with and without repetition can be observed in
of 0.86 b/s/Hz for the 1-MHz system and 0.22 b/s/Hz for thEig. 9 for two transmit and one receive antennas, in Fig. 10 for
4-MHz system, respectively. We can see from the figure thattwo transmit and two receive antennas, and in Fig. 11 for three
case ofBW = 4 MHz, the code with repetition has a steepetransmit and one receive antennas. We can see that in case of
performance curve than the code without repetition. There BV = 4 MHz, all of the SF trellis codes with repetition have
a performance improvement of about 2 dB at a BER®f*. higher diversity order than those without repetition. However,
In case of BW = 1 MHz, the maximum delay of the TU incase ofBW = 1 MHz, there is almost no diversity advantage
profile (5.0 us) is “short” compared to the “long” duration of over the nonrepeated case.
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2 transmit and 1 receive antennas, QPSK, 4 states, COST 6 ray channel model

T I
—O— BW=1MHz, no repetitior
—+ BW=1MHz, repeat 2

—©~ BW=4MHz, no repetition
—8—- BW=4MHz, repeat 2

Average Bit Error Rate

8
Average SNR per bit [dB]
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The tendencies of the performance curves obtained with the
more realistic TU profile are similar to those observed in the first
set of experiments with the two-ray profiles. As the bandwidth
increases, the delays become longer relative to the OFDM block
period, resulting in more significant performance improvement.
If the ratio of the maximum path delay and the OFDM block
duration is small, the behavior of the channel will be similar to
that of a flat fading channel.

VII. CONCLUSION

We proposed a systematic SF code design method for
MIMO-OFDM systems with arbitrary power delay profiles.
The full-diversity SF codes were constructed from ST codes
via a simple repetition mapping. This mapping is independent
of the particular properties of the applied ST codes; therefore,
all the existing ST block and trellis codes achieving full spatial
diversity in quasistatic flat fading environment can be used to

Fig. 9. Performance of two-antenna SF trellis codes with the COST six-rachieve the maximum diversity available in frequency-selective

channel model.

2 transmit and 2 receive antennas, QPSK, 4 states, COST 6 ray channel model

—O— BW=1MHz, no repetition
—+ BW=1MHz, repeat 2
.| =&~ BW=4MHz, no repetition
—&— BW=4MHz, repeat 2

Average Bit Error Rate

o . i : i ;
2 4 6 8 10 12 14
Average SNR per bit [dB]

MIMO fading environment. We also characterized the perfor-
mance of the SF codes obtained via the mapping by finding
the lower and upper bounds on their coding advantages as
functions of the coding advantages of the underlying ST codes.

Based on the theoretical and simulation results, we can draw
the following conclusions. First, the performance ofthe SF codes
designed by our method depends on the performance of the un-
derlying ST code. Second, the actual performance of the SF codes
also depends on the delay distribution and the power distribution
of the channel impulse responses. Third, the repetition mapping
in the code construction method causes a coding rate decrease
compared with the underlying ST codes. However, to our knowl-
edge, the proposed SF codes have the best known coding rate of
all SF codes that are guaranteed to achieve full diversity.
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